Appendix B — The Rélativistic Transformation of Forces

B-1. The Four-force
We introduced the idea of forcesin Chapter 3 where we saw that the change in the four-momentum per
unit timeis given by the expression
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Remember that the four-vector E has spatial components that are p,c, etc. so we take the derivative with respect to
w=ct to get the components of the force.

For a quantity to be a true four-vector, it must transform according to the Lorentz Transformation. Since
the four-momentum is a true four-vector, AE must also be a four-vector. But when we divide this by 4t, we no
longer have a four-vector, because of the way time transforms. If we could divide 4E by a quantity that would be
the samein all reference frames, we would have a four-vector, however. To this end, we define “proper time” as
time measured in the rest frame of an object. (Note that “proper” means “one’ sown” in this context.) If we use
proper timein every frame, then all measurements of time must agree. To define the four-force as a true four-
vector, all we need to do is know the relationship of proper timeto the time measured in areference frame S. This
isgiven in Section 5-3 as At = yA47 where t represents the proper time and y is a function of the velocity v of the
particle as measured in the frame S. Then:
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B—2. Moving Rods.

Let ustake two infinitely-long, coaxial, cylindrical rods. The
inner rod is positively charged and the outer, hollow rod is negatively
charged. In areference frame S, the outer rod is stationary and the inner
rod moves along the +z axis with a velocity v. A point charge g islocated a
distance r from the rod along the +x axis. It is moving with a velocity v, in
the +x direction. The rods have linear charge densities (charge per unit
length) of £1, asmeasured in S. Find the force on the charge given that
the force on g from a positiverod at rest is
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where 4 isthe linear charge density of the rod and ¢, is a constant called
the “permittivity of free space.”



We know that the force from the negativerodisjust  F_= - > A . X, But tofind the force from the
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moving, positive rod, we must first boost the charge into the rest frame of the positiverod. Let uscall therest
frame of the positiverod S’ and denote quantities in this frame by primes. To transform to this frame, we need a
boost of velocity v along the +z direction:
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We can summarize the four-vectors as follows:
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In thistable, y isafunction of v and y, is afunction of v,.
In S’ theforce on g isthen:
1
Fro2 4l
2meg, 1

Note that the linear charge density is different than in S because of the contraction of the rod in the S frame. Now,
we wish to make a four-force out of this by using Equation (B—1) so we can transform the force back into S. To do
this, wefirst find the time component of the four-force:
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The four-forceis then:
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We now boost this back to the S frame using the inverse transformation.

y 00 py)| R Bo
Y
F:L_lF/:LgY/OlOO 1 :7~+g/ 1
2ne, 1 0 01 O 0 2me, 1 0
By 00 v BB,
0
From this we can extract the three-force.
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We now need tofind y “and A, in terms of quantitiesdefined in S:
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And, sincein S, the positive rod is contracted by a factor of y, a function of v, the charge must appear to be larger
in S by the same factor:
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Finally, we add this to the force on g from the negative rod to get the total force on q:
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We see that dectrostatic forces of the positive and negative charges cancel out to give aresidual forcein thez
direction. The origin of aforcein the z direction is seen to be the Lorentz transformation that mixesthet
component with the z component of the four-force. The magnitude of thisforceis smaller than the eectrostatic
force of asingle rod by afactor of gB,, which isavery small quantity if the velocities are small.

With alittle algebra and using the identity ¢® = 1/ ygg, where |, is another constant, called the
“permeability of free space,” we can put thisforcein an interesting form:
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wherei isthe current (charge per unit time) carried by the positive rod, and B(r) is the magnetic field of along
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wire carrying current i. In other words, the residual, vel ocity-dependent force resulting from the Lorentz
transformation, iswhat is usually thought of as the force resulting from a magnetic field produced by a moving
charge.

These results can be generalized to obtain the force on a charge g moving with velocity vé , from arod of
charge density 4 moving with velocity V3 . The chargeis adistancer from the rod.
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The part of the force that has no vel ocity dependence is thought of as resulting from an eectric field, E, and the
part with velocity dependence is thought of as resulting from a magnetic field, B. In terms of fields, we have:

F :qE+qvq><B
E-_* ¢
2me,r
B-LvxE
CZ

In fact, we can derive all of Maxwell’ s Equations by starting from Coulomb’s Law for source charges at
rest and applying the Lorentz transformation to forces on test charges. With this and with the assumption that
eectric and magnetic fields propagate at the speed of light, all of classical (not quantum) electrodynamics can be
generated. Another way of saying the same thing is that special relativity is built into classical eectrodynamics. It
was the apparent conflict of Maxwellian el ectrodynamics and Newtonian mechanicsthat led Lorentz and Einstein
to the special theory of relativity in thefirst place.

B-3. Gravitational Magnetism and Newton’s Third Law

Newton’s Law of Gravity and Coulomb’s Law of Electrostatics are very similar inverse square force laws.
It isclear that if electrostatic forces have associated with them vel ocity-dependent forces because of relativistic
effects, then gravitational forces must also have similar components to their forces. We may consider these vel ocity
dependent gravitational forces to be caused by “gravitational magnetism.” With electrostatic forces, however, there
can be attraction and repulsion that cancel each other out, leaving only the magnetic force as aresidual force. In
the gravitational case, the effects of gravitational magnetism must be tiny compared
to the gravitational forceitsdf, particularly if bodies are not moving near the speed of
light. Let uslook at the effects of gravitational magnetism in a simple system. y

There aretwo particlesin areference frame S. Particle 1 islocated at the
origin and is moving in the +y direction. Particle 2 islocated along the x axisand is
moving in the +x direction. Find the forces on the particles assuming that the correct
form for the gravitational three-force on particle 2 when particle Lisat rest is: ﬁ
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where E, is the rest energy of particle 1,
E, is the total energy of particle 2,
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In the S frame, the four-positions and four-momenta are:
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The Lorentz transformations that take these to therest frame of 1,S’, and to therest frame of 2, S”, are:
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For the time component of the four-force, we take the dot product of thiswith ﬁ/z
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Combining these results with ', =v,7,, we can write the four-force as:
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Using the inverse transformation, we boost back to S:
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Finally, we can deduce the three-force on particle2in S;
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The component of the force in the -y direction isthe force of gravitational magnetism. Note that it is dependent on
the product of the velocities.

Now we want to find the force on particle 1 in the S frame for comparison. We proceed in precisely the
same fashion above. In S”, we have:
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For the time component of the four-force, we take the dot product of thiswith E”l:
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Combining these results with y”; =v,v,, we can write the four-force as:
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So the three-force on particle1in S:
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Notice that thistimethere is no force from gravitational magnetism. Thisis because particle 1 islocated
along the line of particle 2's motion. If particle 1 were at some other location along they axis, it would experience
the effects of gravitational magnetism. Note that the x component of the forces are al so different because of the
different ysthat enter each expression. Also, The force on particle 1 from particle 2 is not equal and opposite to the
force of particle 2 on particle 1. Newton’s Third Law does not generally hold in reativistic dynamics. Therefore
Newton’s Third Law does not hold for magnetic forces, either.

Finally, we note that Newton’s Law of Gravity does not hold, either. In fact, Einstein’s postul ate that
gravitational mass and inertial mass must be equivalent led to a completely new theory of gravitation, the General
Theory of Relativity. General relativity is based on the notion that matter affects the curvature of space and the
curvature of space, in turn, affects the motion of matter.

B—4. Some Concluding Thoughts

Many people think of relativity as a set of peculiar rules that govern hypothetical fast-moving objects. But
we should recognize relativity as a fundamental theory of space, time, and mation. Its consequences sometimes
seem bizarre, because they contradict our everyday experience. But if we do not understand the basics of relativity,
we have a flawed picture of natural law, even on an everyday level. Relativity has shown us that mass end energy
can be considered to be equivalent in some sense, and allowed usto consider the consequences of transforming
mass into energy. Relativity isthe cause of everyday magnetic phenomena, and el ectromagnetic theory can be
understood at a fundamental level only through relativistic principles. But perhaps most importantly, specia
relativity gives us a tantalizing glimpse into the fundamental nature of space and time and how they are
intertwined.



