Physics 318 — Review for Final Exam
Final Exam

There will be five problems. I'm giving you some hints so you can think about the “tricks€befor
you get there. That way I'll test you more on the core concepts. So be sure to revieucthe bas
material thoroughly as well as review the specifics noted below.

1) A one dimension wave or heat transfer problem. Either the equation or the boundary
conditions will be nonhomogeneous.

— Nonhomogeneous boundary conditions: Solve the equation with homogeneous boundary
conditions and add a particular solution that arises when U, o O and the boundary
conditions are nonhomogeneous.

— Nonhomogeneous equation: Solve the homogeneous equatiandrthen make the
expansion coefficients functions of Expand the inhomogeneous equation in terms of the same
basis functions. You will get an ordinary differential equationfor the coefficients.

2) Laplaces’s Equation in polar, cylindrical, or spherical coordinates. Revieansedt4, 4.5,
5.1, and 5.2 and review the special functions that arise in these problems.

3) Sturm—Liouville problem. Memorize the Sturm-Liouville form. Practice puttquagons in
Sturm—Liouville form and interpreting the results.

Hint: Write equation in the formy" + f(X) Y +... , then multiply everything pfX) . Since
Sturm-Liouville form ispy” + P y+... ,youknowp'(X) = p( X f( X . This can be

d
integrated out:j _Ff = j f (X)dx to findp(X).

4) A heat-transfer equation on a semi-infinieg X < ) rod. This will involve Laplace
transforms and convolutions. The table of Laplace transforms on the next page will bedprovide

5) A problem involving Fourier transforms. You will NOT be given the equations for the Fourier

transform or inverse transform. Please memorize these with the book’s choiceeo¢«;z§ﬂ$2§

in the denominator of both the transform and the inverse transform.) If the resultimgléeg
simple enough, you may be asked to evaluate them.



Infor mation that will be given

® Calculator are permitted.

® There is a three-hour time limit. There are noegtions to this unless you have medical problems.

® Be sure to show your work, as we can only givelitfer what is on your paper. Whenever there separation
constant (such ak, ) that takes on specific vahgesure to tell me what values it can have.

® Be sure your copy of the test has five problems.
® Please sign the roll and list your test numbest, iju case there are problems with your CID.
® Write your CID on each sheet, as we will splitthp pages for grading.

Laplace Transforms:

L(t") = S?fl
L(f'(t) = sL(f(B) - (0)
L(F @) = s f(9)- f(O)]- (0

dn
LE"f (1) = (-D" g L O

L(e™ f(9) = F(s- a) whereH($= I( f(I)( 3
L(H(t-a)f(t-a)(9= e* K

t

L(fOg)= L(f)L(g), fOg= J f(t- n)g(n)dr

a 2 0
L -a /(4t)J - e—afs
LicBsiryt 32 8 (sirkt F ———

@+ k2’ s?+ k?




Orthogonal functions:

1. Sines and cosines |.

functions X(X) = Acosy, xt Bsiny, X
diff. eq. X"(X) = =, X(X
Range OtoL

orthogonality

L. . L L L Lo
IO sing, x sing, xdx= —-9,,,, IO COg$/, X COf, XdX= -9, ,IO sig,x ceg xdx= 0

orthonormal
functions

@, (x) = \Esin,unx, \E cog,x , weighting function = 1

2. Sines and cosines II.

functions X(X) = Acosy, x+ Bsiny, X
diff. eq. X"(X) = =, X(R
Range —LtoL

orthogonality

joLsin,unx sing xdx= LJ,,,, joLcogun X COf,, xdx 10, ,IOL sim, X ces, xdx O

orthonormal
functions

1 1 L .
@.(X) = \Esin,unx, \E cog,x, weighting function =1

3. Sines and cosines lll.

functions 0(6) = Acosm@+ Bsinng
diff. eq. 0"(xX)=-1,0(6)
Range Oto2r

orthogonality

2 ) 2m 2m
Iosmmxsmnxdx= 70, . jo cosmxcosnxdx 7@, , JO sinmxcosnxax0

orthonormal
functions

9.(6) = \/%sinme, \/;chosmH, weighting function = 1




4. Bessel functions

functions R(1) = AJy(Amt)+ BY, (A )
diff. eq. rZRH + IR + (AsanZ _ mZ) R= O
Amn Aan = A
a
range Otoa

orthogonality

a 2
[ 30(0)3 A e = - 324, )1

0

orthonormal
functions

V2

a‘Jm+l(amn)

Pn(r) =

J., (AN, weighting function =

5. Euler’s equation (cylindrical coordinates)

functions " a\"
R(r)= A+binr,m=0; R = 43 + B(?j ,m>0

diff. eq. r’rR"+rR' -m?R=0

Range Oto

6. Euler's equation (spherical coordinates)

functions r)’ a) !
R(n = ”(;J ' B(?j

diff. eq. r’R"+2rR - /({+)R= 0

Range Oto

7. Associated Legendre polynomials

(Ot # 0, regular Legendre polynomials)

functions P™(cosd)
diff. eq. 0" +cotde’ +[1(t+1)- m* csé 6o = 0
Range Otorw

orthogonality

(- o _ _ 2 (£+m)!
LE (cosB)P" (co® ) sifde= 5, -~ L mi




8. Spherical harmonics

functions Y," (6,9
diff. eq. Y,, + cotoy, + 0869%+f€+1)Yzo
Range 0<6<n, 0<¢s 2n

orthogonality

2nm
[[Yr @0V (6.9)sin0 & b= 3,3,
00

weighting function=sirf})

useful info

2n+ 1(0-m! _ :
arr (rrmy COTET

Y"(6,9) =

9. Spherical Bessel and Neumann functions

functions R(r) = Aj,(kr)+ Bn,( ki)
diff. eq. r?R" + 2rR + (K2r?- ¢(¢+ ))R= 0
range Otoa (or 0to «, depending on the problem)

orthogonality

fo(a.r). (a,r _a’r, 2
J;J/( ; j]zz(/a)rzdr_z[le(am)] Onri

useful when b.c. arg(a) =0.




Beableto:
1. Separate equations and be able to find the equations for each of the separation variables.

2. Use the table of functions given in Review 2. Apply boundary conditions, including finiteness
constraints, to give allowed values of constants, etc.

3. Be able to solve the heat equation in two-dimensions (Cartesian only) with a sourcthand wi
non-homogeneous boundary conditions.

4. Prove for the Sturm-Liouville problem that eigenvalues are real and that theiegjems
corresponding to distinct eigenvalues are orthogonal.

5. Transform an equation into Sturm-Liouville form and determine what the orthogonality
relation must be for the eigenfunctions.

6. Be able to solve the wave and heat equations on the ranges < o O<andoo

7. Use Fourier transforms to find the power spectrum (the absolute square of the Fourier
transform) of a wave in the time domain.

8. Using tables and sets of rules, be able to solve ordinary differential equationsaysbang L
Transforms.

9. Know the integral equations for Fourier and Laplace Transforms and for Inverse Fourier
Transforms.

10. Understand how to use Heavidide functions and Dirac Delta functions. For heavidide
functions: know the definition and be able to construct step, square, triangular, and ramping
functions from them. Be able to solve integrals that include (one-dimensional)ditac
functions.



Solve the following problems:

1. The static electric potential satisfies the relationsRip= 0 in regions c& syeere no
electric charge is located. A conducting cube of side 30 cm has an electric pofertialv
everywhere on the surface. Find the electric potential inside the cube. Take thefoyamir
coordinate system to be in the center of the cube. (No | won't give you a problem this long!)
(Important ideas: Separation of variables in three dimensions, non-homogeneous boundary
conditions and sum of linear solutions, using orthogonality condibions

You may recognize that by Gauss’s Law the electric field inside the cube mesbhsazthe
potential is a constant 70 V everywhere inside. But we need to work the problem the hard way.

We'll need to break the problem into simpler problems.a=®t5 cm andv, =+70 V. Then we
start with:

D%, =0, w(x+xa2=0, y(xy 3=0, w- ay}o0, Y Aaye V

First, we do separation of variables:

x n YII ZII
— +—+—=0
X Y Z
We're going to need some positive separation constants and some negative. Zero bagmls
option. Let’s start withY andZ:

Y'=-KY Y"=0 Y =+KCY

Y = Acosk, y+ Bsink y Y= Ay+ B Y = Acoshk, y+ Bsinhk y
Y(+a) = 0= Y(xd) =0= Y(+a) = 0=

Acoskjat Bsink, a=0 Y=0 Y=0

B=0

ky :M, m=12,3,--

2a

Y(y) Ocosk, y
Z"=-k*Z
Z = Acosk, z+ Bsink z Z" = "= +k?Z
Z(za)=0= Z=Ayt+B Z = Acoshk, z+ Bsinhk z
Acosk,a+ Bsink,a=0 Z(ta)=0= Z(+a) =0=

B=0 Z=0 Z=0

Kk, :M, =123...

Z(z) Ocosk, z



We see that the separation constaniXfanust be positive if the other two are negative.

X" = +k2 X

X = Acoshk, x+ Bsinhk x
X(-a9=0=

Acoshk, a— B sinhk a=0

B = Acothk a

X(x) O coshk, x+ cothk a sinhk x

kZ=kZ+kZ

ke = 2-\(@m=17 + (2n- 97

Thus we have

(X Y, 2= ii Auw(coshk % cothk asinhk k cosk y cos z

n=1m=1
haxy=\= ZZ ehn(coshlg( a cothk asinhk )a Cosk y CoK z
n=1m=1

= ZZZAW coshk,a coxk,y cok, z

n=1m=1
since | o DX o2 D = a3, (from the tabl
mce_acos oa 05 o X= 80mn (from the table)
a a
- Vo @2m-Yny (2n-Drz
A = g2 coshk, a Ldy_J.adzcos 2a ° 2a
8\/o(':l)rmn

i (2m- 1)(2n- )77 coshk a

(You should be able to do these integrals.)

Now we move to the second problem:

D%, =0, Uy(x£a3=0, y(xy 3=0, wcaykr ¥ H ayzo

This problem is very similar to the previous one.



X" = +k& X

X = Acoshk, x+ Bsinhk x
X(a)=0=

Acoshk, a+ Bsinhk, a=0

B = -Acothk, a

X(X) O coshk, x— cothk a sinhk x

U (X Y, 9= ii ehn(coshl& x cothk asinhl§<)< cosk y cok z

n=1m=1
U,(-a,0,0)=V, = ZZ Amn(coshkxa+ cothk a sinhk ;i cog y cok z
n=1m=1

00

= Z 2An, coshk,a cok, y cok, z

n=1m=1

Note that they,,, are identical to what they were in the previous case.

Adding the two solutions together, we have:

w(xy,2+ y(xy2= 4200: i A, cosh k xcos k ycosk z

n=1m=1
Clearly, we can extend the results to the other two dimensions to arrive at theioanclus

u(x, y, 2= 4200: i Amn[cosh k., xcosk ycosk # cos xcostk, y cok+z cok x cdsy coa{} z

_ (2m- ];Tm: K = (2n- Y7
mT 2a ' " 2a
Aﬂ _ &/O(_])m+n

" (2m- )(2n- )77 coshk a

k K= @M= D7+ (20 9

Surprisingly enough, this actually sum&go  within the cube. Note that the problem is much
harder for the outside of the cube.



2. The electrical potential on a sphere of raditsgiven by the expression:
V(a,8,¢) = sinBp)cos 08 )

Find the electric potential for atl > a

Would you expect contributions from®, ¥, or ¥ in the solution? Why?

(Important ideas: Expanding functions in terms of basis sets, orthonormality of the spherical
harmonics with respect to a weighting function, using unstated boundary conditions — finite
solution, ¢ dependence of the spherical harmorics

You need to know that the solution is of the form:
e AL v 10z
= a " , 1=2012,...

Y"(6.9)

The general solution, then is:

won$ 3 a2 nfs”

[=0 m=-1

Y"(6.9)

For this to be finite at large valuesrothis reduces to:

veo=3 Y 8% wes

1=0 m=-

Now we apply the boundary condition above:

o |
V(a,6,9)= sin@p)cod RO F Y. Y. B.Y" 6 ¢)

. 1=1 m=-1
By = | [ sinG)cod @8 ¥™ 6 ¢)sif B o
00

You will not need to evaluate the integrals.

The coefficients of the?, ¥, or ¥  must all be zero, as we know thatds)nf@l only survive
in integrals wheren = 3 or —3.



3. Solve the following equation:

a
Uy, + uyy:SyJ( X_Ej’ O<x<a, 0O<gy<a

uOy)=0 uay=0 ux0=0 ux3=0

(Important ideas: dealing with non-homogeneous equations by eigenfunction expansion, using
the Dirac delta functionThe ODE is not so importat.

Homogeneous problem:
x n YH

+ =
X Y

0

. mrx
X(X) = sm7, m=123;--

Now we try a solution of the form
- . mrx

u(x, )= X Aysin—=
m=1

u(x0)= Y A(O)siannX: 0= A(0)= 0

uxa)=Y A(a)sin%uz 0= A@=0

Putting this in the original equation:

> MK S, MK a
Z(— > jA(y)S|na+nzF:1A(y)S|na-3y6(x—2)

m=1 a

°f me 772 j M _ é{ aj_ o M

;1(A (y) = Ay) | sin 4 - YA x5 -élbm sin—_~
m* 7 R mmr

. 2 a) . mmx 6y .
A'(y) - AlYy)=h, = aLSyd[x— E) sm7dx:§sm7

a.2

At this point, | would usually give you the solution to this ordinary differential equation, isut it
good review to see how we can solve it ourselves.

Take the homogeneous solution to the ODE:

A(y) = Csinh%h D coshr?y

We add to that a particular solution of the ODE johttan be seen to be:

6y . mmr
Ap(y):zﬂn?

2

" m
Ap (y) = O' B a2

6ya .
Ap(y) = -Wsm

mr
2



Now add the entire particular solution of the PDE to the homogeneous solution of the PDE:

A(y) = Csinh™ @ + b cosh? - 62ya sim”

a a 2
A(0)=0=D
A() = Csinh =88 T _

me? 2
6a’ . mir
C= sin
m?7? sinhmr 2

2

Ay) = 6a sin smbmﬂy bya ir‘mn

m?77° sinhmr 2 a mr

= 6a’ . mrzy  6ya . mm| . m7x
u(x, y) = sm smh sin sin
Y Z {mznz sinhmrr 2 a mr } a

a m7zy . miT . X
u(x, 6a sinh -Vy|Ssin— sin—
(xy)= Z e 71 Llnhmﬂ a y} 2 a

4. Put the following eigenvalue equation in Sturm-Liouville form and write an orthogonality
equation for the eigenfunctions. You do not need to solve for the eigenfunctions.

y'(X) + (%+ cotxj y (X)+ (/12 X+ cot>a y(X=0, e 2

W5)=0. |%)- v(5)-

(Important ideas: Sturm-Liouville form, orthogonality with respect to weighting functions.

Sturm-Liouville form is:

[p9y] +[aR+ A3 y=0, wxy+ H yy[ e} 50
Let’s multiply the original equation hy(X):

POOY' 03+ 3| =+ cotx] y (9 p(RA ¢ cot ) y( 9= 0

p'(¥)= [ X)(§+ COth

Id—;): J‘(§+ cotx)dx

Inp=Inx+In(sinx)+ InC (The integral of cot would be giv)
p = Cxsin x (We cah &= 1)
p(x) = xsin x



xsinxy' (x)+ xsin >Eé+ colx) y (X3 xsin>(/12 Xt cot>) y(x¥ 0
xsinxy' (X)+ (sinx+ xcosy} ¥ (X} (/12 % sinx xcos)x y(>3 0

[xsinxy (x)]' + (/12 ¢ sin x+ xcos>) y(XE O
r(x) = x*sinx

72

[ Vim0 a8 % 5in XAhD Gy

74

5. Find the power spectrum of the functidiit) = H(t —a) - H(t—-b)  whdns the Heaviside

function. (The power spectrum is relative power vs. frequency and is given by the absolute
square of the Fourier transform.)

(Important ideas: Fourier Transforsrand their physical applications, using the Heaviside
Function)

F(w) = TI(H(t- a)- H(t- b))e'® dt
‘ =i 1 e—icd| ! —i —iaR
_Eie “t= NEYs -iw‘ 2770)[ “-e ]
P [F(@)f = 5o - e e - ]
1

[2_ e iwb-a) _ e+iw(b—a)]

21m?

1
= ﬁ[l_ cosw p- aﬂ



6. The following is a partial set of Laplace transforms:

L(tn) = S:1]+!1

L(f'(1) = sL( (1) - £(0)
L(F () = § sl (D) - f(O)]- (0

n

Lt"f () = (-1)" g H(FOXS)

L(e™ (1) = F(s-a) whereF($= I f(I)( 3
L(H(t-a)f(t-a)(9= €* R}
t

L(fOg) = L(f)L(g), ng:J f(t-n)g(r)dr
0

L(coskt )= L (sirkt ¥

s
2+ k2

s%+ k?
Solve the equation

y'-y=1+t%, y)=0 y(d=Q t>1

(Important ideas: Using Laplace transformi¥ote that the partial fraction expansion would be
given)

Lett =t-1

y”—y:1+(-f+])3, y(O): Q y(Q: Q iI> 0
{sF- ¥0)- v(0- =2, 0,58,3
Y s’ e e

) 25+ 35 + 65 6
F(s"-1-= &

_25°+ 35+ 65 6
- )
1 1 1 1171 11

Pl b 9 w1 2 w1

17 - 1
N _F3_ar2_of - N S |
f(t)=-t°-3t“-0t 8+2e 2e

17 1
fO=-(t-9%-3t-9%- qt-3- & el P -Sel™?

17 1
- _t3_ t— 1+ — (t-0 _ = 4 (t-9
6 5 e 2e



7. Solve the following problem:
U = U,, O0<X<o, t>0
u0,t)=e', ux0=0

You will need to know

- X . _ao _
L(e sx) - 1792 X 1(41)

2Jm

You do not need to evaluate the convolution integral that results.
(Important ideas: Use the Laplace transform to solve PDEs on the semi-infinite range,
convolutions).

sU- ux0) = Uxx

U,,=sU

U(x9= A&l g ye/™

B(9 = 0 to keepU finite at large
1

U(0,s)= L(e')= w1 A

1 _
U(X,S):me Jsx

Uu(x,9 = L(e_t) l(%t—?:&e—xz/(m)j

X 2
ux,t) = (" D[—t'Slze'X ’(‘”)]
(x,)=(e") N
t

J' o (t=1) ;=32 14D g

0

_ X
2m



8. Solve the following problem:
Uy = Uy, —o0<X<o, t>0
ux0) = €2, y(x0)=0
You will need the following information.
F(e—xz/z): g2
Leave your answer in terms of an inverse Fourier transform integral.

(Important ideas: Using Fourier transforms to solve PDEs.

Oy = -a?0, Uw0)= 692, YWw0)=0
O(w,t) = Acoswt+ B sinwt

G (w,t) = - Awsinat+ Bw coswt

G (w0) = Bw=0

((w0)= A= e¥2

0(w,t) = €92 cost

17 |
U(X, t) = E J. e_w2/2 coswt éw( dv



