Dealing with Rotating Coordinate Systems
Physics 321

The treatment of rotating coordinate frames can be very confusing because there are two
different sets of axes, and one set of axesisnot constant in time. This handout is an attempt to
clarify the problems of transforming position, velocity, and acceleration in a fixed frame of
reference to arotating frame of reference.

Because we are dealing with rotations, it is useful to write the vectors as column vectors
So that we can apply rotation matrices to them. Usually we just write:

X
Fr=|y|=xX+yy+2z,
Z

but because the basis vectors are implied and not explicitly written, we are going to write the
same thing as a product (the dot product) of a basis set and the componentsin that basis. Thus:

Fr=(% § 2)|y|=xk+yW+z,

N < X

Let’'s take two sets of coordinate axes that have the same origin. There exists a linear
transformation that relates one set of basis vectorsto the other set of basis vectors. Since the
lengths of the basis vectors (they’re all unit vectors) do not change, we can think of this
transformation as arotation, or actually three rotations around different axesin general). Thiswe
can write:

EqD (¥ ¥ 2)=(8x ¥ IR or

N>
N>

where the primes indicate quantities in the rotating coordinate r=r'
system and the unprimed quantities represent quantities in the
fixed coordinate frame. Note that the rotation matrix follows o
the vector because we are rotating arow vector. We'll later y
see how to write R in terms of rotation angles. y

A position vector is just an object defined by two .
points in space. It can be described without a coordinate X
system of any kind, or it can be written in terms of
components. Figure 1 illustrates this idea. Figure 1 A vector in terms of two
different sets of basis vectors.



Since the vector is the same object in either coordinate system, we can write:

r=r'

X X'
(x ¥ gy|=(x ¥ 2)y

z zZ

Now we can do some manipulating with the rotation matrix. Noting that any matrix timesits
inverse is the identity:

XI
()2 y 2) y :(f(' y' 2’)R'1R y'
z z
Because of EQ.1, we may write:
X ' ' X
(Eq.2) y[=R|y| o |y|=RYy
z z zZ z

So now we can transform a position vector — both components and unit vectors — from the fixed
to the rotating frame, as long as we know the rotation matrix that relates the two framesto each
other.

Now let’slook at velocities:

d._d._,
—F=—T
dt ot
X' X'
(% 9 2 y|=(% ¥ 2)y|+(x v 2)v
z 4 4

(Eq.3) m



Armed with these, we can write the equations that transform the components of velocity
from one coordinate frame to the other. First, let us put everything in terms of the unprimed basis
vectors.

X X' X'
(* 9 2| y|=(%x ¥ Ry |+(x ¥ 2R|Y
Z y4 y4
(Eq. 4) . , 5
X X X
y|=R|y'|+R| Y
V4 z 4

This expression then gives the components of velocity in the fixed system in terms of the rotation
matrix and the components of position and velocity in the unprimed system.

We can similarly find the components of the velocity in the primed system in terms of the
components of position and velocity in the unprimed system.

X X' X'

(x v 2RYyl=(x v 2RWy|+(x ¢ 2)v¥

Z zZ z
(Eq. 5) X' X X
vI=R Yy -RIRR?y
7 z z

A more familiar way of writing these equations can be obtained by going back to the line
before EQ. 3 and writing the result in mixed unit vectors:

X' X'
(v i'){y'}(k' y zr)M
z z
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N < X
N—
1

X X' X'
()2 ¥ 2) y| = (x’ ¥ 2’)R Ry +(x’ % z’) V'
Z VA VA
(x 9 2u=(x ¢ 2)v+rRr]
(% 9 2v=(x ¢ 2)v+axi]



Here, ' isthe angular velocity of the rotating system as measured in the fixed frame, but whose
components are measured in the rotating frame, not in the fixed frame. That is:

@ =R
where w isthe angular velocity of the rotating frame as measured in the fixed frame with the unit
vectors of the fixed frame.

Therefore, aslong as we remember that everything on the left-hand side is expressed in
terms of the unit vectors of the fixed frame, and everything on the right-hand side is expressed in
terms of the rotating frame, we have:

(Eq. 6) V=V'+W X7

The term with the rotation matrices can also be written in terms of the unprimed vectors
asfollows:

X X X'
(x5 2)y/=(x 3 2RRYyl+(x ¥ 2]y
Z Z V4
(x ¢ 2)v=(x v 2[v-RRY]
(% 9 2)=(x § 2v-axr]

(Eq. 7) v
In these expressions, we have made use of the identities

RIRF = @ xF', RR™F = wxT,
Example 1:

A frictionless block moves radially outward from the center of aturntable. Let ustake the
velocity of the block in the lab to bev = vyx. Find the position and velocity of the block as

measured by someone on the turntable. Take the angular speed of the turntable to be w.
First, let’s recapitulate what we know:

w=ak, V=VpX, [ =VytX



Eq. 7 gives.

For position, we have:

Al yr 21)—'1 = ()’Z y A)[\—/'_ &')x F]
= Vo)z_ wlotﬁx )/Z
= Vo)z_ Cd/oty
1
(% ¢ 2)-atlv
0
Vot
g 2 =(x ¥y 2) 0
0

Before we can finish the problem, we need to find the rotation matrix. In the section that follows,
we will discuss rotation matrices. For now we will simply quote the resullt:

cosat -snat O
R=|sinat cosat O
0 0 1
Vot
(x 3 2)r=(x ¢ 2R O
0
cosat sSinat O vt cosat
r'=|-snat cosat 0| 0| =vyt| -sinat
0 0O 1\o 0
1
(2 ¢y 2v=(x 9 2)-atl|v
0
cosat sinat O 1
:(9(' y' z')—sina,t cosat Of| —at |V,
0 0 1| O

cosat - at Sinad
"= Vg| - Sinad - at cosad
0
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Note that the position and velocity are related by v = Z—Z , 8s expected.
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Notes on Rotation M atrices:

To begin with, we wish to find the rotating unit vectorsin
terms of the fixed unit vectors.

X' = cosat X+sinaty If therotation is

§' = —sinai>?+cosaiyﬁgsg_t the z axis, we
' ot

X
Figure 2 Rotation of basis vectors about
the z axis.

Before we proceed to write down the rotation matrix, it is useful to prove an identity. To do this,
we use Eqg.1 along with the fact that the dot product of two vectors must be the same in both the
fixed and the rotating frames.

oy 2)=(x v 2R

%
§[=RT|y|  since (AB)' =BTAT
2 2

(e g 2)yi=(x v 2|y

2 2
: %
(x 9 2)RRT[§/ =(x ¢ 2y
2 2

Now we can write the rotation matrix for rotations around the z axis;

X cosat  snat O]f R R coswt -snwt 0
§'| = -sinat cosat Of| §|=R7Yy R,(wt)=|sinwt coswt 0
A 0 0 Y\ z Z 0 0 1



Similarly, we can show:

1 0 0 coswt 0 snwt
R,(wt)=|0 coswt -snwt Ry (wt) = 0 1 0
0O snwt coswt -snwt 0 coswt

Now we have established the form of rotation matrices about the three axes, it is useful to
think about infinitesimal rotations. For example, let’s take a rotation by an angle w At about the z
axis.

cosw, At -snw,At 0 1 -wit 0
R,(w, At)=| Snw,At  cosw,At Oj=|wAt 1 0
0 0 1 0 0 1

We can generalize this to a sequence of three infinitesimal rotations, one around each axis:

1 -wh 0 1 0wl 0 0
R(wdt,wAtwht)=lwht 1 0 0 1 0 )0 1 -w
0 0 Di-wht 0 1 )0 wiAt 1

1 oM ol
=l wht 1 -wbt
“w A w At 1

If the rotations are infinitessmal, the order of rotation does not matter. We can then write:

0 -w w

R(w At w At w,At) - £y
Iy =lw, 0 -w

“w, o 0

Thus, any infinitesimal rotation can be considered to be arotation by an angular velocity o about
an axisgivenby @.



Now, let’s look at how components of vectorsin the fixed and rotating frames are related
at two times, t; andt, =t; +At.

X Xo Xy Xy
ABLYIRE Yi| = Ry y1ls
Z z 4 z

R,=R;+AtR;=R_R;

We can write this last line because we can think of rotation 2 as rotation 1 followed by an
infinitesimal rotation about . (Thefirst rotation is the one nearest the vector upon which it
operates, so the first rotation isto the right of the second rotation.)

We can now solve for the infinitesimal rotation:

R,R;=R;+AtR;, now x byR;*
R, = |+ AtR,RT?

_ 0 -w w

=RR'=| w, 0 -w

R

w

At

W, Wy 0

0 -w w

RRif=| w, 0 -wlly|l=|wx-wz =wxF
-, Wy 0 )\z W,y = WX

x| | wyz-wy

We used thisresult to Prove Eg. 7.

The question then is, in which coordinate systemisc measured? Since we rotate both the unit
vectors and the components of matrices, this can get confusing. But we can answer this question
by looking at the equation:

We start in the primed system, but then we rotate by R;, which, ignoring the infinitesimal rotation
R, putsusin the unprimed system. Hence when R, acts on the system, it is in the fixed coordinate
system. That means we need to put « in the unprimed system when we use the equation

V' =V-wxr.



We can do the same thing, but use the inverse transformation:

Xo X5 Xq Xy
-1 -1

Y2| =R Y2 Yi| = R17| Vil

z Z Z 4

R> = R*+AtRY = RR?

We again now solve for the infinitesimal rotation. This time, we are solving for the components of
the infinitesimal inverse rotation, so we are solving for the components of —c.

RR; = RiM+ AR, now x byR,
R = 1+AtR]'R,
0 -(w) (-a)
:RilRlz (-w,) 0 -(~w)
“(tw) (w) 0

RI-|

w_

At

What we really want this time, however, is R;'R , So we can make use of the relationship:

I=R'R, i=0=R7'R+R'R, R™R=-R7R
Then:
0 -w, ow,|X w,Z - W,y
RIRf'=| w, 0 -wly|=|wx-wuz|=doxr
Wy, Wy 0 )\zZ wy' - WX

This time we have;

R = RJRIT

We start in the unprimed system, but then we rotate by R;*, which puts usin the primed system.

Hence when R acts on the system, it isin the rotating coordinate system. Thus, we need to
put co in the primed system when we use the equation

V=V'+a xr'.



General Reaults

Equations 6 and 7 apply specifically to velocities, but in general we can apply the same
techniques to other vector quantities as well. This becomes

RN+ I s B
(% 9 Z)EQ—(X § Z)[EQ +a) x ]
where( § 90=(x § 2)0.

In particular, we may let Q be the velocities defined by::

+

dt dt
_("r o "r)ﬂ+@xf’7+&)’x£+&jX\7’+&)’X(&)’XF')
Y T ot

(Eq. 8)
Similarly, it can be shown that:

(& v 2)Sv=(x 9 9 GT-@xr)-ax(v-axr)]

=(% ¥ 2)[%;—%(5JXF)—5)X\7+5)X(5)XF)}
=(x ¥ ﬁ){ﬂ—ixf—ﬁ)x—r—ﬁ)xv +cDx(c?)xF)}
t dt dt
(Eq. 9) (x 9 2)a=(xy A)[é—ﬁ)><F—25;xV+cDx(cDxF)
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Example 2:
Returning to Example 1, we wish now to calculate the effective acceleration experienced
by the block on the turntable.

(x 9 2)a =[-2002x %+ aPvgt 2x (2% %]
t
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cosat  sinat Ol - vyt
2’) -sinat cosat O -2wv,
0 0 1 0
- wPvgt cosat - 2an, sinat
a' = | awlvptsinat - 2av, cosat
0
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