
The Associated Legendre Equation
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For even values of n:
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For odd values of n:

And in general, for n > 1:

If we put in arbitrary values of : and n, then the coefficients can be evaluated. For example, with
m = 0 and : = 33, we have:

We see that these don’t get small as n gets large. In fact, the series does not converge. As we see 
from the recursion relation, we could force the series to converge if let some consecutive
coefficients be zero. But is that possible for all the coefficients above a certain value of n to be
zero? Let’s say, for example, that the largest n is 8. Then:

with m = 0 and : = 72, we have:
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We just assumed we could write m = 0, but what about other vales of m? We know that m must
be an integer from separation of variables, but otherwise there are no a priori restrictions on it.
But we have one piece of information we didn’t use above: we know is also zero, so:a10

If we let  and continue the recursion relations on down to, we can show that, for arbitrarya1 1=
m:

This leads to the result that

In other words, there series will only terminate for even values of m ranging from –nmax to +nmax.
What about other integral values of m? We can get a idea of what will happen by looking at the
coefficients for a few other cases, still with : = 72, nmax = 8.

We can guess (and the guess is correct) that if m > nmax, the series does not converge. However,
for m = 3, the series seems to converge without the coefficients going to zero. Further analysis
shows that for odd values of m, the result is a polynomial of a finite number of terms multiplied

by . 1 2− x

We didn’t say anything about the coefficients of odd order. These are useful when nmax is an odd
integer. The same basic rules apply.

We can easily summarize these results by letting x = cos2. Then the solutions require :=R (R+1),
R = 0,1,2,... and m = –R, –R+1, ..., +R.  The solutions are of the general form:
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