| esson 1 - Stationarg Foint Charges and | heir [orces

1.0 Introduction

Every phenomenon related to electricity or magnetism, from staticielgcio computer
circuits to radio waves, depends directly on the force between point chargeswBuatsik what
charge is, we really don’t have a good answer.

The ancient Greeks observed that amber, when rubbed, would attract pieces dh $tetyv.
our word electricity comes from the Gregkektpov (8ektron meaning amber. For centuries
static electricity was studied as a curiosity, but it wasn't until the etitecE8’ Century that
scientists began serious study of electric and magnetic phenomena.

1.1 Basic Rules of Electrostatics

We now know that the source of charge on objects is either a net deficit or surplus of
electrons. Because of their structure some materials readily giveaipak while others readily
accept electrons. When charges are not moving, we call the charges on olggcts "st
electricity. The study of such charges is termed "electrostatics.fufidamental rules of
electrostatics can be summarized as follows:

» "Positive" charge is produced on a glass rod by rubbing it with silk.

* "Negative" charge is produced on a rubber rod by rubbing it with fur.

» Charges move freely through certain materials, particularly metadseTare called

"conductors.” We know now that conductors differ from insulators in that atoms of a conductor
have some electrons, the conduction electrons, that are not bound to individual atoms it are fre

to move throughout the solid.

» Charges remain fixed in place on other materials. These are called "insulators

Objects with like charge repel each other and objects with unlike chargesestia other.

The force between charges is larger when the charges are closertogethe

« If we denote the charge on an electror@g$note thate itself is positive), then all observed
particles have chard® +e, +2e,etc. We say that particles have "integral charge." (We believe,
however, that the quarks that make up a proton come in charg&seainid -5 e. Nevertheless,
we have never observed any particle with such "fractional charge."slodbise, we will use Sl
(Syseme Internationaleunits with very few exceptions. The Sl unit of charge is the Coulomb
(C). In Sl unitse = 1.602 x10'°C.

» As far as we can tell, the total charge in the universe is a constant. (We tamatter out of
energy or annihilate matter to create energy, but when we do so, the totalafithegparticles



we create or destroy must sum to zero.) This observation is called the ‘dansefvation of
electric charge."

Things to remember:
» Charges are positive or negative. Likes charges repel. Unlike chargds attrac
» Charge moves freely in conductors, but not in insulators.
» The force between charged particles is larger when the charges ar¢ogjetiesr.
» Charge is quantized and conserved.

1.2 Our Understanding of Conductors

In the last section, we introduced the idea of conductors by giving you a simglagvor
definition. You may have asked yourself why some materials are conductors anchatenals
are insulators. Scientists really didn’t have answer to this question until quaeithamcs
made its appearance in the earl§' 2@ntury. To understand the details of the argument, you
need to know some fairly sophisticated quantum mechanics. If you are willing tofeake a
things on faith, however, | can give you a simple explanation. First, we know thatimuant
mechanics predicts that electrons in an atom can occupy only certain enetgyiestates.
These states correspond to the electron orbitals you may have studied stighelasses. When
we put a lot of atoms together to form a solid, neighboring atoms affect the el¢atesn I
insulators, the net result is that all the electrons remain bound to nuclei. You cantrgnseleff
atoms or dump a few extra electrons onto atoms, but the electrons still remain boonukin at
On the other hand, in conductors, the orbitals overlap so as to allow some of the outside electrons
to be bound to the solid by electrostatic forces, but not to be bound to an individual nucleus. In
this case electrons move around quite freely. In actuality, it does take arlgtgy to move
electrons around in conductors, as they collide with other electrons and losecaditgg, but
we will usually pretend that conductors are ideal and that it takes no energy ahalle
electrons around.

While we're talking about conductors, there are two more types of conductorsyive
to introduce: semiconductors and superconductors. We really won’t pay much attenitioerto e
in this class, but it is useful to know about them.

Semiconductors are materials that have characteristics of both conductorsubatdrins
It their ground state, the electrons in a semiconductor are bound to individual atoms) as in a
insulator. When the electrons are given some additional energy, however, theytoove i
conduction states. By applying electric fields to a semiconductor, we rcai ftom an insulator
into a conductor at will. It is clear that such characteristics make @eduictors well-suited for
digital applications.

Superconductors are materials which have no resistance at all. Througige stra
guantum mechanical quirk, some materials have electrons with momenta that paucip &
way that whenever one electron loses a certain amount of momentum to the solid,rthe othe
member of the pair gains precisely the same amount of momentum back fronmdth@rsce an
electrical current is started in these materials, then it continuesnielgfi as long as you don’t
do any work with it like lighting a light bulb or turning a motor. Probably the most imparse



of superconductors is to produce very large currents for electromagnets. The downside to
superconductors is that they need to be cooled. The most common superconducting snaterial i
lead. The temperature at which lead becomes superconducting, the criticabtanepe, is 7.2

K, which is typically obtained by placing the lead in liquid helium. Some cenamaierials

called highTc superconductors have critical temperatures as high as 138 K. These materials a
usually cooled to superconducting temperatures by using liquid nitrogen.

Things to remember:
* The electrons in conductors are not bound to individual atoms and are therefore free to
move through the conductor with very little loss of energy.

1.3 Electrostatic Induction

We talked a little about forces between point charges, but we need to think adiite a
what happens with larger, everyday objects. Electrostatics was originaibyersd when the
ancient Greeks noticed that small pieces of straw were drawn to theesefrtaober after it had
been rubbed. Amber, like rubber, became negatively charged by rubbing. But theisoesllof
straw were originally electrically neutral. Why would they be atiéchto the amber? To
understand this, we have to ask what happens to molecules in the straw. Straw istan, issula
electrons are not free to move from atom to atom. However, if molecules have\sepasitiand
a negative end, the molecules can rotate when amber is brought near, as in Fig. 1.1tifée posi

Figurel.1l. Molecules in the straw aligning when amber is brought near.

ends of the molecules in the straw rotate toward the amber while the negatsvmtate away
from the amber. The straw is still neutral; however, the positive charges inailvease closer to
the amber on average than the negative charges. The attractive forcenlibbreamber and the
positive charges is therefore larger than the repulsive forces between thieaathtie negative
charges in the straw. So the straw is attracted to the amber.



If we replaced the straw with small bits of a conducting material, the@hs in the
conductor would be repelled, leaving one side of the conductor positive and the other negative,
in much the same way as the straw. The separation of positive and negative charmesarial
is called “polarization.” When such polarization occurs, there is an attrastoe fetween the
external charge and the polarized material.

This process, called electrostatic induction, is very common in our everydajeexpsr
When you rub balloons, they stick to neutral walls. When fabric picks up charge, itrgatocli
neutral body parts, and so on. In fact, it wasn’t until 1620 that anyone reported observing
electrostatic repulsion.

Think About It

If we rub a glass rod with silk and place it near (but not touching) a thin stresatesf
flowing from a faucet, the water is attracted to the rod. What does that tbbuisthe charge on
the water?

If we rub a rubber rod with fur and do the same thing, the water is also attracteal Do y
have to rethink your first answer? Can you explain why this happens?

It is helpful to know that water molecules are “polar.” That means that attreaah
molecule is neutral, one end is positively charged and the other is negativelgcchar

Rubber soles on shoes are insulators, but if we rub rubber soles across a carpet, we ca
build up static electricity as evidenced by the spark that results when we tdoctkaob.
Explain how this happens.

Things to remember:
* Electrostatic induction: When a charged object come closes to a second dhgca ei
conductor or a polar insulator, charges within the second object are attractedlex.repe
Since unlike charges are nearer each other, the net force is alwayweattract

1.4 Fundamental Interactions, Virtual Particles, and Geometric Theoes

The way we know that charges exist is by observing the forces that they produas.witist
charge, forces are easy to describe, but understanding the origin of forces aqther thing.

It may have been a few years since you took a mechanics course. Inatageus, let’s
review a few concepts about force. (If you feel that you need a more thorough, ngou may
want to look at a physics text for further details.) Our understanding of motiasesl on
Newton'’s three laws of motion:
1. The natural motion of an object is in a straight line at constant speed. That is, when the
object isn’t interacting with anything else in the universe, its veloeityains constant.
2. Momentum is defined as the product of mass and velocity. Force is defined as the rat
momentum changes:

p:rn\7, IE:
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3. Forces result from the interaction between two objects. The force on object 1 from
object 2 is equal in magnitude and opposite in direction to the force on object 2 from object
1. The net force on an object is the vector sum of the forces on the object resulting from
interactions with all other objects in space.

You might find the statement of Newton’s second law a little different than yoenéer.
Note that for an object of constant mass, this equation reduces to the more familiar for

F=m—=ma

dt

In the end, this means that we if we know the mass of an object and the object’s position as
function of time,r (t), we can deduce:

1. the velocity of the objectv = (:i_rt

2. the momentum of the objeci = mv

3. the acceleration of the objed:= %

4. the net force on the objedE = — =ma

Thus the force between point charges — or between any objects — is a quantity tkat can b
determined experimentally. But, of course, physicists can’t be content widurimgaforces. We
want to systematize, describe, and discuss the origin of forces as well. At ené&maldevel,
physicists generally recognize four forces, or interactions, betviememrtary particles: the
gravitational force, the weak force, the electromagnetic force, and the siroag The weak
and strong forces are important only on subatomic scales. The strong force hiddsgether
and the weak force causes beta decay, among other things. In our everyday lifd, we de
principally with the gravitational and electromagnetic forces. In fath@l'usual” forces except
gravity are, at the microscopic level, due to the electromagnetic fdreseTnclude contact
forces, molecular forces, friction, spring forces, tension in ropes, etc.

Think About It
If two electrons are located near each other in space, we observe that thegaiepe

other. How does one electron "know" that the second electron is present and that it should move
away from it?

This is called the problem of "action at a distance." Physicists have two kindséshe
that explain action at a distance, but neither theory is wholly satisfactory.

The first type of theory is the “virtual particle” theory. We can think eveayparticle
(electrons, protons, etc.) as constantly emitting a series of littke tradl “virtual particles.” After



each little ball is emitted, the electron that emits the ball recoils im tw@®nserve energy and
momentum. If the little ball hits a second particle, it transfers ereergynomentum to that
particle.

Figure 1.2. A “virtual particle” transferring force.

If we try to take this idea quite literally, we immediately come up withst bf objections:

» How does the real particle find the energy necessary to continuously produce virtual
particles, and yet not lose energy of its own?

» If nothing absorbs the virtual particle, then does only the one real particlenitizdethe
virtual particle experience a force?

* How can virtual particles produce an attractive force?

In order to answer the first two objections, textbooks often describe virtualepad being
emitted and then reabsorbed by the same real particle unless they happen todatrétereal
particle. But we can then ask how it is that virtual particles can be induced todund and
come back to where they started? The important point (that is sometimeskeerin
elementary texts) is that virtual particles @ir¢ual. They are nothing more or less than
convenient models used to describe terms in a mathematical series, and as sutialthe vi
particles can have unusual characteristics like imaginary mass.

Virtual particle theories work exceptionally well to describe theteletagnetic and weak
interactions between elementary particles. The virtual particle tlié@igctromagnetic
interactions is called Quantum Electrodynamics or QED. The virtual learo€ QED are
“virtual photons” as they have much in common with light. When the weak interaction is
included under the umbrella of QED, the resulting theory is called Electroviresmkyl The
virtual particles of the weak interaction akandZ bosons — very massive patrticles that give
rise to forces with extremely short ranges.



Physicists have tried to extend these same approaches to the strong artibgedvita
interactions, but with less success. The theory of the strong interaction saguicethink of
protons, neutrons, and other similar particles to be composed of quarks. Quarks hagelelectri
charge, but they also have another kind of charge that physicists call “colbcbages in three
different varieties. The virtual particle theory of the strong inteyads called Quantum
Chromodynamics (QCD), but this theory is very complicated and difficult toxpstieentally.

While details of QED are difficult, there are a few books that are quite goggrieral
audiences. Two of these aree Cosmic Onioby Frank Close anQED by Richard Feynman.

Physicists have yet to produce a satisfactory virtual particle thegnawaty. Our theory of
gravitation is Albert Einstein’s General Theory of Relativity. Theduka of general relativity
is that matter causes space-time (a four dimensional space thatmeas tmathematically
similar to a spatial dimension) to curve, and in turn curved space-time affentstiba of
matter. How can we tell if space is curved? We believe that light goesighsiines; however,
if space curves, light rays would be expected to bend in order to follow the curvatureeofispa
1915, Einstein predicted that light passing near the sun would be deflected biettiefring
a total eclipse of the sun in 1919, the apparent position of stars near the sun shifted,ngonfirmi
that light did bend as it passed by the sun.

Some recommended textbooks about general relativity and gravitatiGneasigy from the
Ground Upby Bernard Schutz arteixploring Black Holes: Introduction to General Relativity
Edwin Taylor and John Wheeler. Another book that is more suitable for an advanced
undergraduate i&ravity: An Introduction to Einstein’s General Theory of Relatikijydames
Hartle.

Einstein spent much of the latter part of his life working for a way to bring theseery
different approaches into a single framework. However, he was neveo aueoimplish it.
While we continue to make progress in our efforts to understand force at a funddevehtwe
still have no satisfactory unified theory of all the forces.

Now, you are probably asking yourself what you need to know about all this. Don’t be
concerned about all the details, but you should be able to summarize in a few seéhtehasik
ideas behind virtual particle theories (QED) and geometric theories r@b&wtativity).

Things to remember:

* Forces can be thought to arise from either the exchange of virtual parsclgth(a
QED) or from the modification of the curvature of space-time (as withaener
relativity).

1.5 Physical Models

If you ask an introductory physics student what physics is, you'll ofterngeesponse
that physics is learning a lot of equations so you can plug numbers in and get answers out
Hopefully by this point you have learned that physics isn't just equations. It require
understanding how nature works in terms of ideas and concepts as well.



To see how ideas and equations relate to each other, let’s consider light amgle.exa
(These examples may be familiar to you, but if not, you needn’t be concerned al#zinie)
study light in physics classes, we usually think of it either as a wave qraaiscde. If we think
of light as a wave, we can describe interference phenomena, such as the pattierced by
light passing through a pair of narrow slits. Describing light as a waveamwdraw pictures of
how the waves from the slits add with each other when light emerges amditiegles. (If you
want to see the details, just look up “double slit interference” in any standardspieysiy On
the basis of the model, we can come up with the equation

mA =dsing.

In order to use the equation you need to know what each of the variables means and how
they relate to quantities that you will see in the problems we give you to scdweowWt bother
explaining that here, as that’s not the point of this discussion. The point is that we thfought
light as a wave, visualized wavefronts geometrically as if light were a @ragestring or waves
in a lake, and made a prediction about how the light should behave when it passes through two
narrow slits. In other words, we used a “wave model” of light to predict its beh@ier
eqguation in the end is only as good as the model and, moreover, it can be understood only if we
understand the model that created it. It is true that if | were to assign emprebkre | gave you
m, 4, andd, you could give me a value fét However, this would require no understanding of
the physics and no more than high school-level mathematical skill. To understandsiles, phy
you really need to understand the model.

On the other hand, we can think of light as made of massless particles called “photons.”
We can think of each photon as carrying momentum and energy. When a photon interacts with
an electron, it can undergo a process called Compton scattering. In this prodessk wkthe
photon as a little ball that transfers energy and momentum to the electronlisiancoiuch like
the collision of billiard balls. In this case, we get the equation:

A = L(1— cosd).

m,C

Again, we won't bother describing what each symbol means. The point here is thatriteedesc
Compton scattering we can use a “particle model” of light. Again we cam atran equation,
but we really need to understand the model before we can make sense of the equation.

So which model is true? Is light a wave, or is it a particle. We often say thabih.
What we mean by this is that in some applications light behaves as it were. dnnather
applications it behaves as if it were composed of particles. In reajity,di neither wave nor
particle, it is just light. Neither model is completely true; both modelsse®ilin the range of
experiments where they be applied. The models we use in physics are not igcessar
descriptions of the truth. They are symbolic systems with mathematiohbsy/that behave in
limited ways like the physical quantities themselves. — Or, if you don't like thaspphical-
sounding words: science can’t say a lot about truth — it can only produce models thaBgbehave
lot like real physical systems.



In this lesson we introduce two different, although related, models to describe
electromagnetic phenomena. You will first learn the “thread model,” which eslze
interaction of point charges. This model helps us understand why there is magnetism, wh
electromagnetic forces behave the way they do, why there is radiation, ymeewelan induce
electric currents to generate power. In short, the thread model answeo$ imnjpdrtant “why”
guestions.

The second model you will learn is the “field model.” This is traditional modebtleat
out of the 18 Century concepts of electric and magnetic field lines. It is naturettgrssuited
to describing forces caused by distributions of charges and currents. Thedustleads
mathematically to Maxwell’'s Equations, the differential equations that foenbasis of most
serious electromagnetic calculations.

But we need to remember that neither model is really true. You might be askimg dti't you

just teach us the truth?” There are two reasons for that. What we think of bsést ¢
approximation to the truth, QED, is so complicated that it is completely im@iaicttanost

problems. The second reason is that even QED has its philosophical problems and shouldn’t be
thought of as the truth either.

Things to remember:

» Physical models are analogies that behave much like systems that can be found i
nature. Good models behave very much like physical systems over a lot of
applications. Physical models are not necessarily “true.”

1.6 The Thread Model in Electrostatics

To this point we have philosophized quite a bit and given a few rules about the qualitative
behavior of the force between charged particles. What we want to do is to be atile tmwn
some mathematical relationships that we can use to make quantitative prediaidoghis, |
am going to propose a model of the electromagnetic interaction. In the spiritpoétheus
section, | make no claim that the model is “truth.” In fact, | know that it hasiceteficiencies
when | consider the behavior of very small systems that require quantum mechanical
explanations. But the model does describe all the characteristics otededt magnetic
interactions in systems that are large enough for quantum mechanictd affaverage out. We
call this model the “Thread Model” of the electromagnetic interaction.

Electric and magnetic phenomena are all caused by the charge-retagsddetween
elementary particles. To begin with, let us consider one elementarygé#rathe choose to
call, somewhat arbitrarily the “source particle.” The source partixérts a force on a second
particle that we call the “field particle.” We will also assume thie fearticle is at rest. (Of
course we could call the second particle the source particle and the firdephetifteld particle
if we were interested in calculating the force on the first particlecpAling to the Thread
Model, the source particle emits threads which cause the force felt hglthpdrticle. The basic
rules of these threads are:



1. Athread is line segment emitted by a source particle. One end is céfleadd and the
other end called a “tail.” In Figs. 1.3 and 1.4, the head is the solid circle and tkdftail
open circle. The head and tail both come off from the source in the same direction. That
is, if the head goes off along thiexis, the tail also goes off along thaxis. (We will
find in Chapter 10 that this is not true if the source particle is acceleratingy@oyv

2. The thread (head and tail) moves in a straight line at the speed of light.

A i /.
- P

Figure 1.3. Threads of a positive source charge.

3. Threads are emitted in random directions, with the total number of threadslgraitte
second,N,, very large. The length of each thredg, is very small. The product dfi,
and ¢, must have units ah/s and hence is a velocitlfor an electronwe let the
product N,/ , = c wherec is the speed of light.

4. The number of threads emitted per secdhd,is proportional to the charge of the source

particle. That is, if the source has twice the charge, it emits twicerasthraads.

5. Each thread has a direction. The direction of threads emitted by positive soudearti
is from the tail toward the head. The direction of threads emitted from negaiioe s
charges is from the head toward the tail. In these figures, the arrow inditle of the
thread denotes its direction.
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Figure 1.4. Threads of a negative source charge.

6. The direction of the force felt by a field particle is determined by thetdireofthe
threads that surround the field particl€he force is in the same direction as the threads’
arrows if the field particle is positive and in the opposite direction if the figtttleais
negative. Thus, like charges repel and unlike charges attract.

source charges field charges
Force
+ @ o> o> + P
+ @ o>e o>e FQEJ _
Force
— Q o<e o<o < +
Force
— J o<e o<e

Figure 1.5. The direction of forces between charges.

7. The magnitude of the force felt by the field particle is proportional to the prodtlet of
charge of the field particle, the length of the threads near the field@aatic the
density (number per unit volume) of the threads surrounding the field particle. Threads do



not carry any energy or momentum. They produce a force by modifying spat¢benear
field particle. Threads are not modified as they pass through matter.

To get a better feeling for the threads of a point charge, see Fig. 1.6, Wwbveh many
threads in three dimensions. For simplicity, | have omitted the arrows frotinréaels. But
threads are not stationary, so to better appreciate how they behave, we nesthtedamrsion
of this figure. One such animation is available on the course website:

http://www.physics.byu.edu/faculty/rees/220/AVIfiles/StatThreadls.a

Figure 1.6. The threads of a point charge.

From what you have learned about the Thread Model, you should be able to answer the
following three questions:
1) If we double the charge of the source patrticle, what happens to the force on atidkl?par
2) If the source patrticle is positive and the field particle is negative, stz direction of the
force of a field particle?
3) If a field particle is moved to twice its original distance from a pauotce particle, what
happens to the force?

Now, here are the answers; but think about the questions before you read on!
1) Since the number of threads doubles, the force doubles.
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2) The direction of the force is radially inward; the field particle will beated toward the

source patrticle.

3) The force is smaller by a factor of four. The same number of threads fowedsatdller

radius has to spread out over a sphere of twice the radius, so the density of threadsalrops by

factor of four. (Remember that the surface area of a sphéye i77r?, so the area of a sphere
is four times larger when the radius doubles.)

Things to remember:

* A simplified version of the rules for the threads of a stationary charge:

The head and tail both of a thread come off from the source in the same direction.

The thread moves in a straight line at the speed of light.

Many short threads are emitted in random directions.

The number of threads emitted is proportional to the charge of the source.

For a positive charge, the direction of the thread is away from the source, fatiaeneg

charge, it is toward the source.

The direction of the force on a field particle is in the direction of the threadsiading

the field particle if the field particle is positive and opposite the directiomeotfitreads if

the field particle is negative.

7. The force on a field particle is proportional to a) the charge of the field pabjdlee
density of threads near the field particle, c) the length of the threads ediatdh
particle.

arwnE

o

1.7 Obtaining Coulomb’s Law from the Thread Model

We can qualitatively use the Thread Model to give us a mental picture of what happens
when charges exert forces on each other — that’s a very useful thing, so be surewswatiae
the threads and how they behave. However, we can also use this model to find an equation for
the force between stationary charges. Let’s put our source particle agtheoba coordinate
system and a field particle at a distanéem the origin in some arbitrary direction. We call the
point where the source is locat8dnd the point where the field particle is locate@sF would
be confused with the force.) We call the vector from the origin to the fieldlpaitic

13



Figure 1.7. Defining the vectay. If the head
of a thread is af,, then its tail is af,.

We can combine Rules 6 and 7 of the previous section into an equation that describes the thread
force:

e -
_qf £0V0
50

(1.1 Thread force) F=

where:

F is the force on the test charge in newtdxs & vector.
e is the charge of an electron in coulom@} (

&, Is a constant that we will determine later.
g, iIs the charge of the field particle in coulom@3.

?0 is the length of a thread in meteng),(a vector.
vV, is the density of threads in threads per cubic meter (nunniverar m™).

Now we will use Eq. (1.1) to find a simple equation for the force between two stgtionar
point charges. We assume that we knpvand ¢ ,. We also know that for a positive source at

rest, the threads point radially outward. We can write a unit vector in thisalirest,. Let's

review a few things about unit vectors that you may have forgotten. The wectothie source
to the pointP isf,. This magnitude of this vector is writtes The unit vectorr, is a vector

pointing in the direction of, with a magnitude of 1. It is clear that points in the direction of
I’O

14



~ . : ca_|hl_r N :
f, and its magnitude |h0| :M =-2=1,s0f, =-2. In terms of the unit vector, we have
I’.O r0 r.0

A

oy =1Ll,.
We also need to find the density of threagsnear poinP. Because of the spherical

symmetry of the problem, no direction in spacepiscial for any reason at all. That means that
the density of threads at a distangérm the source in one direction must be the sasne
density of threads as a distamgén any other direction. however, since the thresrésspreading

out, they become less denserasncreases. So let's consider a spherical shelioknesrg
located a distanag from the source.
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Figure 1.8. The shell we use to calculate theiteokthreads at,.

~

(Note that when we write a quantity as differentsaich aslro, we assume thalr, is very small
and that we will eventually take the limdt, -~ v@hether we explicitly state it or not.)

The density of threads in this shell is just

_ numberof threadsin the shell
volumeof theshell

Vo

Let’s start by finding the volume of the shell. I'sare you’ve done this in calculus
classes before, but we’ll review the concept keliNote that we will make use of this result
frequently throughout the course, so it's goodag pareful attentionThink of the shell as the
peel of an orange. Peel the orange and smash ¢hélgieon a table. The volume of peel itself
(not including the gaps between the pieces of #&)ps just the surface area of the orange
multiplied by the thickness of the peel. You migbject that the surface area of the orange isn’t
quite exactly the same on the outside of the paelom the inside of the peel, but we’ll choose to



ignore this fact as we can make the “peel” of qavesical shell as thin as we want. That is, we
let dr, - 0. Since the surface are of a sphere is fist’, the volume is4zr; dr, .

Now we need to find the number of threads in thedl shet us assume that we know the
number of threads emitted by an electron (or proitoone second. We’'ll call this quantity,, .

Since the number of threads emitted by the souwadic|e is proportional to its charge, we know
that the total number of threads it emits in oread must beNOe& whereq,is the charge of
€

the source in coulombs ards the magnitude of the electron charge in coukrilis quantity

is the total number of threads emitted in one sécbut the threads that are in the shell were
emitted over a much smaller time than one secoadin@l the number of threads in the shell, we
need to know the difference between the time wheritireads at the outside the shell were
emitted and the time when the threads at the irfidee shell were emitted. To obtain the
number of threads in the shell, we multiply the bemof threads emitted per second times this
time interval. To find the time interval, we knohat the threads travel at the speed of lggand

that the thickness of the shelldg. Sincec = % we can deduce thalt = %
C

Finally, we can put this all together:

1 NOeqs%
4mrZdr, e c

= e - e ~
F=—0q;lVy =—0q; Lyl
& &

Using the relation we gave earlidt, ¢, = c, we can simplify this to:

1 qsqf ~

r
47, ro2 °

(1.2 Coulomb’s Law) F =

where:
F is the force on the test charge in newtdws & vector.
&, is a constant called the “permittivity of free spd Its value is

8.85xI& C?/ N nf.
q. is the charge of the source particle in coulon@)s (

g, is the charge of the field particle in coulomi@3. (
I, is the vector from the source particle to th&dfjgarticle. It is in metersn).

The constant, is something we cannot predict from our model. Welee to measure the
force between charges and see what valug, gives us the correct force. Also notice that we

assumed both charges were positive when we obt&loatbmb’s law above. We need to think
about what happens when one or both of the chargesegative. Fortunately, a minus sign in
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the vector equation just reverses the directioefforce, giving us the correct result without
having to change the formula. (If that isn’t ob\sptake a minute to convince yourself that Eq.
(1.2) is true for all combinations of positive amefjative charge!) Lastly, we chose to put our
source particle at the origin of a coordinate systiote that the formula doesn’t require this as
long we choose to interpré} as the vector from the source particle to thiel foarticle.

Things to remember:
* You do not need to reproduce the mathemataisi¢il us to Coulomb’s law.

1 qsqf
47, rO2

« Know Coulomb’s lawF = f, and be able to use it.

1.8 Using Coulomb’s Law

Coulomb’s law was named after Charles Augustin del@nb (1736-1806) who derived
the law in 1785 from experimental observations.|Gmib’s law was rather remarkable in that it
almost perfectly mirrored Newton’s law of gravitati

F=-Ghl27,

r
Coulomb’s law and Newton’s law of gravitation ddfeli in two important respects, however.
1) Coulomb’s law allows for repulsive as well agadtive forces since charge can be either
positive or negative, and 2) the constéﬂt477£0) that appears in Coulomb’s equation equals
8.99x10% in Sl units, wherea equals 6.67xI0" in Sl units. What this means is that in a
hydrogen atom, for example, the Coulomb force jgaximately 2x18° times larger than the
gravitational force!

When you actually use Coulomb’s law to calculateftirce between stationary point
charges, the one thing that sometimes is diffisulhe unit vector. Remember that this is a unit
vector along the line from the source particlen field particle. As we mentioned above, you
can find this unit vector by using the relatign=r, /r,. However, in practice it is better to

multiply both the numerator and the denominatde@f(1.2) byro to obtain a form that is easier
for computation:

(1.3 Coulomb’s law, alternate form) F=

Hence, if we know the vector from the source pbrtic the field particle, either in terms of
magnitude and direction or in terms of componentscan easily find the force on the field
charge. Just be careful to remember that Coulofalvss really an inverse square law, not an
inverse cube law! It's really inverse square beedbsre is a hidden factor of in the

numerator of Eq. (1.3).
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Example 1.1. The Coulomb Force between a Protoraarilectron

A proton is located at the origin of a coordinagstem. An electron is located at the point 125
nm X -67.0 nmy.

First, we see that the vectyfrom the source to the electron is just the qutiiat is given:
f, =125 nmX -67.0 nmy.

Once we haveé we can then obtain, by Pythagoras’s relationship:
r, = XK+ yW=4x>+y” = 142 nm

Now, we can just plug numbers into Coulomb’s ldvere is just one caution. Electromagnetic
units can be very difficult to relate to each otthile it goes against what you were told in
other physics courses, it is usually advisablgtmie units in this course. In order to avoid
problems; however, it is important to mwerythingn Sl units. If you do this, your answer will
always be in Sl units as well.

= _ 0% _ -(160x10%°) (125x10°%-67.0x10°9)
ATE F 477x 885x1072(142x10°°

N = (10.1x10"°% - 541x107°9)N

It becomes a more challenging problem when we bavsource at some point other than the
origin or if we have two different sources in algem. Let’s look at an example where both of
these complications come into play:

Example 1.2. The Coulomb Force of Multiple Charges
A 3.20uC charge is located at the point (1616 3.00cm) and a — 2.42C charge is

located at the point (-3.@0n 2.00cm). Find the force on a 1.24C charge located at the point
(-1.00cm 1.00cm).
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+3.20uC
{

-2.42uC

1.24uC

First, draw the force vectors on the diagram. Ya€éed to look at the signs of the
charges to determine the direction of the forcemidRly draw the vectors to scale. Which vector
do you think is bigger? (It's hard to be sure withactually calculating numbers, isn't it!) Add
your force vectors together as arrows.

The problem is essentially the same as the pre\pooblem, except that we need to
calculate the force from each of the two chargesthan add them together as vectors. Let's
begin by finding the vectdrom each source chargethe field charge. We'll call the vector on
the left 1 and the vector on the right 2. We’'ll gert all distances tm so that everything is in SI
units.

F, = 002X - 001y

r, =+ 002° + 001

r, =—002x - 002y

r, =+/002% + 002°

Now all we need to do is plug the known valuee @bulomb’s law:

_ 90, _ (- 242x10°)[124x10° [ 002% - 0019)

F, 5 _ N =-483N R+ 241N §
ATE I 477x 885%107™ (\/0.0005)

# 7 K ©)- 002% - 002§

£, = s _ (320%10°)(124x10° - 002% : 0029) |\ - 315N %- 315N §
ATE T, 47rx 885x10™ («/0.0008)

F=F +F,=-798NX- 74N §

Now, for the fun of it, we can calculate the magdes of each of the forces.
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F, =/483% +24.1*°N =540N
F, =v/315° +315°N = 446N
F =+/79.8% + 742N =80.1N

Were your arrows roughly correct?

What angle does the force make with respect ta thas?

F -
tand=—L = ﬂ

F, —-798N
6=-175

Finally, note that the force can’t be affectedooy choice of the origin of the coordinate
system. (Why not?) So, we can redraw the pictutk thie field charge at the origin. This
shouldn’t affect our calculation above. Can youlaxpwhy it doesn’t make any difference to
the numerical answer?

+3.20uC
[
-2.42uC
 J
+1.24uC

Things to remember:
- .
» Memorize and be able to use the fofm+ 99 2
471,

* Be sure to review how to add vectors and taiolnagnitudes and directions!!
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1.9 Force, Energy, and Work

Newton’s second law is really a definition of forde ., = % Thus, forces cause
changes in the momentum of objects. You know thenwyou apply a force to an object, you
can also change its kinetic energy. If you dromlhfoom rest, the ball’s kinetic energy
increases. If you catch a ball someone throws tp you apply a force that decreases its kinetic
energy. If you swing a rock on the end of a strthg, string applies a force that keeps the rock
moving in a circular path, but does little to chartlge energy of the rock. You studied how all
these process worked in your mechanics course;\@wieis probably useful to review the
concepts of energy and work. For more details,sjowld refer to any standard physics text.

Let's consider an object that moves a very shatdiced/ while a force is being applied
to it, as shown in Fig. 1.9. Since the object mav@sry short distance, it is safe to consider the
path to be along a straight line and the forcegtadnstant.

—=

d/

TI

Figure 1.9. An object moves along the pditunder the influence of a forée.

Let us begin by calculating the rate at which thmeetic energy changes in this process.
We'll need to break the velocity into componentd apply the chain rule as we take derivatives

of each component. You'll also need to rememberttiedot product of two vectord and B
is A[B = AB, + A B, +AB,. (If you've forgotten this, it might be a good twk over the
vector section of Review now.)

dv,
d—K:i[%m\/szlmi(v2 +Vv2 +v2):1n{2vX dv, +2v,—L +2v dVZJ

dt dt dt Y odt 2 dt

The rate at which kinetic energy changes is calhled'mechanical power” of a system. It
is just equal to the dot product of force and vieyod his tells us that the part of the force tlsat
perpendicular to the velocity can not change thetic energy. Similarly, the part of the force
parallel (or antiparallel) to the velocity increager decreases) the kinetic energy. If we traaslat
that into normal English sentences, it tells usewkou push an object in the direction it’'s
moving, it moves faster. If you push an object ggigothe direction it's moving, it goes slower.
If you push an object sideways (with respect talitsction of motion), it changes direction
without speeding up or slowing down. If you thirdoat that, it should make intuitive sense.
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Furthermore, we know that in tint, the object moves a distandé, so the velocity is

justv = % Thus, the change in kinetic energy of the obgéang this very small path is

dK _ et
dt dt
= dK = F [dY.

Now, if an object moves along some path betweentpdi and B, we can find the total change
of kinetic energy by adding up all the contribusdrom each tiny line segment, as schematically
illustrated in Fig. 1.10.

*B

A .

Figure 1.10. The path from A to B can decomposéa many small steps.
Each step has a differed? and may have a differeri .

To find the change in kinetic energy along thererpiath, we simply add up all tl& from each
tiny step. That is:

(1.6 Work-Energy TheorempK , . = J'dK = jlf &l =W

A-B A-B

This result, known as the Work-Energy Theorem, $rsfates that the work done in going from
A to B along a specified path is equal to the cleainginetic energy along that path.

This kind of integral is called a line integralldbks complicated, but don't be frightened
by it. You won'’t actually have to evaluate it extafong a couple of simple paths. The way we
evaluate it in hard problems is to do exactly whkatust outlined (except we let a computer do

the arithmetic). We approximate the path by a sesfestraight line segment¥ , find the force

at each segment, take the dot produad6and the force on each segment, and add all these
together.

For a certain restricted class of forces, it tuwrasthat the work done in going from a
point A back to the same point A is always zeraatliheans that if we start at point A with a
certain kinetic energy, whenever we come backemtiint A, no net work has been done to the
object, and its kinetic energy remains the samiidfhappens to be the case, we can also say
something about the work done in going from A tal8ng two different paths.

22



First, however, we need to ask ourselves how th& wogoing from A to B relates the
work in going from B to A. Think of a ball beinggsed upward and then falling to the point
from which it started. The amount of kinetic enelgst by the ball as it goes up is the same as
the amount gained by the ball coming down. ThatKs, = -AK .. We can generalize this by

noting that when we do the line integral from BAtathe integral is just the same as that from A
to B, except that evergi/ is reversed in direction, as shown in Fig. 1.11,

* B

A .

Figure 1.11. When we do the line integral fronmoB\; everyd/ is reversed.

That means that very generally

Now let’'s compare the work or change in kineticrggevhen we go along two different
paths from point A to point B, where we assuméelitteintegral from A back to A is zero.

path 1 B

path 2

Figure 1.12. Calculating the work in going front@A\B along two different paths.
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[Fai+ [Foii=o0
A- B,pathl B - A,path2

[Fri- [Fai=0
A- B,pathl A- B,path2

[Fri=[Fi

A- B,pathl A- B,path2

The bottom line to this review is: As long as therkvin going around any closed path is zero,
the work in going from point any A to any point 8independent of the path we choose. That, in
turn, means that if we know the kinetic energyrmbaject at A, we know what its kinetic energy
will be at B, no matter what path the object toolkyoing to B.

Although we could continue to talk about work amaekic energy, it is easiest at this
point to introduce the concept of potential enetgt’s restrict ourselves to cases where the
force is in one Cartesian directiany(,2 or in the radial directiorr) in either cylindrical or
spherical coordinates. Potential energy is themedfas:

(1.7 Potential energy from force) U(X) = —J' Fdx, U(r) = —I Fdr

Note that this is essentially the same as work gbtet the sign is reversed and the
integral is an indefinite integral rather than ategral along a specific path. Evidently, the work
done in going from A to B is:

W, = IFdX:—U (X5)+U(x,) =-AU, o =LK, ,

AK, s +AU, ;=0

Since the change in kinetic energy is equal in riitaga and opposite in sign to the
change in potential energy, we can define a totatgyE that remains the same at any point.
That is:

(1.8 Conservation of energy) K+U=E, Eisconstant.

Other useful relationships can be obtained by taktile derivatives of Eq. (1.7), so we
can find the force when the potential energy igiv

(1.9 Force from potential energy) F = —d—U, F= ~aJ

dx dr

If you have taken a course in vector calculus, r@nwill appreciate the following general
relationship between force and potential energy:
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ou . dU . dU ,
X z

F=-0U=- v
0 X oy 0z

The triangle is called the “gradient” and it isidefl in terms of the partial derivatives as written
If you don’t know anything about gradients, donny about it. We’'ll learn a little about them
later in the course. All of our problems in thisapker will be restricted to one dimension.

Things to remember:

* Potential energy and force are related by thegonsU (x) = —I Fdx, F = —(jj—u.
X

* When potential energy can be definddt K = E which is constant.
1.10 Using Potential Energy

Position, time, mass, momentum, and kinetic enargyall things we can measure in
nature. Potential energy, on the other hand isWetcan only infer a value for the potential
energy by either assuming energy conservationtegiating the force. For example, hold a
pencil over the floor. What is its potential enétggou might say it'sngybecause you
remember the formula from mechanics. While thatie twhat doeg mean? Do you measuye
from the floor, the top of a table, the ground @8 It doesn’t really matter, because the only
time we can “see” potential energy is when it clean@nd the change in potential energy is the
same, no matter where we choose toyall0. Mathematically, this is reflected by the factttha
potential energy is defined as an indefinite indkggo we can always add an arbitrary constant
of integration to it. In electromagnetic theory, ingve conventions as to where we usually call
potential energy zero, but remember that thesguwgtibe conventions.

When we derived our expression for potential enengystipulated that the results were only
valid if §If @/ = 0. (The circle on the integral sign means that walate the integral around
A-A
a closed path.) Of course, this isn’t always ttogoarticular, it is usuallypot true when any of
the following conditions are met:
» the force changes in time (such as the force fraving magnets, changing currents in
circuits, etc.).
» the force depends on the direction of motion (saslrag forces and frictional forces).
» the force tends to move objects around circulangpat
For electricity and magnetism, the only time we dafine potential energy is when the forces
are caused by stationary charges. We cannot dediteatial energy for electric forces from
moving charges or for any magnetic forces. (In,fattmagnetic forces are produced by moving
charges).

Example 1.5. The Potential Energy of a Constanté-0

An object of mass 1.2 kg feels a constant forcé ©f6.00 N in thez direction.
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(a) Find a general expression for the potential enasyg function ot.

U(2) = —I Fdz= —FJ.dz: -Fz+C whereC is a constant of integration.

(b) If we want U(0) = 0, then what is the value of tumstant of integration?
U@0=0+C=0=C=0

(c) If the object is released from resizat 0 and then moves to=5 m what is its kinetic
energy?

K+U =E

at z=0weknow0+0=E

at z=5weknowK +(-6N x5m) = E =0
= K =30J

(d) How does this answer differ if we choose tdJéd) = 5J ?

K+U =E

at z=0weknow0+5J =E

at z=5weknowK +(-6Nx5m+5J)=E=5J
= K =30J

Example 1.6. Potential Energy and the Coulomb Force

(a) Using Coulomb’s law, Eq. (1.2), find the potengalergy associated with this force.

1 qsqf ~

F= f
4rE, r

2 0
0

1 qsqf 1 -2
ur)=-|F(r)dr=-|—— dar=——— r“dr
()=-JFdr=—J 4 = rdr = —aa, ]

1 qsqf
TE, I

+C

U(r):+4

(b) The conventional choice for the constant of integreis to let U go to zero when
charges are separated by a very large distancet igvittee value oC?
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+C=0+C

0=limU(r) =lim 1 99
P re<4rmE, I
=C=0
Since this is a very useful result, we’ll put itarbox:

1 qsqf
e, r

(1.7 The potential energy of two point charges)(r) =+

Note that if you have three point charges, themi@kenergy of the entire system is the
sum of the potential energies of tiweee pairs of charges added together.

(c) All objects tend to move toward smaller potentia¢mgy. If both the source charge and
the field charge are positive, where is the poa¢minergy the smallest? What if one
charge is positive and one is negative? Is thisistant with what we know about when
the Coulomb force is attractive and when it is ispe?

If both charges are positive, the potential enés@iso positive everywhere. It is a
minimum wherr goes to infinity. This indicates that the forceepulsive. If one charge is
positive and the other is negative, the potenhakgy is negative everywhere. Itis a
minimum wherr goes to zero. This indicates that the force raetit/e.

Things to remember:

1 Q.9
TE, I
* Potential energy can be defined for any nunabeharges, as long as they are
stationary

» The potential energy of two point chargeb(g) = +
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