Chapter 1 —A Tutorial on Linear Algebra

Before we begin our discussion of relativity, it will be useful to introduce a few concepts of linear algebra.
Y ou may not have studied matrix operations before; however, if you learn afew basics now, it will make our
discussion of relativity considerably easier.

1-1. Systems of Linear Equations

A vector isa collection of related numbers. We usually talk about vectorsin three-dimensional space and
think of the vectors as having three Cartesian components; however, a vector is much more general than this.
Because we are familiar with position vectors, et us begin there. We can define a vector r by the usual expression:

r=XX+yy+z2.

(1)
This vector can also be written in “column vector” notation as:
X
r=ly (1-2)
Z .

We could also write this as a row vector. We call the row vector the “transpose’ of the column vector, and use the
superscript T to denote the transpose. Thus:

rr=(xy z) (1-3)

Vector operations such as the dot product can be written in this notation as well:

X
ryr= rn r,= (Xl Y1 21> Ya| =X % *Y1Y,+ 22, (1-4)
z,
Note that when we take the dot product of two vectors, we always multiply a row vector by a column vector. This
may seem like a needless formalism, but it is motivated by the way we multiply matrices, as we shall see later.

Now let’ s assume we have a set of linear equationsin three variables, X, y, and z. These could be abstract
variables, but for sake of concreteness, we consider them to be the ususal Cartesian coordinatesin three-
dimensional space. We write these equations as:

A X +A(yy+A<zz:bX
,%Xx +%y+,%zz:by (1-5)
A, X +Azyy+Azzz:bZ

Note that the A; are constants. We may write this same information in matrix notation as:

Ax Ay Al (x] [ bx
A Ay Al 1| =By .
Ay Py Ag)\Z) D,



We call the collection of the nine A coefficients a“matrix,” A. Then in shorthand notation, we may express this as
Ar =h. (1-7)
Although the form looks like simple multiplication, we must remember that, by definition, (1-7) isidentical to (1-

5). Note that we can also think of A as either a column vector of three row vectors or as a row vector of three
column vectors.

A(x A(y A(z ATx
A Ay Ag| =| ATy =(a, a a) (1-8)
Ay Ay Ayl | AT,

where the notation used for the row and column vectors should be self-evident, though perhaps cumbersome. In
this notation, the multiplication of a column vector by a matrix can be written as a set of three dot products:

A(x A(y A(z X ATX ATXr Ax.r bx
- ol - 1-9
An Ay Al || =| AT r=| ATr =] AT = b, -9
AD< AZy AZz z ATZ ATZr Az’r bz
Often we wish to solve for r in (1-7). While it seemsthat a smple matrix division would be sufficient, it

turns out that matrix division cannot be easily defined. Instead, we introduce the concepts of the “identity matrix,”
I , and the “inverse matrix,” A™. By definition

100
A=Al =A =010 (1-10)
001
ATA=AAL=]
Now we can schematically solve for r:
Ar=Db
ATAr=A-1p (1-11)
r=A-7lb

We said “schematically” because, as of yet, we have no ideawhat A7 is. In fact, we will |eave the process of
finding an inversein general to a coursein linear algebra. However, we can find the inverse of a few important
matrices from physical principles. The second difficulty in actually applying (1-10) and (1-11) is that we have not
yet defined what we mean by multiplying matrices together. This we shall now proceed to do.

1-2. Matrix Multiplication

Let Ar =b, wherebisacolumn vector. Wecan alsoleteCb =d where Cisamatrix and d isacolumn
vector. We see from thefirst equation that d has linear dependence on r, so we may writeit, in turn, as the product
of somematrix, E, andr. That is:

Cb=d
CAr=Er
CA=E
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(1-12)
The algebraisabit tedious, but it may be useful to writeit out in detail.
Cx Coy Cil | bx Cuby+Cyb,+C,.b,

Cx C, Cul|by| =| Cxbe+C,b,+C,b,

Cy Cy C,) (b, [Cub,+Cyb,+Cyb,

z

CXX(A(XX+A(yy +A,2) +ny(,%xx+,%yy +A/ZZ) +sz(AzxX+Azyy +A,2)
= ny(AaXJ’%y +A(zz) +CW(A/xx+Ajyy +,%Zz) +Cyz(AZXx+Azyy +Azzz)
C, (A X +A(yy+A<zz) +Czy(,%xx +%y+,%zz) +C (A X +Azyy+AZZZ)

(CoAoc* Cy At CaAL X +H(Co Ay +C AL + oA )Y +(Co AL+ C A + CoAL) Z
=| (Gt Gy A+ CA )X+ (CuAy + G Ay + G A )Y (G +Cy A, + C L A,) Z
(CZXA<><+CzyA/x+szAz><)X+(szA<y+CzyA/y+szAzy)y+(Cz><A<z+Czijz+szAzz)z

CocPoc " CoyAnt CaPo CoPy*Cyy *CoPy Cola* Gy * Chn | x
| S Cy A G Gl TGy Oy Cpa tCy AL Gl y
CoPot CyPtCaPo Colly*CyPy+Cahly)  Cofa* Cyfy+Cphy)\ 2

Thisthen implies that
CoPat CyPAt G CuAg tCyAy 1 CoAy  CuAa Gy, +CoA,
E=CA-= nyA«Jrcw'%ercyzAzx nyAfcw%JrcyzAzy CYXA<Z+CWA/Z+CYZAZZ
CoPact Czy'%x +CAx szAw * Czy'%y * szAzy) CoAgt Czy'%z +CoA, (1-13)
Cha Cha CLa| (Cra Cra Cra
_ CTan CTyay cTya2 _ CyaX Cyay Cyaz
CTZaX CTzay CTZa2 Cz.ax Cz.ay Cz.az
We see that every element of the product matrix is a dot product of one row of the first matrix in the product with
one column of the second matrix in the product. The process can be tedious, but fortunately, most of the matrices

we'll be using have zero for many of the elements. Otherwise, it is often useful to do matrix products (and other
mani pul ations) with computers so as to minimize the chances of computational errors.

1-3. Matrices as Operators

Matrices are often useful to transform a vector or another matrix according to some prescription. We shall
look at three specific types of transformations shortly; however, let us first make a few important generalizations

about matrices.

The “diagonal” e ements of amatrix are defined as the upper-l€eft to lower-right components, such as A,
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A, and A,,. A “diagonal matrix” is one whose off-diagonal components are all zero. Diagonal matrices leave x-
components of a vector as x-components; they cannot take an x-component and turn it into a y-component. If the
maghitude of a diagonal component of a matrix is 1, the corresponding component of a vector remains unchanged.
If it isa positive number, it changes the size of the component. If it is a negative number, it also reversesthe sign
of the component. Note how a few diagonal matrices affect the vector r:

100]|[x X 100]||x X 100 X X
O10f|yl=1y 020}||yl=]2y 01 0||yl=1|Y
001 \z z 00 3)\z 3z 00 -1)\z -Z

The off-diagonal elements, on the other hand, control the coupling between components. If the matrix
element A, = 2, for example, it multiplies the y-component of the initial vector by 2, and movesit to the
x-component of the final vector. Note, then, how the following matrices work:

100|(x X 00 1||x z 0 1 -1}(x y-z
001|y|l=]|z 200]|y]=]|2x -1 0 1}|y]=]|2zxX
010/\z y 030/\z 3y 1 -1 0)\z X-y

Let us now see how we can represent a few mathematical operations with matrices.

A. Mirror reflection

If an object is placed adistance x in front of amirror, theimage will be at a distance — from the mirror.
They and zcoordinates of the image are the same as for the object. The matrix which performs mirror reflection
isclearly:

Physically, we know that the inverse of amirror reflection should be the mirror reflection itself. Let’s seeif this
works:
-100|(-100 100
MM =0 10/|0 10/=/010]|-=I
0 01){L0 01 001
B. Rotation about the x-axis
Let’ s rotate a vector about the x-axis, so that what was initially the z-component becomes the y-component

(and conversely, what was initially the y-component becomes the —z-component). The matrix which performs this
transformation is:

X

1 0 0]|x
R+Xr: 0 0 1 yi = 4 (1_14)
0 -10\z
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Theinverse of this should be a “backward rotation.”

1 0 0|2 0 O 100
R,R_ =0 0 +1|{0 O -1} =01 0} =1
0 -1 0/{0+1 O 001

C. Boost in the z-direction

Our last example will be to determine the relationship between the components of a vector measured in a
coordinate system fixed to the ground and the components measured in a coordinate system fixed on a moving
train. Let (X,y,2) bethe vector measured in the ground system and et the train move with avelocity of v in the +z-
direction. If at t = 0, the origins of the two coordinate systems coincide and the directions of the two sets of axes
are the same, we see that the coordinates measured by the train must be (x,y,z-vt). Notice that time now becomes
an additional variable. We can then construct four-element vectors to include time. The matrix which accomplishes
this transformation isjust:

1 000)(t t
0 100(}|x X
ooz1ollyl |y
-v 001 \z Z-vt

Although thereis nothing technically wrong with this, physicists like to have each element of a vector or matrix to
have the same units. To accomplish this, we can multiply t by a constant, ¢, with dimensions of velocity. For
simplicity, we can let ¢ = 1 m/s. We can then rewrite the above equation as:

1 00 O0\fct ct
0 100|]|x X

B,r= = (1-15)
0O 010y y

-vic 0 0 1)\ z z-vt

Note that the lower-1eft component is non-zero because the z position of the point as measured on the train depends
on the time. The upper-right component is 0, however, because time does not depend on position.

Theinverse of this matrix must then be the same matrix with v replaced by —v.

1 000 (1 000 (L000O

0 100/ 0 100/ (0100
B,B_= - = |

0 010/| 0 010/ [0010

-v/ic 00 1) l+v/c 001 0001



1-4. Combining Operations

Let us now see what happens when we combine operations. Let usfirst do amirror reflection in the z
direction, then do a rotation about the x-axis:

10 0}|x X X
R,(M_r)=R_10 1 0||y|=/0 0 1f|y]|=]|-2
00 -1)\z 0 -10\-z -y

Matrix multiplication is associative so that we could have multiplied the matrices together first to create asingle
matrix toact on r.

1 0 0|20 0 X 1 0 0}|[x X
(R,M_)r=f{0 0 1{|0 1 O||y|=|0 O -1}|y|=|-z
0 -10 {00 -1)\z 0 -1 0)\z -y

On the other hand, matrix multiplication is not commutative. If wefirst do the rotation, then the reflection, we
have:

100 1 0 0]|x 100}|[x X
(MR, )r=f01 0|0 O 1}|y|=|00 1||y|=]z
00 -1){0 -1 0)\z 010/\z y

1-6. Matrix Transformations (optional)

Another thing that is often useful is to transform matrices to new coordinate systems. To see how thisis
done, we can take a specific example. We know the matrix for a boost in the z-direction, (1-15), and we know how
to construct arotation matrix, R, that changes the z-axis into the y-axis (1-14). Let us then combine these resultsto
obtain the matrix for aboost in they -direction. (We do need to make a dight modification to the rotation matrix to
accommodate the four dimensional vector, but thisis simple because rotation is unrelated to the time coordinate.)
That is, we take a vector, boost it in the z direction, then rotate it so that the z direction turnsinto the y direction.
We let atilde represent a quantity in the rotated coordinate system and the subscript B indicate the “ boosted”
vector. Symbolically, thisis:

fg=B,f
Since these vectors are equal, we have:
B, -R,B,R,
We can explicitly evaluate this matrix:
1000 1 000(12000 1 00 O0(1000 1 00O
- (01 00 0 1000100 | O 1000100 [ O 100
Y100 0 1/ 0 o10[[000 -1] |-v/cO 0 1fj0 00 -1| |-vic0O 10
00 -10\(-wv/icO0OO0O1)il001 O 0 0-100010 0 001



Thisisclearly the form we should expect for a boost in the y-direction.

In this particular example, we could have guessed the answer; however, this procedureis often very useful
for generating new transformation matrices from known matrices. In general, we may write this result as:

A=TAT™ (1-16)

Thisisavery brief introduction to linear algebra, but it does give us some tools to make the study of
relativity somewhat simpler.



