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Far field propagation measurements of high-amplitude periodic signals generated by the U. S. Army
Research Laboratory’s Mobile Acoustic Source �MOAS� have been made. The MOAS is a large
horn-coupled electropneumatic loudspeaker capable of producing sound at a few hundred hertz with
a maximum overall sound pressure level of 155 dB re 20 �Pa at 1 m. The possible influence of
nonlinear effects have been investigated because the measurements exhibit greater sound pressure
levels at high harmonics than are predicted by a linear propagation model. Between 100 and 375 m,
nonlinearly predicted spectra obtained via a generalized Burgers equation-based model are
consistently closer to measured spectra than are linear predictions, according to calculations of mean
absolute error. These comparisons strengthen the assertion that nonlinearity is, in fact, the primary
cause of disagreement between the measured and linearly predicted spectra at high frequencies.
Comparisons between the nonlinear model and measurements, however, yield increased errors for
greater propagation distances ��1 km� and for measurements made later in the afternoon. For these
cases, the nonlinear model calculations generally predict greater sound pressure levels at high
frequencies than are actually present in the MOAS measurements. Despite the increased errors for
these latter comparisons, the nonlinear model still typically performs better than the linear model.
This provides additional confirmation of the presence of nonlinearity in the propagation, but may
also point to the need to account for atmospheric variability in the numerical model to provide
improved predictions. © 2006 Acoustical Society of America. �DOI: 10.1121/1.2345934�

PACS number�s�: 43.25.Cb �MFH� Pages: 2491–2499
I. INTRODUCTION

In the past, the role of nonlinearity in the propagation of
high-amplitude sound has been given considerable attention
in a variety of contexts. Relevant studies have utilized ana-
lytical, numerical, and experimental methods to study vari-
ous aspects of the problem. However, a review of the litera-
ture reveals only a limited number of experiments dedicated
to the measurement of finite-amplitude effects in outdoor
continuous-wave sound propagation. Theobald1 studied the
vertical propagation of periodic waveforms over a maximum
range of 76 m. Webster and Blackstock2 subsequently per-
formed a similar study over a comparable range with band-
limited noise waveforms. Both of these studies showed clear
evidence of nonlinear propagation in that the measured high-
frequency sound pressure levels were significantly greater
than those predicted with linear theory.

Our main purpose in this article is to describe the results
of recent field experiments with a high-amplitude acoustic
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source that also show evidence of nonlinear effects. The
source for these measurements was the U. S. Army Research
Laboratory’s Mobile Acoustic Source3 �MOAS�, which is a
large electropneumatic loudspeaker. These experiments with
the MOAS have been carried out as part of a multifaceted
effort to study nonlinearity in the propagation of noise from
high-performance jet aircraft4 over moderate ranges. Because
of the potential impact that takeoffs and low-altitude training
runs may have on nearby communities, nonlinearity in
ground-to-ground propagation is of considerable interest.
Consequently, these controlled-source measurements were
conducted over several hundred meters at near-grazing inci-
dence, for which ground effects can play a considerable role.
Also, as is typical with outdoor propagation experiments,
wind, turbulence, and temperature profiles affect the re-
corded waveforms.

Because multiple phenomena influence the propagation,
an important aspect of the measurement analysis is a com-
parison against the results of a numerical model5 that is
based on the generalized Burgers equation �GBE�. The GBE
is a widely established nonlinear model equation that can
correctly predict the effects of second-order nonlinearity for
lossy parabolic propagation of acoustic pressure waveforms.
However, because the GBE does not incorporate all the phe-

nomena that affect outdoor measurements, a comparison of
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the numerical results against the measurement may give
some indication of the relative importance of nonlinear ef-
fects at a given frequency for a particular test. Theobald1 also
made numerical comparisons against his periodic-waveform
measurements using a modified form of an algorithm devel-
oped by Pestorius and Blackstock.6 Agreement between mea-
sured versus numerically calculated levels for the first three
harmonics was good over short distances, but significantly
worsened for the second and third harmonics by the maxi-
mum measurement distance of 76 m. Computed results were
obtained using only one cycle of the input waveform that
was scaled to match the time-averaged level of the funda-
mental frequency.

In the remainder of this paper, the MOAS and the mea-
surement setup are first described. Measurement results for a
number of cases are then presented and discussed. Finally,
after a brief discussion of the numerical model, comparisons
between measured and both nonlinearly and linearly pre-
dicted spectra are examined and analyzed.

II. MEASUREMENT SUMMARY

A. The mobile acoustic source

The U. S. Army Research Laboratory has a large horn-
coupled electropneumatic loudspeaker known as the Mobile
Acoustic Source �MOAS�. The horn is a 10-Hz exponential
horn that is 17.1 m long and has a mouth diameter of 2.3 m.
Acoustic pressure signals are generated by a valve that
modulates the flow of compressed air. The MOAS, which
has a nominal frequency response range of 10–500 Hz, was
primarily designed to simulate the acoustical signature of a
tank. Measurements of the MOAS conducted by the National
Center for Physical Acoustics at the University of
Mississippi7 indicate maximum output levels of
155 dB re 20 �Pa at 1 m. The MOAS is shown mounted on
its flatbed trailer in Fig. 1, where the horn’s axis is located
3 m above the ground.

B. Measurement array and environment

The propagation measurements were conducted on 12
February 2004 at the Blossom Point field test facility in
Blossom Point, MD between 13:00 and 14:45 Eastern Stan-
dard Time �EST�. Bruel and Kjaer 12.7-mm free-field micro-
phones �Type 4190� were located along the loudspeaker cen-
terline according to the layout in Fig. 2. Microphone poles
were placed at 10, 100, 250, and 375 m, and an existing
tower was used to collect data at 1092 m. The measurement

FIG. 1. �Color online� Photograph of the U.S. Army Research Laboratory’s
Mobile Acoustic Source �MOAS�.
elevation angles were 0°, 0.7°, and 1.4°, relative to the 10-
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m on-axis microphone. The 1.4° measurement angle is ap-
proximate because the tower height was insufficient to place
the 1092-m microphone along the same angle as the rest of
the microphones, which were located nominally at 1.45°.
Microphones were also placed on the ground at each pole
location and at the tower. All microphones were pointed at
the source �normal incidence�, which yields a nominally flat
�±1 dB� amplitude response for the Type 4190 microphones
out to 20 kHz. With the exception of the tower data at
1092 m, microphone data acquisition was carried out using
National Instruments 24-bit PXI-4472 cards sampling at
96 kHz. At the tower, waveform data were acquired with a
National Instruments 16-bit NI-DAQ 6036-E card sampling
at 200 kHz and were then multiplexed over four channels,
yielding an effective sampling frequency of 50 kHz per
channel.

The ground along the propagation path was fairly flat,
nominally soft, and covered by long grass and other vegeta-
tion. Because of hardware failure, meteorological informa-
tion at the site was not recorded during the measurements.
However, data from the Naval Surface Warfare Center Dahl-
gren laboratory located approximately 10 km �6 mi� from
the measurement site provided a reasonable estimate of av-
erage weather conditions based on a comparison between
Blossom Point and Dahlgren data made the day before.

According to the Dahlgren data, between 13:00 and
14:45 EST, the ambient pressure was approximately constant
at 1.0 atm, the temperature range was 4 ° –5 °C, and the
relative humidity varied between 70% and 77%. Wind
speeds ranged between 1 and 6 m/s with a variable direc-
tion. Because of the uncertainty in the ambient conditions,
the values for atmospheric absorption and dispersion calcu-
lations in the propagation model were assumed to be con-
stant at 1 atm for ambient pressure, 4 °C for temperature,
and 73% for relative humidity.

C. Measured waveforms

For the propagation measurements, a variety of periodic
waveforms with fundamental frequencies ranging from
50–400 Hz were used as signal inputs. Sine, triangle, and

FIG. 2. �Color online� Microphone ranges and heights for the MOAS propa-
gation measurements.
square waves were all used, but the MOAS frequency re-
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sponse and inherent distortion were such that its ability to
acoustically transmit the supplied electrical signals was
rather poor. Consequently, the type of input waveform was
later found to be largely irrelevant. In addition to the periodic
signals described, pink noise was also used. However, the
limited frequency response of the MOAS resulted in a natu-
ral bandpass filtering of the noise signal and, consequently,
significantly lower amplitudes for the pink noise tests.

As an example of a typical measurement, recorded
waveforms along 1.4° for a 300-Hz sine wave input are
shown in Fig. 3. Although a sinusoidal electrical signal was
supplied, the resultant waveform at 10 m is quite nonsinu-
soidal and significantly skewed, but it is periodic with a fun-
damental frequency of 300 Hz. The waveform skewness at
close range could be related to the compressed-air nature of
the source that results in a net volume increase over a cycle.
Similarly skewed, nonsinusoidal waveforms recorded at
close range for a 100-Hz sinusoidal input to the MOAS have
been reported by Sabatier.7

D. Measured spectra as a function of range

Because the difference between nonlinear and linear
propagation is often greatest at high frequencies that are not
readily visible in time waveform comparisons, the emphasis
hereafter will be on trends in the measured and predicted
spectra at these frequencies. The measured spectra for the
300-Hz test waveforms shown previously in Fig. 3 along
1.4° are displayed in Fig. 4. For purposes of clarity, only the
levels at each of the harmonic frequencies, rather than full
spectra, are displayed. The overall sound pressure level
�OASPL� for each spectrum is located in the figure legend.
Approximately 11 s of data were used to calculate the PSD
for each case, both to allow fine-scale spectral resolution and
to mitigate the effect of fluctuations in waveform amplitudes
caused by wind variability. The measured harmonic levels
for the same 300-Hz sine wave test, but along 0.7°, are
shown in Fig. 5. Similar spectral results are obtained for both
propagation angles at most distances, but there are some no-
table differences in the rates of high-frequency spectral de-

FIG. 3. Measured MOAS waveforms along 1.4° for a 300-Hz input sine
wave. Distance labels correspond to the microphone ranges shown in Fig. 2.
cay of the 1092-m spectra. This greater variability, which is
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seen in the majority of the 1092-m measurements, directly
impacts the ability to model the propagation out to that dis-
tance.

Some discussion of observed ground effects in the spec-
tra is also merited. The broadband spectral results of a propa-
gation measurement with a pink noise input are helpful in
this regard. Displayed in Fig. 6 are measured spectra for a
pink noise along 0.7°. A comparison of these spectra with
those from the 300-Hz sine wave test in Fig. 5 reveal the
presence of several spectral minima that occur at similar fre-
quencies. In Fig. 6, the lowest frequencies at which a spectral
minimum occurs for each curve �e.g., approximately 85 Hz
at 10 m and 250 Hz at 100 m� closely matches those pre-
dicted by a ground reflection model using flow resistivity
values corresponding to soft terrain. The particular ground
interaction model used accounts for the interaction of spheri-
cally spreading waves with a finite-impedance ground8 as
well as the effects of atmospheric turbulence.9 The results of
the ground reflection model and the consistency of the mea-
sured frequencies of the lowest spectral minima indicate that
these minima are due to the superposition of the direct and
ground-reflected waveforms at the microphone. At higher
frequencies, spectral minima are not nearly as defined. This

FIG. 4. �Color online� Measured MOAS harmonic levels along 1.4° for a
300-Hz input sine wave. In this as well as subsequent figures, OASPL
signifies overall sound pressure level and is referenced to 20 �Pa.

FIG. 5. �Color online� Measured MOAS harmonic levels along 0.7° for a

300-Hz input sine wave.
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minima broadening is likely caused by atmospheric turbu-
lence and is predicted by the ground reflection model when
turbulence is included. Because the frequencies at which
these minima occur also vary somewhat from test to test,
other atmospheric inhomogeneities and curved ray propaga-
tion likely influence some of the measurements.

Spectral calculations as a function of range have been
made for many more cases; however, the spectra shown are
sufficient to highlight important aspects of the measurements
obtained, as well as to point out the measurement system
noise floor. Consideration of the system noise floor is par-
ticularly important in analyses of the 375-m and 1092-m
data. From the preceding figures, it is evident that for the
microphones mounted on the pole at 375 m, the system noise
floor was approximately −20 dB re 20 �Pa/�Hz. For the
1092-m data, the noise floor was about −15 dB re 20 �Pa/
�Hz. Given these noise floors, the upper frequency limit of
all analyses presented hereafter has been limited to where the
signal-to-noise ratio is approximately 10 dB.

E. Measured spectra as a function of height

One other important aspect in describing the measure-
ment is to consider the stability and quiescence of the atmo-
sphere, because atmospheric homogeneity is assumed in the
numerical model. Unfortunately, because detailed meteoro-
logical data at the measurement site are not available, an
alternate means of examining the local atmospheric condi-
tions has been used. The effect of the atmosphere on acoustic
propagation may be studied by comparing spectra as a func-
tion of microphone height at the same range. For a perfectly
still, homogeneous atmosphere, there should be general
agreement between harmonic levels for the 0.7° and in 1.4°
microphones at a given range. There will be differences in
individual harmonics, caused by the differences in the direct
and ground-reflected paths as a function of height, but the
overall trend in spectral decay as a function of frequency
should remain the same. Variation from a common trend for
different microphone heights indicates some form of atmo-
spheric variability.

Harmonic levels at 375 m are shown as a function of

FIG. 6. �Color online� Measured MOAS spectra along 0.7° for input pink
noise.
height for two cases: the 300-Hz sine wave test previously
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discussed, which occurred at 13:34 EST, and a 400-Hz
square wave test conducted at 14:33 EST. The results for
these two tests typify the change in ambient conditions that
occurred during the latter measurements. Displayed in Figs.
7 and 8 are harmonic spectral levels as a function of micro-
phone height at 375 m for the 300-Hz sine wave and 400-
Hz square wave tests, respectively. As may be anticipated,
the microphones located on the ground in both cases yield
lower levels than for those microphones located off the
ground. This is likely due to the additional losses caused by
propagation along the ground at grazing incidence; conse-
quently, ground microphone data are not considered further.
For the microphones located off the ground, however, there
is a significantly different behavior between the two tests
with regard to the harmonic amplitudes at 7.6 m �0.7° � and
12.2 m �1.4° �. For the 300-Hz test, the 0.7° levels are only
slightly greater than the 1.4° levels at high frequencies.
However, for the 400-Hz square wave test, the differences
are much greater and increase as a function of frequency.
This comparison implies that an assumption of a quiescent,
homogeneous atmosphere is less appropriate for measure-
ments taken toward the end of the day. This apparent degra-

FIG. 7. �Color online� Measured MOAS harmonic levels at three micro-
phone heights at a range of 375 m for a 300-Hz input sine wave. The time
of the test was 13:34 EST.

FIG. 8. �Color online� Measured MOAS harmonic levels at three micro-
phone heights at a range of 375 m for a 400-Hz input square wave test made

later in the afternoon, at 14:33 EST.
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dation of stable atmospheric conditions for later tests directly
impacts accompanying propagation predictions made using
the numerical model described below.

Although this summary of the complete MOAS field
experiment has been carried out with relatively few cases,
the waveforms and spectra shown are representative of the
entire test. After a brief overview of the numerical model
used to obtain nonlinear and linear propagation predictions,
comparisons between measured and predicted spectra for
various cases are presented and discussed.

III. NUMERICAL MODEL OVERVIEW

A. The generalized Burgers equation

In this section, the nonlinear numerical model used in
the comparisons against the MOAS field experiment is de-
scribed. A parabolic model equation that has been used ex-
tensively to treat the problem of nonlinear propagation
through a lossy medium is the Burgers equation. In its most
basic form, the Burgers equation describes plane-wave
propagation through a thermoviscous medium; however,
other formulations have incorporated geometrical
spreading10 and arbitrary absorption and dispersion.11 One
form of the generalized Burgers equation �GBE�, on which
the numerical model is based, may be written for assumed
spherical spreading as

�p

�r
=

�

2�0c0
3

�p2

��
+ ����p −

1

r
p . �1�

In Eq. �1�, p�r ,�� is the acoustic pressure, r, the range
variable, �, the coefficient of nonlinearity, �0, the ambient
density, c0, the small-signal sound speed, �= t− �r−r0� /c0,
the retarded time of propagation between r0 and r, and ����,
a generalized absorption and dispersion operator that acts on
p. In the context of the current propagation problem, ����
represents atmospheric absorption and dispersion. An addi-
tional term may be included in the GBE to treat atmospheric
stratification �e.g., see Ref. 12�, but because atmospheric in-
homogeneity is not modeled in this work, the term has been
neglected.

B. GBE solution technique

The solution technique to the GBE employed in this
research is an adaptation from previous work carried out at
the University of Texas at Austin and the University of Mis-
sissippi, where hybrid time-frequency domain nonlinear
propagation algorithms have been developed and refined.
The time-frequency domain solution method originated with
Pestorius and Blackstock,6 who investigated finite-amplitude
noise propagation in a one-dimensional tube and developed
an algorithm to numerically propagate acoustic pressure
waveforms. The nonlinear portion of the propagation was
carried out in the time domain, and the small-signal portion
of the propagation �boundary-layer absorption and disper-
sion� was handled in the frequency domain. Pierce13 has
demonstrated that the “Pestorius algorithm” reduces to the
GBE appropriate for plane-wave propagation in a one-

dimensional duct.
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Anderson14 developed an alternative to the Pestorius al-
gorithm in his study of spherically decaying N waves. To
eliminate the need for weak shock theory, which Pestorius’
method employed, adaptive step sizing was used to ensure
that the waveform was singly valued for all range steps. Fol-
lowing Anderson’s initial work, improvements to the
“Anderson algorithm” were made by others also interested in
the nonlinear propagation of transients.15–17

The present numerical solution to the GBE in Eq. �1� has
been developed from a study of the Pestorius and Anderson
methodologies. The algorithm most closely resembles the
Anderson approach because it employs an adaptive step size.
However, because Anderson’s code and its subsequent modi-
fications have been intended primarily for the propagation of
transients, some elements of the model are more closely
linked to the work of Pestorius, who dealt with continuous-
wave signals. Implementation details for the model may be
found in Ref. 5.

IV. COMPARISON RESULTS AND ANALYSIS

In this section, comparisons are made between measured
spectra and predicted spectra obtained by numerically propa-
gating recorded waveforms both linearly and nonlinearly.
The linear predictions, which have been obtained by remov-
ing the nonlinear term from Eq. �1�, are equivalent to free-
field extrapolations of the input spectrum using atmospheric
absorption and spherical spreading. Use of approximately
11 s of data �220 samples� in the numerical propagation con-
stitutes a significant difference from Theobald’s study, in
which only a single cycle of the recorded waveform was
used.1 As with the PSD calculations in Sec. II, the use of
relatively long waveforms as inputs to the numerical models
allows for both fine-scale resolution and a large number of
ensemble averages when calculating a predicted PSD. Note
that a long input waveform and a greater number of averages
are not expected to reduce errors between measured and pre-
dicted spectra if atmospheric and ground effects cause the
actual propagation path to significantly differ from the
straight numerical propagation path. An increased waveform
length, however, has been found to help minimize variability
in predicted spectra caused by wind-induced waveform am-
plitude fluctuations. Finally, data collected at 100 m, rather
than at 10 m, have been used as inputs to the model because
the 10-m on-axis microphone was found to be located within
the geometrical near field of the MOAS, where an assump-
tion of spherical spreading is not valid.5

In order to quantitatively compare the results of the non-
linear and linear models, an assessment of the overall error
of a given model relative to the measurement is needed. The
metric that has been selected for the purpose of these com-
parisons is the mean absolute error, in dB, between the mea-
sured PSD and a predicted PSD. For example, the mean
absolute error, EM,N, between the measured PSD �PSDM� and
nonlinearly predicted PSD �PSDN� may be written as

EM,N = ��PSDM − PSDN�	 , �2�

where � 	 is the expectation operator and the spectral densi-

ties are calculated in dB. The mean absolute error between

Gee et al.: Nonlinear propagation of periodic signals 2495

content/terms. Download to IP:  128.187.97.22 On: Thu, 27 Feb 2014 18:14:05



 Redistrib
the measurement and linear prediction, EM,L, is calculated by
replacing PSDN in Eq. �2� with the linearly predicted PSD
�PSDL�. In each of the comparisons between measurement
and model, EM,N and EM,L are calculated over the fre-
quency range where the measured levels are at least 10 dB
above the system noise floor.

The comparisons that follow are broken into two broad
categories. First, results from the pink noise test are analyzed
because its relatively low OASPL at 100 m make the test
suitable as a sort of linear benchmark between the real-world
data and the simplified models. Next, comparisons between
the results from various tests with periodic waveforms are
made and analyzed.

A. Pink noise comparison

The OASPL of the pink noise spectrum at 100 m was
99.9 dB re 20 �Pa �see Fig. 6�, which is significantly lower
than the tests with periodic waveforms. This case is useful in
determining the level of agreement between the models and
the measurement that is achieved when nonlinear effects ap-
pear to be minimal and when the atmosphere is relatively
homogeneous. For this comparison, the recorded 100-m
waveform at 0.7° has been propagated out to 375 m.

Shown in Fig. 9 is the measured 375-m PSD for 0.7°,
along with the nonlinearly and linearly predicted spectra cal-
culated from numerical propagation from 100 m. The non-
linear and linear predictions differ noticeably above 3.5 kHz,
but result in the same predicted OASPL �88.4 dB re 20 �Pa�
and generally follow the decay of the measured PSD out to
6 kHz. For this case, EM,N and EM,L are, respectively, 2.9 and
2.6 dB, which means that the linear prediction has slightly
less error than the nonlinear prediction but both models have
less than 3 dB of mean absolute error between 0 and 6 kHz.
The maximum difference between both models and the mea-
surement occurs at about 2.5 kHz, where a relative spectral
maximum at 100 m is propagated outward with a free-field
assumption and is then compared to a measured relative
spectral minimum at 375 m. This maximum error is likely
due to differences in multipath interference effects at higher

FIG. 9. �Color online� Measured and predicted spectra at 375 m, �=0.7°,
for pink noise input. The input for the predictions was the measured wave-
form at 100 m.
frequencies. This pink noise comparison indicates that the
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linear and nonlinear free-field models are useful for compar-
ing with general trends observed in the measured spectra
when the atmosphere is reasonably homogeneous. It also in-
dicates, however, that agreement at specific frequencies may
be poor because of the variation in multipath interference as
a function of range.

B. Periodic signal comparisons

1. 100–375-m comparisons

The first set of comparisons with periodic source wave-
forms is carried out between 100 and 375 m, as was done
with the pink noise test. The fact that virtually all periodic
waveform measurements made over this range reveal a sig-
nificant difference between linearly predicted and measured
spectra at high frequencies suggests that nonlinearity influ-
ences the propagation. The results of comparisons between
the measurement and the numerical predictions for three
cases are now shown: the previously discussed 300-Hz sine-
wave test along both 0.7° and 1.4° �see Figs. 4 and 5�, as
well as a 400-Hz sine-wave test along 0.7°. The 300-Hz
measurement and predictions at 375 m along 0.7° and 1.4°
are, respectively, shown in Figs. 10 and 11. The 400-Hz re-
sults along 0.7° are displayed in Fig. 12. Again, only the
levels at each of the harmonics are shown for purposes of
clarity. Calculations of EM,L and EM,N are shown in Table I
for each of the three tests. Both the graphical and tabulated
results reveal that the nonlinearly predicted spectra match the
measurements significantly better than the linear predictions.
As with the pink noise comparison, there are significant dis-
crepancies at individual frequencies, but EM,N�3 dB for
each of these cases. These comparisons indicate that nonlin-
ear propagation is the primary cause of the discrepancy be-
tween linearly predicted and measured spectral levels at high
frequencies.

2. 100–1092-m comparisons

The results for the 100-375-m comparisons confirm that
nonlinear effects are present in the propagation of periodic
signals from the MOAS. Another point of discussion is the

FIG. 10. �Color online� Measured and predicted harmonic levels at 375 m,
�=0.7° for a 300-Hz input sine wave. The input for the predictions was the
measured waveform at 100 m.
influence of nonlinearity in the propagation beyond 375 m
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out to 1092 m. The 300-Hz sine-wave test discussed previ-
ously was selected for study because of the good agreement
achieved between the nonlinear model and measurement be-
tween 100 and 375 m. The 100-m waveforms at 0.7° and
1.4° were again used as inputs and this time were propagated
out to 1092 m using the nonlinear and linear models. The
results of the spectral comparisons are displayed in Figs. 13
and 14 and the mean absolute errors calculated in Table II.
Although these results are not shown, nearly identical
graphical and quantitative results were obtained when the
375-m recorded waveforms, rather than the 100-m recorded
waveforms, were used as inputs to the model. In both cases
considered here, as well as for the majority of other measure-
ments performed, the nonlinearly predicted harmonic levels
at 1092 m are consistently greater than the measured levels
and yield a greater mean absolute error than the 100–375-
m comparisons. For the 0.7° propagation angle, EM,L is still
significantly greater than EM,N, but for 1.4°, the two error
calculations are approximately equal.

The trends seen in the 1.4° results for the 300-Hz test
are common for several different tests at one or sometimes
both propagation angles in that EM,L and EM,N are nearly

FIG. 11. �Color online� Measured and predicted harmonic levels at 375 m,
�=1.4° for a 300-Hz input sine wave. The input for the predictions was the
measured waveform at 100 m.

FIG. 12. �Color online� Measured and predicted harmonic levels at 375 m,
�=0.7° for a 400-Hz input sine wave. The input for the predictions was the

measured waveform at 100 m.
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TABLE I. Linear and nonlinear mean absolute errors, in dB, for the
100–375-m comparisons in Figs. 10–12. See Eq. �2� and the accompanying
text for the definitions of EM,L and EM,N.

Frequency/angle EM,L EM,N

300-Hz/0.7° 17.9 1.6
300-Hz/1.4° 16.2 2.6
400-Hz/0.7° 13.6 2.5
TABLE II. Linear and nonlinear mean absolute errors, in dB, for the
100–1092-m comparisons in Figs. 13 and 14. See Eq. �2� and accompany-
ing text for the definitions of EM,L and EM,N.

Frequency/angle EM,L EM,N

300-Hz/0.7° 12.2 3.9
300-Hz/1.4° 6.2 6.4
FIG. 13. �Color online� Measured and predicted harmonic levels at 1092 m,
�=0.7° for a 300-Hz input sine wave. The input for the predictions was the
FIG. 14. �Color online� Measured and predicted harmonic levels at 375 m,
�=1.4° for a 300-Hz input sine wave. The input for the predictions was the
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equal and the measured spectrum falls between the nonlinear
and linear predictions. Although the exact cause of the gen-
eral increased disagreement between nonlinearly predicted
and measured spectra over the larger propagation range has
not been ascertained, some qualitative discussion is merited.
Generally good agreement between the 300-Hz measurement
and the nonlinear model was achieved for the 100–375-m
comparisons, despite neglecting phenomena such as ground
effects, turbulence, and a nonuniform atmosphere. Over a
significantly longer range, each phenomenon could more sig-
nificantly affect the rate of nonlinear energy transfer in the
propagating waveform. As an example, the effects of turbu-
lence, while often negligible over shorter distances, would
certainly play a larger role over an increased propagation
range. The results of a study of the average effect of turbu-
lence on shock-wave rise times18 have indicated that a steep-
ened waveform passing through turbulence unsteepens more
quickly than for passage though a quiescent medium. A more
rapid unsteepening could account for the experimentally ob-
served accelerated reduction in the high-frequency sound
pressure levels. Also, a homogeneous, quiescent atmosphere
and straight-ray propagation have been assumed in the nu-
merical calculations, whereas the influence of a realistic
sound-speed profile and curved rays could substantially af-
fect the measured results at a given microphone over a longer
range. For example, upwind propagation could cause ray
tube divergence, thereby reducing sound amplitudes along a
given ray and slowing the rate of nonlinear distortion.

3. Comparisons for later measurements

Another comparison that shows the potential for meteo-
rological affects to influence the ability to measure nonlin-
earity may be made with the 400-Hz square wave measure-
ment made later in the afternoon. It was shown previously in
the discussion of measured spectra as a function of micro-
phone height that this measurement exhibited increased de-
pendence of level on height at high frequencies relative to
earlier tests �cf. Figs. 7 and 8�. In conjunction with this ap-
parent decrease in atmospheric homogeneity, concordance
between nonlinear model and measurement significantly

FIG. 15. �Color online� Measured and predicted harmonic levels at 375 m,
�=1.4° for a 400-Hz input square wave. The input for the predictions was

the measured waveform at 100 m.
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lessens. Figure 15 compares the 1.4° measured harmonic lev-
els at 375 m with those predicted from numerical propaga-
tion from 100 m for the 400-Hz square wave test. The 100-
m-based numerical calculation significantly overpredicts the
measured sound pressure levels at high frequencies. To fur-
ther investigate the cause of this discrepancy, the numerical
propagation path was divided up using the intermediate mea-
surement at 250 m �cf. Fig. 2� and separate calculations were
performed for the 100–250-m and 250–375-m ranges. The
results of these comparisons are shown in Figs. 16 and 17,
respectively. Although the algorithm continues to slightly
overpredict the spectral levels between 250 and 375 m,
agreement is substantially better over the shorter propagation
distances. The agreement is quantified with calculations of
EM,L and EM,N in Table III. The fact that significantly better
agreement is achieved with these shorter-range calculations
than with the full 100–375-m range indicates that atmo-
spheric effects can greatly impact conclusions regarding the
nonlinearity of the propagation, even over relatively short
distances.

FIG. 16. �Color online� Measured and predicted harmonic levels at 250 m,
�=1.4° for a 400-Hz input square wave. The input for the predictions was
the measured waveform at 100 m.

FIG. 17. �Color online� Measured and predicted harmonic levels at 375 m,
�=1.4° for a 400-Hz input square wave. The input for the predictions was

the measured waveform at 250 m.
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V. CONCLUSIONS

Finite-amplitude propagation effects have been mea-
sured in the outdoor propagation of periodic signals gener-
ated using the U.S. Army Research Laboratory’s Mobile
Acoustic Source �MOAS�. For most cases, the results of the
nonlinear model based on the generalized Burgers equation
compare favorably with the measurement and demonstrate
significantly less mean absolute error than results from a lin-
ear model. This is true despite the fact that the nonlinear
model assumes free-field propagation through a homogenous
atmosphere and therefore neglects some of the conditions of
the actual experiment. The results of the comparisons indi-
cate that effects of nonlinear propagation are readily observ-
able between 100 and 375 m, despite overall sound pressure
levels �OASPL� at 100 m that are less than
115 dB re 20 �Pa for all measurements �see the legend in
Fig. 5, where the maximum OASPL is 114.6 dB re 20 �Pa�.
Based on OASPL alone, these results indicate that nonlinear-
ity is very likely to occur in high-amplitude jet noise propa-
gation, for which levels at 100 m may be 10–15 dB greater
than for the MOAS. This corroborates earlier statements of
Webster and Blackstock,2 who reached a similar conclusion
based on the results of their relatively short-range propaga-
tion experiments. Other comparisons shown in the present
work are also important, specifically for the cases of propa-
gation over greater distances and measurements made later in
the afternoon, where agreement between the nonlinear model
and experiment are not as good. They point to the need for
the application of more sophisticated modeling techniques
and additional research to better understand and predict the
finite-amplitude propagation of continuous waveforms
through a spatially and temporally variable atmosphere.
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