Physics 318
Orthogonal and Orthonormal Functions

Orthogonal functions are functions that satisfy a relationship such as:

|4, @@, (w(a do= AJ,

* The functions are defined over the rang[
» The indices may indicate different functions or different constants in the argurient
example, we may write:
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* w(q) is a weighting function
5 1L if m=n
"% 70, if m#n

Orthonormal functions are similar, except they satisfy the relationship:
b
|2 (@8, (W9 da= 4,

A set of orthogonal functions is a basis set if all piecewise smooth functions cgrabeek in
terms of the set of functions. We sometimes express this property of a basisaghgyhat the
basis set “spans the space.” A basis set composed of orthonormal functions is said to be an
“orthonormal basis set.” The set of solutions of a differential equation often is an ontilabnor
basis set. (Sturm-Liouville Theory, Chapter 6.)

The following pages list some useful sets of functions.



1. Sines and cosines |.

functions X(X) = Acosy, x+ Bsinu, x

diff. eq. X"(%) = =, X(X

Range OtoL

i K, = % W , etc., depending on boundary conditions

mixed b.c. lead to transcendental equations

orthogonality

L
JOLsinynx sing xdx= —0,,,, JOL COg/ X COf,,Xdx= _[OL sim x cegxdx= 0

2mn’

This holds for botht4, listed above, but solutions to transcendental equal
have a different normalization factor.

lions

orthonormal 2 . 2 N ,
functions @.(X) = L SINEX, [ cogX, weighting function = 1
used with wave, heat transfer, and Laplace’s equations in Cartesian coordinates

2. Sines and cosines Il.

functions X(X) = Acosy, x+ Bsinu, x

diff. eq. X"(X) = =ty X(X

Range —LtoL

Hy M, = % W , etc., depending on boundary conditions

mixed b.c. lead to transcendental equations

orthogonality

Lo,

j:sinunx sing, xdx= Lo, _[OLcogun X COg,, xdx 0, ,.[OL sim, x ces, xdx 0

This holds for botht/, listed above, but solutions to transcendental equa
have a different normalization factor.

fions

orthonormal 1 . 1 o :
functions @.(x) = L SINHX, [ O, weighting function =1
used with wave, heat transfer, and Laplace’s equations in Cartesian coordinates




3. Sines and cosines lll.

functions 0(6) = Acosmg+ Bsinn®
diff. eq. 0"(x) = -1,0(6)
Range Oto2r

orthogonality

70,

mn !

2 X 2 2r
Josmmxsmnxdx: Jocosmxcosnxdx 7o, ,JO sinmxcosnxex0

orthonormal 1 1 o _
functions $.(0) = ;sinme, ;cosme, weighting function = 1
used with 6 dependence in polar and cylindrical coordinates

¢ dependence in spherical coordinates

— when the angular part of the equation is the same as for Laplace’s equ

ation

4. Hyperbolic sines and cosines

functions X(X) = Acoshy, x+ Bsinhu, x
diff. eq. X"(X) =+, X(X
Fr Hy = nTn W , depending on boundary conditions

orthogonality

Not an orthogonal set of functions

used with

Laplace’s equation in Cartesian coordinates in more than one dimensiof

L

Solutions will be sin and cos in one dimension and sinh and cosh in another.

useful info

sink
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5. Bessel functions

functions R(r) = AJy(Amt) + BY, (A )
diff. eq. 2pn ! 2 .2 2 -
a r2R" + IR + (A2,r2- m?) R= 0

Amn - amn - .
Ao = . u(a,f) = 0, a,,are the zeros of the Bessel function

range Otoa
a a2

orthogonality f J (A,.NI (A, Drdr = 7J§+1(amn)5nn
0

orthonormal V2 I :

functions @..(r) = me(ﬁmnr) , weighting function

used with wave equation and heat transfer equations in polar coordinates and equ
in cylindrical coordinates

useful info Y. (0) is not finite

asymptotic For larger:

forms

o siriikr - %T(1+ 2m)}

3 (KP) - /%coz{kr—g(h 2m)}, Y, (Kr)-

6. Euler’s equation 1.

functions r\" a\”
R(r)= A+binr,m=0; R = lga) + B(r) ,m>0

diff. eq. r’R"+rR' -m’R=0

Range Oto»

orthogonality

Not an orthogonal set of functions

used with

Laplace’s equation in polar coordinates

ations



7. Euler’s equation 1I.

functions r\! a)
-4 o
a r
diff. eq. r’R"+2rR - /({+)R=0
Range 0to

orthogonality

Not an orthogonal set of functions

used with

Laplace’s equation in spherical coordinates

8. Associated Legendre polynomials

(Ot # 0, regular Legendre polynomials)

functions P™(cosd)
diff. eq. 0"+ cotdo' + [z(f +1)- n? csé H]O =0
Range Otorx
Pis 2 (f + m)'

orthogonality

I P"(cosd)P." (cod )siddd = 9,
0
weighting function=sirf{)

C20+1(0-m)!

orthonormal | See spherical harmonics

functions

used with 6 dependence in polar and spherical coordinates when the angular part
equation is the same as for Laplace’s equation

useful info

P"(6) has terms igos ™ @sin™ &, co§'™? @ sifE ... (-|m-2n20

Hence, the only non-zero terms have= - /,-/+ 1,... +/ - 1+/

of the



9. Spherical harmonics

functions Y"(6,9)
diff. eq. Yot COtOY, + cs€ O Y, + ¢ (+1)Y=0
Range 0<8<n 0<¢s< 2n

orthogonality

2w
[[Yre.aY" @.9sined d= 5,3,
00

weighting function=sirfj)

Note that we take the complex conjugate of the second spherical harmonic.
used with fandg@ dependence in spherical coordinates when the angular part of the
equation is the same as for Laplace’s equation
useful info 2n+ 1(/- m)! _
Y"(6,9) = -P™(cosf ™

10. Spherical Bessel and Neumann functions

functions R(r) = Aj,(kr) + Bn,( k)
diff. eq. r?R" + 2rR + (K*r?- ¢(¢ + ))R= 0
range Otoa (or 0to «, depending on the problem)

orthogonality

to(ar). (a,r a’r. 2
J;)Jf( ; j]f(;jrzdr :?[Jhl(aln)] a-nrf

useful when b.c. arlg(a) = 0.

used with wave, heat transfer, and free-particle Schrodinger equat{ons Q) in
spherical coordinates
useful info n,(0) is not finite
: - |~ - oy |
jo(kr) = 2er/+yz(kr), n, (k)= (-1) zer_/_yz(kr)
asymptotic For larger:
forms

Jokr) - klrco{kr_ z +2]Jﬂ} , N, kr)- % Si%kr— (“21371




