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Beam and plate-like structures with non-constant surface impedance are known to exhibit wavenumber scat-
tering such that the wavenumber energy of a vibration mode of the structure is spread over a wide wavenum-
ber band. The scattered energy can couple into partially-correlated forcing functions, such as turbulent 
boundary layer (TBL) flow, which exhibit a broadband wavenumber spectrum centered at the convective 
wavenumber. The overall effect is an increased amount of radiated noise for certain flow speeds. Recently, 
structures with embedded acoustic black holes (ABH) have shown good noise and vibration level reduc-
tions for point excitations. However, it will be shown that when excited by complex, partially-correlated 
forcing functions such as TBL flow, the wavenumber scattering caused by the power-law taper of the ABH 
can lead to increased radiated noise levels. The flow speed and wavenumber dependence of the TBL/ABH 
interactions will be presented using dimensional analysis.
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1. INTRODUCTION
The acoustic black hole (ABH) effect occurs when a structure exhibits a power-law taper such that the

wavespeed slows and amplitude increases as the thickness in the taper decreases [1,2].  When damping material 
is added to the taper, the energy in the taper can be dissipated to overcome reflections from a non-infinite taper 
length.  Good vibration reduction has been achieved for beams and plates with imbedded ABHs when excited 
by a point force [3-5] or diffuse field [6].  This paper illustrates the impact of turbulent boundary layer (TBL) 
flow exciting plates with an imbedded array of ABHs.  It is shown that the wavenumbers of the TBL excitation 
can couple with imbedded ABHs such that vibration and noise levels of the ABH plate can be higher than that 
of the uniform plate under certain flow speeds.  

2. TURBULENT BOUNDARY LAYER FLOW
The partial correlation of the pressures created by TBL flow was characterized by Corcos [7] as a force

cross-spectral density matrix. 

𝐺𝐺𝐹𝐹𝐹𝐹 = 𝜑𝜑𝑝𝑝�𝑒𝑒−𝛼𝛼𝑥𝑥|𝜔𝜔𝜉𝜉𝑥𝑥/𝑈𝑈𝑐𝑐|𝑒𝑒−𝛼𝛼𝑦𝑦�𝜔𝜔𝜉𝜉𝑦𝑦/𝑈𝑈𝑐𝑐�𝑒𝑒𝑗𝑗𝜔𝜔𝜉𝜉𝑥𝑥/𝑈𝑈𝑐𝑐� (1) 

In Eq. 1, αx and αy are the decay coefficients in the streamwise and spanwise directions respectively, ξ is the 
separation distance in both directions, ω is the angular frequency, Uc is the convective speed (approximated as 
70% of the freestream velocity) and φp is the pressure autospectrum.  In the streamwise direction, the TBL force 
spectrum is a decaying oscillation.  A convective wavenumber kc can be defined as the angular frequency divided 
by the convective speed.   

Equation 1 can be transformed into the wavenumber domain to obtain the wavenumber sensitivity function 
as shown in Fig. 1.  The sensitivity function is normalized by φp while the wavenumber is normalized by the 
convective wavenumber.  The TBL force peaks when the wavenumber equals the convective wavenumber, with 
the region surrounding it often referred to as the convective ridge.  Above the convective wavenumber, the TBL 
force rapidly drops in amplitude.  Below it, the TBL force approaches a constant.  The wavenumber 
characteristics of TBL flow is discussed in more detail by Bonness et. al [11]. 

Figure 1. The wavenumber sensitivity function of the Corcos TBL model, normalized by the convective 
wavenumber. 
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Since the convective wavenumber depends on the convective speed, the convective ridge will also shift with 
speed.  Fig. 2 shows a representation of the wavenumber sensitivity function as a function of convective speed 
and wavespeed.  Since wavespeed is inversely proportional to wavenumber, the low wavenumber region of the 
sensitivity function is on the right while the high wavenumber region is on the left.  Four classes of vehicles are 
also labeled in Fig. 2 according to their nominal operating speeds.  The convective ridge is shown in dark red 
and illustrates how vehicle speed impacts the sensitivity function of the TBL force. The boxed region represents 
an approximate range of wavespeeds that may be typical for materials used in these vehicles.  When the 
convective ridge falls within this range, strong coupling will occur between the force and the structure. 
 

 
Figure 2. The wavenumber sensitivity as a function convective velocity and wavespeed. The dotted box region 
illustrates normal ranges of structural wavespeeds for these vehicles.  Strong coupling would be expected between 
the forcing function and the structure when the convective ridge falls within the dotted box.  The color contour is 
the sensitivity function (dB re 1). 

3. WAVENUMBER INTERACTIONS 
A. FINITE ELEMENT MODEL 

A finite element model of a flat plate (0.857 m x 0.854 m x 3.3 mm) was created to examine the vibration 
and radiated noise from TBL flow from three flow speeds [8].  The plate contains a 5x4 grid of imbedded ABHs 
with a taper power of 2.2 while the truncation thickness of each ABH is 0.26 mm and the diameter is 10 cm.  
The material properties of the plate are listed at the bottom of Table 1. The first sets of ABH modes cut on around 
1.7 kHz.  The mesh was composed of quadratic hexahedral elements and stiff springs were used as boundary 
conditions at the edges.  A lumped parameter procedure was used to compute the radiated noise of the plate 
when placed in a rigid, infinite baffle [9].  
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Table 1.  (top) Parameters of the imbedded ABH array.  (bottom) Material properties. 

Taper Power Truncation Thickness Diameter Array 

2.2 0.26 mm 10 cm 5 x 4 

Material Youngs Modulus Density Poisson’s Ratio Loss Factor 

Aluminum 70.0 GPa 2700 kg/m3 0.35 0.0001 

3M ISODAMP 
TD-1604 0.009 GPa 1812 kg/m3 0.45 0.2 

B. LENGTH SCALE MATCHING
The plate will have two bounding thicknesses:  the standard flat plate thickness and the ABH minimum

thickness.  These two values will define bounding critical frequencies.  A convective coincidence frequency can 
also be computed using the convective speed, Uc instead of the acoustic wavespeed: 

𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑈𝑈𝑐𝑐2

2𝜋𝜋
�𝜌𝜌ℎ
𝐷𝐷

, (3) 

where ρ is the mass density, D is the flexural rigidity and h is the plate thickness. The critical frequency and 
convective coincidence frequencies are shown for three different flow speeds in Table 2.  Each speed 
represents a different class of vehicle.  Since the slowest speed would be from a ship, water was used as the 
external fluid.  The ratio of the critical to convective coincidence frequency is also shown the table.  When the 
ratio is small, the length scales of the TBL pressures are much smaller than the wavelengths of acoustic waves.  
When the ratio is near unity, the length scales of the TBL pressure are close to the acoustic wavelength.  A 
structural additional length scale will also come into play from wavelengths of the ABH modes.  

Table 2.  The critical frequency and convective coincidence frequency for three different flow speeds 

Flow Speed Critical Frequency 
(thick / thin) 

Convective Coincidence 
(thick / thin) Ratio Ext. Fluid 

Ship 5 m/s 69.2 / 878 kHz 0.40 / 5.1 Hz 5.75e-6 Water 

Fast Automobile 44 m/s 3.62 / 45.9 kHz 30.1 / 381.9 Hz 0.0083 Air 

Commercial 
Aircraft 216 m/s 2.86 / 36.3 kHz 702.7 / 8919 Hz 0.246 Air 

(35,000 ft) 

C. RESULTS – SHIP, AUTOMOBILE, AIRCRAFT
The surface-averaged velocity and the radiated sound power are shown from 10 – 10,000 Hz in Figure 3 for the
panel excited by flow at the nominal speed of a ship, 5 m/s.  Fluid loading is accounted for as if the panel were
submersed in water.  The uniform plate is shown along with the damped and undamped ABH plate.  At low
frequencies, a shift in the first natural frequencies of the plate is seen along with a small increase in amplitude
for the ABH plate.  As more resonance peaks are excited and the modal density increases, the response of the
ABH plate drops below the uniform plate.  At higher frequencies (>800 Hz), the vibration of the three panels is
similar while the radiated noise of the uniform plate is higher than for the ABH plates.  The lower radiation is
due to a reduction in radiation efficiency of the plate with the addition of the ABHs [3].
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Figure 4 (left) shows the average wavenumber spectrum computed using the two-dimensional Fourier 
transform [10] for the plate response at the 2 kHz one-third octave band.  Extensive wavenumber scattering is 
seen for ABH plates (B & C) as compared to the uniform plate (A).  This is caused by the wavespeed changes 
which occur within the ABHs. The TBL forcing function (D) is nearly constant over the relevant wavenumber 
range since it is operating well below the convective ridge for flow at this speed. On the right of Figure 4, the 
wavenumber relationship is shown as a function of frequency for the uniform thickness plate, minimum ABH 
thickness using infinite plate theory.  The acoustic and convective wavenumber curves are also shown.  The 
region between these uniform (red) and minimum thickness (black) curves represents the wavenumber sweep 
that occurs for the ABH plates.  The frequency range where the convective ridge passes through the ABH sweep 
is below 10 Hz.  Since no local or global modes occur at this low of frequency, the TBL wavenumbers do not 
interact with the uniform or ABH structure.  At higher frequencies, the differences in the wavenumber content 
between the uniform and ABH plates are negligible. 

  

 
Figure 3. Surface-averaged velocity (left) and radiated sound power (right) of the panel excited by flow at 5m/s in 

water.  

 
Figure 4. (Left) Average wavenumber spectrum of the uniform plate (A), undamped ABH plate (B), damped 
ABH plate (C) and TBL forcing function (D) at the 2 kHz one-third octave band (5 m/s flow).  The radiation 
circle is also shown as a black circle near the center of A, B and C   (Right) Bending wavenumber curves are 

shown using infinite plate theory as a function of frequency and compared with acoustic and convective 
wavenumbers. 

For TBL flow excitation from a fast automobile, the story begins to change.  Figure 5 shows the velocity 
and sound power for the panel excited by 44 m/s flow (in air).  At very low frequencies, there are only subtle 
difference between the three plates. Around 100 Hz, the velocity and sound radiation are slightly higher for the 
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ABH plates.  Above 2 kHz, the velocity of the undamped ABH plate is slightly higher than that of the uniform 
plate while the damped ABH plate levels are slightly below the uniform plate.  The radiated noise levels are 
highest for the undamped ABH plate for but then fall below the uniform and then the two levels match.  The 
damped ABH plate noise is lower for all frequencies above 2 kHz.  

Figure 6 (left) shows the average wavenumber spectrum for the plate response at 2.5 kHz one-third octave 
band with the corresponding radiation circle in black.  Extensive wavenumber scattering is again seen for ABH 
plates (B & C) as compared to the uniform plate (A).  The TBL forcing function (D) is slowly increasing as 
wavenumber increases but is still below the convective ridge. On the right of Figure 4, the convective 
wavenumber is shown to cross through the ABH wavenumber sweep between approximately 70 – 300 Hz.  This 
causes a small increase in vibration and noise for the ABH plates.  Additional wavenumber interactions occur 
for the ABH plate at higher frequency due to the existence of localized ABH modes.  Also, the critical frequency 
is now within the frequency range of interest and the structure enters the supersonic realm above 3.6 kHz for the 
uniform plate. 

Figure 5. Surface-averaged velocity (left) and radiated sound power (right) of the panel excited by flow at 44 m/s 
(in air). 

Figure 6. (Left) Average wavenumber spectrum of the uniform plate (A), undamped ABH plate (B), damped 
ABH plate (C) and TBL forcing function (D) at the 2.5 kHz one-third octave band (44 m/s flow).  The radiation 

circle is also shown as a black circle near the center of A, B and C   (Right) Bending wavenumber curves are 
shown using infinite plate theory as a function of frequency and compared with acoustic and convective 

wavenumbers. 
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For flow excitation at speeds for a commercial aircraft, the vibration and noise levels now increase 
significantly for the ABH plate at high frequencies, as shown in Figure 7.  The damped ABH plate is still able 
to decrease the levels from the undamped ABH plate but not enough to fall below the levels of the uniform plate.  
Figure 8 shows the average wavenumber spectrum for the 4 kHz third octave band with high energy levels seen 
near the convective ridge.  Wavenumber interactions now occur since the convective ridge falls within the 
operating ABH wavenumber sweep.  Physically, this exists because the ABH modal frequencies fall in the same 
frequency range where the convective ridge occurs, allowing for efficient coupling to occur between the length 
scales of the forcing function and the modes of the ABH.  Thus the energy acceptance increases for the ABH 
plates such that they are noisier than the uniform plate, despite the use effective use of damping.  

 

 
Figure 7. Surface-averaged velocity (left) and radiated sound power (right) of the panel excited by flow at 216 

m/s (in air at 35,000 ft). 

 
Figure 8. (Left) Average wavenumber spectrum of the uniform plate (A), undamped ABH plate (B), damped 

ABH plate (C) and TBL forcing function (D) at the 4 kHz one-third octave band (216 m/s flow).  The radiation 
circle is also shown as a black circle near the center of A, B and C   (Right) Bending wavenumber curves are 

shown using infinite plate theory as a function of frequency and compared with acoustic and convective 
wavenumbers. 

4. CONCLUSIONS 
Wavenumber interactions can occur between TBL flow and imbedded ABH vibration absorbers when the 

cut-on frequency of the ABH modes are near the frequency of the convective ridge. The inclusion of ABH 
vibration absorbers on a plate may increase this interaction and cause vibration and noise radiation levels to 
increase. This is most likely to occur for higher speed flow but will depend of the structural thickness, ABH 
parameters and frequency range of interest.  This effect has not previously been observed since only single point 
excitation have been considered without flow.  
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