Appenéix C - Details of T hread ThCOrg

C.0Introduction

In the text offered a few quantitative details about thread theory, but | dmittey of

the details as they aren’t really necessary to understand and use thbergwatltl expect in this
course. We often do that in introductory texts and recommend that students refer to more
advanced texts for the details. There are, however, no published sources for furtiseatomiai
thread theory, so | felt that | should provide them in an appendix. You should be able to follow
the mathematics of this appendix with the background you have. The algebra can gedinvolve
but the concepts are not particularly challenging. If you have not yet mgaehdix A, however,

you will find that it will be helpful in understanding the Lorentz transformatibaswe will use.

C.1. Two Useful Mathematical Rules
There are two important rules involving dot and cross products that we will apply
regularly in this section. These are the “dot-cross rule” and the “BAC miABsr@e.” You

may have encountered these rules in math courses before.

The dot-cross rule is

(C.1 The dot-cross rule) A{AxB) =0.

We know thatAx B is perpendicular téA, and that the dot product of perpendicular vectors is
zero. Formally, we may write:

AB,-AB,
AfAxB)=[a, A, A]|AB -AB,

AB,-ApB,
= A(AB,~AB)+A (AB,-AB,)+A(AB, -AB,)
= A(AB,~AB,~AB,+AB)+AAB ~AAB, =0

Also, it is clear thaB[[Ax B) =0 as well. In fact any linear combination Af and B dotted
into AxB must give 0 as well:

(C.2 The generalized dot-cross rule) (aA+bB){Ax B) =0.

The BAC minus CAB rule doesn’t have as simple @engetrical interpretation as the dot-
cross rule, but is very useful in simplifying vecexpressions.

(C.3 The BAC minus CAB rule) Ax(BxC) = B(ALTC)-C(A[B)



The proof is done by brute force:

B,C,-B,C,| [D

LetD=BxC=|B,C, -BC, |=|D
B,C,-B,C,| |D,

AD,-AD,| [A(BC,-B,C,)-A(BC,-BC,)

Ax(BxC)=AxD=| AD,-AD, |=| A(B,C,-B,C,)-A(BC,-B_C,)

AD,-AD,| |A(BC,-BC,)-A(BC,-B_C,)

X

y

B, (ALE)-C,(A[B)
=| B,(ALT) -C,(AB) | = B(ALT) - C(AB)
 B,(ALT)-C,(AB)

C.2 Relations Involving Angles and Vector Lengths

[B,(AC, +AC,)-C,(AB,+AB,)| [B(AC,+AC,+AC,)-C,(AB,+AB,+AB,)
=| B,(AC,+AC,)-C, (AB,+AB,) |=| B,(AC,+AC,+AC,)-C, (AB,+AB, +AB,)
|B,(AC,+AC,)-C,(AB, +AB,)| |B,(AC,+AC,+AC,)-C,(AB +AB +AB,)

We will assume that the source is moving with @eiéy £ in a reference frame that we
call the “lab frame” or th&® frame. In this frame, the poin&T, U, andP, are defined as in

Lesson 2. We reproduce Figs. 2.1and 2.4 here foresoence.
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Figure C.1. The geometry of the lab frar®.(
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Figure C.2 The geometry in the rest frame of thes®R’).

To relate the various vectors, let’s find the @égdspace and time) that correspon&to
(source when the head is emitted)source when the tail is emittetl),(source when the
threads arrives &), andP (thread arriving at a field point) in both refecerframesR andR’.

We will use primes or 0 subscripts for quantitieshe rest frame. We’ll denote four-vectors for
the events with the obvious (I hope) notatiog;r, , etc.

Let me explain why we know each of these four-vecto

In the rest fram®&’, the source remains at the origin, so ev8htg ', andU’ all have

spatial component8 . Recall that the time component of a four-vecsaadtuallyct, which
represents the distance light — or a thread —Ilgandimet. Thusct’ for eventT ' is the distance
the head travels during the time the thread istethiThis is just the thread length. We know

the distance from the origin to poltis r, and we calli’ the direction from the origin 8,
hence we know . We call the direction of the thread’s motiGmandd’ just to emphasize the



fact that threads are massless particles thatltaaviee speed of light and hence transform as
described in Sect. B.6. At times we call the saimectionsf, andr, to emphasize their

connection with the head lines in the two referdnames. Finally, the eveht’ corresponds to
the source at the tinfe’ when the head arrivest soct’ = r,.

In the lab frame (the frame where the source mation)R, the source is also at the
origin at the timect=0 when the head is emitted. Due to dilation of timh&gkes longer,
ct=y/,, for the thread to be emitted. During the timettiread is being emitted, the source

moves to the locatiofit = Sct = By /.

The thread eventually moves a distamcéo pointP, taking timect =r, . The direction
the thread travels to poiRtis calledd . And when the thread arrivesRtthe source arrives bk
with timect = r,, and positiorr, 5 .

EventsS T, andP are the same events viewed in the two refereaeds, so the
corresponding four-vectors are related by the LizrelansformationU andU’, on the other
hand, are two distinct events. Recall that two &vérat are simultaneous in one frame are not
generally simultaneous in another. Siktes defined by being simultaneous wikhwe cannot
expect the same event to be simultaneous Withlowever, forS, T, andP, we can write:

re =L(B)rs rr =L(B)ry re =L(B)rs
r's = L(—B)I’é rr = L(—B)I’{ rp = L(-B)I’,’D
Let’s first apply the Lorentz transformation tceewP.
R 11,5 1] y(l— Bm)
=LA, roM =L(B) rhM =, L_ Jﬁwﬁﬁéﬁﬁﬂ

e 17 5 1) V(1+BDH')
I - e

The unit vectors are a little awkward, so let’'smgs the dot products in terms of angles:

(C.4)

B = Scosh
B’ = Bcosb,

We can obtain two convenient relationships for thandr, by equating the time (top)
components of each of these vector equations argtisuing for the dot products:

fy = rhy(l—ﬂcosﬁ)

C.5
(€-3) r, =r, 1+,800$6?O)



Two more useful relationships can be obtained kiyntpthe dot product of the spatial parts of
Eq. (C.4) with3:

r,/cosd, =r, (,8 cosd — yB? + kf3° cosH)
=r, [,Bcose(1+ Kﬁz)— ;ﬁz]
= rh[;ﬁcosé?—;ﬁz] ask =(y-1)/ B
=1,8y{cosd - )

r,3cosd =r, (,8 cosd, + 3% + kf3° cos@o)
= ro[ﬂcos€0(1+ Kﬂ2)+ yﬂz]
=r, [;ﬁcos@o + ;ﬁz]
=r,By(coss, + B)

Dividing out the common factors gfand substituting for, /r, from Eqg. (C.5), we have:

cosd, = cosd -
1- [cosf
cosh = cosg, + B
1+ S cosb,

Now let’s see how the ray line transforms. (Ndi& the sum and difference of four-
vectors are also four-vectors to which we can apipylLorentz transformation.) The ray line
transformed into the rest frame is a four-vectdhvai spatial component that is justbut with a
time component that is the differencectrbetween the evenBBandU as viewed in the rest
frame.

First, we take the dot product of this with to get a relation involving the angle



i (B=, (B+xp (B,
r,5cosd, = Br, cosw(1+ K,BZ): yor. cosy
r, COS6, = yr, cosy

A similar relation comes from the magnitude of thess product:

|10 x B|=| T, x B+ k(Bx B)(BT,)
ro‘O’XB‘ :‘rj XB‘ as(BXB):O
r,Bsing, =r, Bsiny

r,sing, =r, siny

Combining these last two results, we can alsoawrit
tany = ytang,.

From Fig. C.1, we can also write down some gedoattrelationships that relate the
anglesy andd. Recall thaiy is the angle betweefl andr,.

r,sin@ =r, singy
r,cosgd =r.B+r, sing

We can combine these relationships to obtain sad&ianal useful equations:

r?sin®y +r?cos ¢ =r? =(r,sind)’ +(r, cosd - r, B)*
r’=r? (1+ p? - 2,80056?)
r. =141+ 32 - 23cosd

rsing _ tany = r, sind
r. cosy r,cosd-r, S
tan(// :Lne

cosé -

We can summarize these results as follows:

r 1
C.6 L= =1+ Bcosd,
(C6) i poosg) - Vi Beost)
(C7) COS@O:M, Cosezw
1- [cosf 1+ Bcosd,
(C.8) r,sin@ =r, sing =r,sing,



(C.9) r. = 1,1+ 32 - 28cosd
siné

(C 10) tanw = m

= Atand,

C.3 Moving Sour ce Charge, Stationary Field Charge

When a source charge is moving at constant vgldabtié head and tail are emitted at the
same angle in the lab frame. In the rest frameh#as and tail are also emitted at the same
angle, though the angle is not the same as the amghe frame of the moving source. Let's go
back to the rest frame and write the space-timevVeuators for the head and tail of such a pair.
We'll call the times at which we measure the headltail positionst, andct, , respectively.

We need to keep in mind that in the rest frameafiés emitted at timest, = /.

1 l 1
rffl :Ct; |:l'jr:| rt' :|: 6):|+(Ctt' _£0)|:G':|.

The first term in the last equations tells us thattail is emitted from the origin at timet, =/,
The second term tells us that once emitted, thérgasels in the same direction as the head for a
time ct;, -/,. Transforming these into the lab frame gives:

s |
+ )3 + kB(L )

- N r— ygo r_ y(1+B|:lﬁ')
L= KO)L'W,@’WE(BDWJ

My = L(_B)rr: =ct, [G'

We can subtract the two four-vectors to get theatirvector. Since we want the head and tail to
be measured at the same time, the time componénisadifference must be zero.

et ya+pm) | 1
sl |

(ct, —ct; +£,)y@+ B - yt, =0
r, —r, :—{0 {A y(ﬁl+’éﬁm'~) }—yﬁ{%}
1+ 00 [0+ B +kB(B ) B

- U+ VB+kB(LBON — R -
= BB,y B=yegi-ytof byEq.(B.9)
1+ B

(C.11) I=yl,(G-B) = yfo:—f sincer =t —r.B=r (G- B)

h



This is the same result we found in Eq. (2.3) or(@BdL0).
C.4 Moving Field Charge, Stationary Source Charge

By determining the lengths and densities of thsesich field point, we can calculate the
force on a field particle as long as the field jgtatis at rest. To account for the motion of the
field particle we introduced the concept of stuhg,did so without proving why stubs work. In
this section, we will use the Lorentz transformatim forces to show the need for stubs and the
origin of the Lorentz force.

Let us take a very general force produced by aimgosource charge on a stationary field
particle. We will call the lab fram; and the rest frame of the source chargewWe will add
subscripts 0 and 1 to about everything in sighthad we are clear which quantity belongs to
which to frame. We assume that the source chargietie origin of the lab coordinate system at

time ct=0 when a thread is emitted. The velocity of the sewharge is@’Sl in this frame. The
thread reaches a field charge at p&iat short time later. The field charge moves witloeity

ﬁfl
In the lab frame, we can write the space-time feators for various events as follows:
. 0
PointSas the thread leaves the source rg = 5
: . C r 1
PointP as the thread arrives Mo, = {ﬁ} = {ﬁm} = rh{A }
Mg Mg U

Note that,, = ct because the thread travels at the speed of light.

1
PointU, the source when the thread arriveRat r, = rh{é }
sl

In addition, we can write the energy-momentum feectors for the two charges:

E 1
Source charge, rest masg = e.=| T |=E ~
g ; . [M} Soy{ﬁsj
: E 1
Field charge, rest mas<s, e, =| . _|=E
pflC O

PointsS andP define the head line, of course. We can also dehe ray liner, and the
projection of the ray line on the head line, as follows:

= th - rhllgsl =TIy (01 - :le)

PL=U Dfrl =Ty (1_01 Qsl)



In this reference frame, we also know that thedas given by Eqgs. (2.6) and (A.8):

1 7

r

F=—~- |
LA, yip;

The force four-vector (see Sect. B.2) on the fpadicle is:

- B F p.c| [O
fi=Vn AP 1 1Pl | 91 o6 the field particle is at rest.
F EOf FlEfl

1

The first thing we want to do is find the forcetbe field charge in the rest frame of the
source. This is an interesting question in itdsit, also is the easiest way to find the general
force on a moving field charge. We begin by tramsiag everything to the rest frame of the

source.
- | Ya - yﬂ’BsTl 01219
rso =L(Ba)rs = {_ yslﬁsl | + KleB;—l}|:6:| ) {6}

Feo = L(Ba)r :r{ Va_ _ySE’BSTE }{1}:r{ ysi(l_’ésim{) }:r{l}
7 B _yslﬂsl |+K1351:BST1 Gl " al_ysllgsl-l-Kﬂsl(ﬂsl ml) ’ l,']0

The event corresponding to the location of the a@at the time the thread arrives at p&irs

Note that this is not the same eventas the lab frame, as events that are simultanaotise
lab frame are not generally simultaneous in theframe.

B e Va -vaBy [ 1 }_ { Vo @-B2) }
0 L s1/%s1 — EsO sl - = AT P - EsO S > > 2
S0 =L U)Ca = {— VaBy | +Kﬂﬁﬂﬁjﬁﬂ Y| B VB + KaBa(B2)

Val Va

= Esoysl|:—' = =
,851 - yslﬁsl + (ysl _1),851

<

This result shouldn’t be too surprising, as wefsmsforming to the rest frame of the source
particle.

} as kB*=y-1



_ = ~ ysl _ysllé;. 1 _ ysl
e,=L e, =E ~ B 7 =E B
o =L(Ba)en=Eo VB | +K51:leﬂgj{o} f0|:_yslﬂsl:|

From this, we may deduce that in the rest frame:

Vio =Va Bfo :_le-

Before we transform the force to the rest frame note that the quantities in the force
four-vector all defined in terms of the lab frarBefore we proceed, let's see how these
guantities relate to rest-frame observables.

{';m} = rh1|:f:\l-i| =L (_le)ro{}} = ro{A yil (1"',851#@0)#
M U, Uy Uy + VaBa + Ka By (By M)
U, + yslle + KElle(le [,)
Va L+ By )
=Ty =T ysl(1+lésl [y) =y (r, +le [F,)
rhlle =y @+ le WO)BSI
= Ty =Ty + 1oV +Kafa(Ba )
A rhlle =h+ roVslle + Kslle(le () = Y (ro + le [KO)BS].
=Ty +ToVaBa * KaBa(Ba [o) = VaBalo = Va(Ba T By
= I7>0 + (Ksl - ysl)le(le |]»o)

K., = =
= Ba (B T,) ask—y=-kly
Va

:ro—

The projection of the ray line on the head lindjre asp in Fig. A.3 transforms as follows:
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—-N — GO+ySllBSl+KSlBSl(ESlmO) = _K_51* n
= p =4 0, _{ Ve (1+,le i, ) }[ﬁro B (By [1,) }

Va
1 " - o ~ - o
= M[UO +VaBa + KaBa(By Dl]o)][byslro —Ky9Bq(By |]’o)]

1 S o n s e
- y521(1+lésl D1]0)[y51(uo |]0) Ksl(uo H’)sl)(ﬂsl |:ifo) +y51(1351 |]0) yslksllgsl(lgsl |:ﬂ»o)

+KSlySl(le El‘I']O)(le l]»o) _Kszlﬁszl(ﬁsl |jﬂ‘io) (le [FO)]
1 S, ~
= m[yﬂro + Ky (~1+ Yy =K B2) (o By) (B [o) + Y (k4 B + V) (B )]
collectingtermsandusing r, =r,0,

L [Valo +Ka(=1+ Vg = Vo +D (0, DBa) (B Dy) + Va (—Va +1+ V) (By )]

ya @+ By (M)
askfB>=y-1
-1
ya L+ By (M)
-1
Va L+ By (M)
_ TolL+ (B [,)]
Va L+ By (D)
r0

Ya

[Vao + Va (B )]

[y + (Ba (o0, )]

This leads us to a useful conclusion:
(Clz) I’0 = ysp

It's very important to remember that the above egpions are for tHab quantities but in terms
of rest-frame variables. The correspondieg-frame quantities are:

A~

u - l]o
My = Tho =To

My = Tho =T

—1
I
-

o
]
-
=
=3
(@)
1
o

rl

Now we can write the lab-frame force in termshafge quantities:

11



9 F 99 1 Ky s 4
= o —— Bu (B )}
AT, Va3 0 ATE, Y2 (ro/yﬂ){ ° Ve °

=k V{ : Slﬁﬂ(ﬁﬂtﬁ*)}
Y

F, =

47750 5
— Q¢ ds [yser _Ksllgsl(ﬂsl |:ifo)]
ATE, re

Now, let's transform this to the rest frame of Soairce:

fo= 3 f = Va _ysné; 0 _ _ysl(leElzl)

0o =L(Bf = T ae | A
_yslﬂsl |+K511851:le I:l F1+K51/851(/851 EFl)

Fy =1 [F, + kB (B OF)]
14

fo

:i[ﬁlwﬁmﬂ )]

4 A9, [ysl lo _Kslﬁsl(ﬁsl 0)+K51y51:351(,851 o) Ksligsllgsl(/gsllj)]
TEy V"o
4q¢[ysl 0 slBSl(le Dro) +K51y51B51(,le l:i]z’o) _Ksl(ysl _1):851(:851 |:ﬁro)]
TE Yl
qqu -
) 477801/51%3[ ]

So the force is finally:

I
Q2
-

|5

(C.13) F, =

I
o
qu

Note that this force is just the Coulomb force when both theceaharge and field charge are at
rest! That is, in the rest frame of the source, the motion ofaltkdharge makes no difference at
all.

C.5Moving Field Charge, Moving Sour ce Charge

With this result, we can do a Lorentz transformaﬂiL(H,B to a frameR, where the

source moves with velocity,, . In this frame both the source and field particles will be in
motion, so it will give us the most general possible result.

12



First, let's construct the force four-vectorRg.
Fo B

f :y 0 N fo
0 fo{ FO

Then we will transform some of the important quantities Rito

PointS as the thread leaves the source

PointP as the thread arrives

PointU, the source when the thread arriveP at

Source charge

Field charge

We have for the source charge:

1 N 1
esz = Esoy52|:ﬁ } = L(_ﬂSZ)ESO|:O:| = ESO|:

required.

For the field charge, we have:

1
€, = Efoyf2|:B }: Efoyfo{ Ve
f2

andtheotherdirection:

1
€io = Efoyf0|:ﬁ }: Efoyfz{ Ve
fo

=Vio = yfzysz(l_/ész Dg)fz)

nyBfO = ny[BfZ _Vszﬁsz +K52B52(Bsz Efgfz)]

Transformingr,, we obtain:

N n T
+y521852 I+K52 s2/7s2

- = :|:Ef0yf0
+YoBo | +K,Bs

- = =EoVi2
_yszﬁsz |+K52 s2 }

Jof-=orlz.] =

_ ysi(1+Bsz ?fo} R
_ﬁfo + yszﬁsz + Kszﬁsz (,852 wm)_

Vs (1_1352 @fz)

_sz - ySZESZ + Kszﬁsz (Bsz @fz)_

in termsof quantitiesn R,.



_ 1_ Vs2 ysz/ést 1]_ Ve 1= [;sz [, )
lo =Tl ~ [T Th2 - =T . e ~
Uy - Vszﬁsz | + Ks2Ps» sz u2 u, - ySZIBSZ + Kszﬁsz (:Bsz Dﬁz)

= = F, —,VoBe KBy (B, [@,) intermsof quantitiesn R,,.

And the inverse of this transformation gives us:

r.=r |:1j|:r|: ysZ +ysZB;—2 j||:l:|:r|: y32(1+BSZI]jO) :|
h = Tha| A 0 — S . ol - > S

u, Yol | +KLB st Uo Uy + Vo B + K 2B (Bep My)
>l =T+ rOVSZBSZ +K32:Bsz (:Bsz [, ) -

We'll also need the dot produgg, , [F, . This is most easily done in terms of Lorentz invariants.

We know the four-vector dot-product of the head line andi¢he particle energy-momentum
must be the same in both frames:

[I’ I7]1 0 EOfny [ ]1 0 EOfny
° %o - Eoi VioDBio fn - Eot Vi85

roEOfyfo_EOfyfo(FoEBfo):rhEOfyfz_EOfyfz(rhEsz)
royfo_yfo(ro@fo):rhyfz_sz(rhngz)
Vfo(roEBfo):royfo_rhyfz"'yfz(rhEﬁfz)

L= 14 S

o Bio =T i(rh M B¢ 2)

fo

So now, let’s transform the force four-vector:

f, =V, £ EBfZ}:L(_Bsz)yfo{F EB } yfoL_;/SfB |++Ky52i852*T }[Foggm}
Ve e | RO, Voo (Fo By = B, (F)
Fo ° Bea(

:y i
fo +y521852 I+K52 s2 ;—2 F +y52(|: Wfo)ﬁsz"'/(

T
N

5]
E, =L 4y (B o) B + KB B TFy)]

f2

q.9; 1V
= e 5 o Ve BB ol BBl
TE, 1 Vi,
a0 1y _ o
e ka6 BB+l BB

From the equation for,, above, we note that we can combine the first and second tethes i
square brackets:

14



th - royszlgsz = F + Kszﬁsz (,852 |]»o)

- _Qq0; 1V
= Fz - 47};0 ?7“2) rh2 + r0y521852 +ysz(ro Dgfo)ﬂsz

From Eq. (C.12):

lo = V22

Using this and the expression fgr, above, we can further simplify the force:

lf - qsqf

2

1 . L ~ -
3 Vo2 1= B B )Mz ~ ToVe2Bsa + Vo (T [B10) Beo

4'IE‘O 52102

Now we insert the equation fop, , [F,

— qsq - y _ _ -
FZ = 47Eo y32p3 ysZ (1 ﬁsz wm){th OySZﬁSZ + yszl:ro _f(rhz - rh2 wm):|1852}
a1 [ ) . y
- 47E‘; Eygz (1_'852 wa){rhz _rOVSZﬁSZ T VsoloPsy = Ver y:z (rhz —Thy wa)/BSZ}
— qsqf 1

3 Vs2 (1_,352 Bg)fz)

4'IE‘O 52102

-
Las 3 "

47E y32 3 52(1 ﬁszwm)

14
Vsz x: (rhz — T2 H’)fz)ﬁsz}

Vs V(- :852 wfz) (Mho =Tz Esz),Bsz}

- _09; 1 3 B
F, = 1-
2 47E y32 3 52( :852 wm){ (1 ﬂsz wfz) ( h2 I’.h2 wm)ﬁsz}
QSQf .3 N3
Moo L= B (Br2) = (fho =T (B12) B
4”50 ysng{ h2 2 Wss h2 ~ Th2 WPt 2 2}
QSQf s = = L=\ B
=12 (Bsy UWBs2) = 1o By + (To LB: ) Bs
4”50 ysng{ h2 ~ T2 (Psz WOt2) ~ThaPsp T (1o L4, 2}
= 94 3{ Fo—1,B0 + By X (B, X th)} BAC minusCAB rule
4'IE‘O y52102
qsq ~ I -
f 3 {rrz +18f2 X (,Bsz X rhz)} as T, =, 1,05,
0 52/02
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One last thing to note is that
sz X(Bsz xT,) = sz X[Bsz X (Fop = thBsz)] = sz X(Bsz xT,,) since Bsz x ~52 =0.

Using this result and dropping all the “2” substgiprhich are no longer needed as everything is
in theR, frame, we can write our final result as:

Q9 1 [. .= /% =
= —r + X Xr
4 . y52p3 r ﬁf (ﬁs r)

T

(C.14)

As before, we can define the electric and magtiietids as:

— qs I’r
E = 47E. y2p3
(C.15) 07s
B=1/xE
C
In terms of the fields, the force is:
(C.16) lf:qu+qufoé:qu+qf\7fxé’

which is the Lorentz force law.

We can also define the fields in terms of thremud stubs as:

E=—v/
‘SO
é = EEV S
Cé&,
so that the magnetic field is:
B=1 B, x—2 i
c &
=2 20Bx7)
Cé&,
This suggests that the stub equals:
(C.17) S=p.x/
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In the text, we wrote the stub@s f, x /. We see that this is equivaldat sources moving at
constant velocitypecause:

S=F x/

X/

(Fr + ths) Xz

- = | =
= ||—‘: |:l

= B, x ¢ as/andr, areparallel.

C.6 Velocity and Acceleration Threads

Now we want to ask what happens when the sour@eyehs accelerating. Let’s begin in
the rest frame of the source at timle =  Since the source is accelerating, it will onlyabeest

in this frame instantaneously, however. The tintakes for the thread to be emitted in this
frame isAct, =/,. As long as we let the thread length - , @e don’t have to worry about

how the source charge’s clocks are slowing dowmdtthe emission process.

If we look at this same process in the lab frarne time interval becomesct = y/,, as
in the last section. In this time, the velocity shas byAS = & Act = ay!, and the source moves
a distanceAF = Sact +1a (Act)? = Byt +ia(ye,)’ = Byt,. Sincel, goes to zero in the limit,
/2 goes to zero much more rapidly. Thus we can sajelyre the last term as it involves the

square of an infinitesimal quantity. In this sectiwe will frequently ignore terms with a product
of two or more infinitesimal quantities. Notice thhis means that the tail is emitted from
essentially the same point as if there were noleten.

In fact, threads emitted from an accelerating seet@arge are similar in almost all ways
to those emitted from a source moving at constalutcity. They are emitted isotropically in the
instantaneous rest frame of the source, just ag Wieesource travels at constant velocity. The
density of threads emitted is the same as for eohselocity. The one thing that is different —
and the difference is very important — is thattibgoes off at a different angle than the head.
While this seems rather insignificant, it meang tha thread grows in length and changes
direction as it travels away from the source. Téidiscussed in more detail in Lesson 10 of the
text. What we wish to find in this section is hoecaleration changes the direction of the tail
with respect to the head. Although the questionamiver are both quite simple, the
intermediate steps are rather complicated.

Before we continue, we find that it's useful tdide a “velocity thread” and an
“acceleration thread.” In Fig. C.3 we have modifiég C.1 for a source accelerating in the +
direction. The tail line for the constant veloaiiyse is labeled “original tail line.” As discussed
above, the tail line for the accelerating sourames off from poinfl, but at a different angle
than the head. It is labeled “tail line.” The thiteas always is the vector that joins the taihio t
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head. However, we can think of the thread as theautwo contributions. The first contribution
is the thread that we would have had if there vmeracceleration. This is called the “velocity
head,” as shown in the figure. The vector thatgdhre tail of the thread to the tail of the velgcit
thread is called the “acceleration thread.” Thiesents the additional contribution to the thread
(end hence to the electric field) produced by the&ce charge’s acceleration. The constant
velocity formulas we previously derived are valid the velocity thread. Now we only need to
add to that some new formulas for the acceleratioead.

Y
head line T,
- ration
original
tail line _
+—— tail line rt
+ ray linef’,
‘O
ST U

Figure C.3. The velocity and acceleration threads.

In other words, we can save ourselves a signifiaardunt of work by breaking the thread into
two components: the constant velocity componentthaedcceleration component.

C.7 Accderation Threads and Fields

In the text we discussed some of the qualitatspeats of what acceleration does to a
thread. As depicted in Fig. C.4, we can picture wrery rough, qualitative sense, the
acceleration vector as a force applied to theofdihe thread. We can view it as pulling the tail i
one direction or the other. Note in particularttiia thread is parallel to the direction of the
acceleration, the tail must come off in the sameatiion as the head.
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(a) M (d

Figure C.4. How acceleration affects the direcobthreads. The long, black
arrows indicate the head and tail directions. Tiektred arrow is the
acceleration direction. (a) There is no accelenaso the head and tail

directions are the same. (b) The acceleration thdidail to the left. (The

thread with no acceleration is shown in light grémmcomparison.) (c) The
acceleration pulls the tail to the right. (d) Tleeeleration leaves the tail direction

unchanged.

If the head of a given thread is emitted in adiom U, , the tail will be generally be
emitted in another direction, . SinceAct is small, the difference in these two directionssin
also be small. We may therefore wriig= U, + At . We know that the magnitude of each unit
vector is one, so

G, 0, = (04, +Ad)* = G, M, + 20, (AG +Ad [AG
1=1+20, [AG droppingthelast termasit verysmall. is small
=0, [AG=0

Al this says is that when we add a smail to G, , the length of the vector remains the same so
AU must be perpendicular i@, . Since addingAd changes the vector’s direction without
changing its length, we can describe this transébion as a rotation.

In particular, the process of accelerating a sounitially at rest can cause the talil
direction of every head to be different than thachdirection. However, the rotation that relates
the head and tail directions of one thread wilthesame as the rotation that relates the head and
tail directions of all other threads emitted asthame time. So in the frame where the source is

at rest when the head is emitted, the acceleraffectively adds a termid,to U, or
equivalently rotatesi, by a small amount. We write this as:
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&
~ | =R, A
uO uO
where

U, is a unit vector in the direction of the headhia head rest frame.
Uy is a unit vector in the direction of the tail ethead rest frame.

General rotations in three dimensions are realliegquomplicated. Our rotations,
however, involve only infinitesimal angles, so tleg much simpler. Let's begin with a general
rotation by an anglé about the z axis. The general form is:

cosd -sind O
R,, =|sind cosf O
0 0 1

For small anglegld, we know thasinA6 = A6 and cosAd = lignoring terms of ordefAd)>.
The rotation then becomes:

1 -A6 O
R,=|A0 1 0
o 0 1

A general rotation can be thought of as a rotatioout each of the, y, andz axes in sequence.
For infinitesimal rotations, unlike rotations ofd@ angles, the order of the rotations does not
matter. The rotation matrix becomes:

1 -s, s,
R,=| s, 1 s,
-s, s, 1

wheres,, s, ,ands, are infinitesimal rotation angles about thg, andz axes, respectively.

Now let’s apply this rotation matrix to an arbriyavector:

1 -s, s, ||la| |a+sa,-sa,| |a| |sa -sa,
Ra=ls, 1 -s/|a |=|a +s,a,-sa,|=|a,|+|s,a —-sa, |=a+sxa
-s, s, 1 |a] |a,+sa,-sa | |a, ]| |sa, —s,a,
SX
wheres =| s,
S
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Note how infinitesimal rotations are simply relatectross products. Also note the similarity of
this to the treatment of the field strength tenedsect. B.7.

For convenience, we can consider the infinitesim&tion matrix to be the sum of two
other matrices:

1 -s, s 1 00 0 -s, s

R;=| s, 1 -s(=/0 1 0|+ s, 0 -s/|=1+S,,

X

-s, S 1 0 0 1| |-s, s 0

X y X

S,a=3§x4.

wni

If we wish to rotate four-vectors, we have a v&ryilar rotation matrix, since rotations
do not affect the time-components of four-vectors:

1 0 0 0 1000 |0 O 0 0

R:O 1 -s, s :0100+O 0 -s, s S| 45
0Os, 1 -s||0010/|0 s O0 -s/| *
0 -s, s 1 0 00 1] |0 -s, s 0

Returning to the rest-frame rotation, we have:

Bt Myeh

= SxU, = Al,.

In the end, we wish to solve f@r, but first let’s do a little more math with the lemtz
transformations and the rotation. Let’s considgeaeral case where the thread’s direction four-
vector is in an arbitrary direction. We know if wiart with the direction vector for the head in
the lab frame, transform to the rest frame of tbad) divide by a normalization factidr, rotate
the direction four-vector in the rest frame to agudor the transformation from the rest frame of
the head to the rest frame of the tail, apply ahtz transformation back to the lab, normalize
the resultant vector once again, and finally rotagsunit vector in the lab frame, we end up
with the direction four-vector with which we stadtéVlathematically, we may write:

1 1 =, 1, =1
(C.18) {A%R'—,L(—ﬁ)R,—L(ﬁ){A}

u N N u
Just to belabor the point, let’'s go through thiscesss step by step:
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We know the Lorentz transformations, but we donow either of the rotations. What we really
want to know is the lab rotation matriX, . To find this, however, we must first know thetres

frame rotation matrixR, . Note thatR, just accounts for the transformation from the headst
frame to the tail's rest frame, and must depenst onlZandg’, not onii. As we mentioned

above, for given values gfand/', if we can findR, for any value ofi, we have found it for
all values ofl.

From Fig. C.1, we know that the head and ray laresrelated by the vector equation:
M= th+ T
Dividing by r, , we obtain:

=4+

ﬁlﬁl
-

h

Since the thread is along the direction of thelirs; we takeAS to be in this direction as well.

Let™ = ENB
rh
—_ r.I’
ARy,
=0=4+&0B
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To find the direction of the head in the rest fravhéhe head, we apply a Lorentz transformation
to the thread direction (see Sect. B.6.)

=1 _ y(l—[i’liﬁ) Y
L(ﬁ)M‘{a—wwﬁ(meGJ
l‘_j0

_G-B+kB(BD)
Uy yd- p)

~

Uo

We can rearrange this so it's in a more converimm:

17 1. .[1 o
L]J —NL(,B)LAJ where N = y(1- g1l)

As it turns out, we won't really need to evaludtebut it is important to know thaf is a fixed
number that we could find if we wanted. It is aiisgortant to note that althoughy itself is
infinitesimal, A is not.

Now we need to get back to the rotation matritfese let ( = 8+ AL, we know that
the head and tail directions are the sameRse | ,. Then Eqg. (C.18) becomes:

111 P R b ~

(C.19) {A}=—,L(—ﬁ)Rr—L(ﬁ){A} u=pg+{AB
uj N N u

We could put the elements in the matrices and plyléverything out, but the algebra involved

is horrific. (Yes, | tried it... several ways!) Bifitve’re clever, we can save ourselves this work.

First, let’s put all the operators on the left aiidhe numbers on the right:

comsoll L] L1

Remember that it's a special characteristic ofdfiio® vectors for threads (or photons or
anything traveling at the speed of light)) that $sipatial component is a unit vector and the time
component is 1. Normally we can’t divide a fourtgedy the time componentand expect the
spatial component to be a unit vector, as we davebBut since we can, we don'’t really need to
knowN andN ’in advance. We can just multiply the matricesand know thatNN' =U.
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- ~ 1
Let's defineM =L (-8")R,L(8). Then the spatial part dfl {A} mustbeparalleltod.
u

To evaluate this expression, let’s first write mleing in terms of infinitesimals:
M =|L(-B)+AL(-B)[(1. +S,)L(B)

Now, let's simplify this expression by keeping ofifye terms that have no more than one factor
of the infinitesimal matriceS andAL .

M =L(=A)I L(B)+L(-B)S,L(B)+AL(-P)I L (B)
=1, +L(-A)S,L(B) +AL(-B)L(B)

Let’s evaluate the matrix products explicitly:

c 0o 0 oo y  -vBe -VvB, -VB
o -s, s, ||-yB. 1+xE kBB, kBB,
SLB=lo s, 0 -s|-yB, KBS, 1+kB KBS,
0 -s, s, O |-yB KBB, KBS, 1+KkB
0 0 0 0
VB, Bs)  KBUBS,-BS) S +KB(BS,~B,S) S, +KB(B.S, - Bs.)
“VBS,-BS) S +KB(BS, -BS) KB, (BS,-BS) -5 kB (B, - B.S.)
V(B ~Bs,) —S, KB (B ~Bs,) S kB, (Bs ~Bs,) kBB, ~B.s,)
0 0 0 0
- _igy :ﬁgy ijgy ;ﬁgy +S, whereC =53
-yC, «p,C, /(,ByCZ KB,C,

:_ 0 aT +S
-yC kCB"|
L(-B)S, =[SIL(—B)]T=[-SrL(-Z>’)]T=‘[Lsc +K063T}+Sf] z[g —_Kyﬂ%}s:
= 0 _yéT +S
0 -«kpC"|

as (AB)" =BTAT, LT=L, S'=-S, (A+B)" =AT +B’
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L(—E)SIL(Z?){V o M_o~ 9~T}+L<—E)sr

+y8 1+xB8" ||-yC «CB
| -ve©  wBoF H9 —ye! }S
-yC-k(BIT)B «kCB" +k*(BIT)BB" | [0 -«kACT '
_ :VZ(,BEC)ﬂ i “‘VéT:KV(BEEQ),Bj B }S
-yC-«k/(BIC)B «CB" -k [C" +k*(BIT)BE" r

This can be simplified considerably by noting tiiC = {5 8) =0 by the dot-cross rule:

= T = O _yéT
C.20 - =
(C.20) L-B)SL(B) {_yé KéBT—KBéTPS'

Next, we need to findL (-8) . This is a bit complicated becausés a matrix, but the
process is really just differentiation. Using theguct rule on each componentlgfwe have:

ael Y A
HEA) Lﬁ* | +KBBT}
AL(=B) = Ay A3 + 0BT
NGB+ B AkBBT +KkABB™ + kBABT
But now we need to find\y andAx .

ay: 6 1 :_E _n2_ n2_ 2—3/2_ —
08, a,Ble_’sz_ﬂyz_ﬁzz 2(1 B =B, :Bz) (-2B,)=y’B,

_ oy oy oy
Ay=—20B, +—-NB, +——Af
4 o, " 9B, 7 B, °

Ay =y (BDB)
K= v

y+1
AK:Zy(y+1);y2Ay:y2+2’2/Ay: y(y+12)AyE/]Ay wherel Ey(y+12).

(y+) (y+1 (r+) (y+)
With that, we can write:
T e g
AyB+AB ADYBB +KABB + KBAB
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This is (maybe) easier to write as the sum of time&ices:

nT nT AT
aLl-g)=aft B | 0 BB JO 0T
B BB A0 0 AABT +A[B
Finally, we can find the second matrix producthia expression favl.

AL(—B)L(,B):AVF p }L(B)w{o e }L(B)w[o 0 }L(B)

B BB AB 0 0 AMG" +0pBB"
Ay{% fE’iMK e }sz[ g fﬁ*?f”f”zﬁl}

B ABE |- vekBB | BB BB + ABE + kA5 BE"

| Uy BT (-y+1+y-1) 2l el 2

Y ba-ap EET[—y+A+(y—1)AJ T
1y 0" _ o 1y 0" 1

=Ay| . e = (A - e sl-A=
L2810+ ﬁﬁT[-y(l-/l)J S ){Zﬁ/(wl) —JﬁﬁT/(Vﬂ)z}a (v+1?

_ qmq y2_> 61_} }
v 'B)LW[? -K*Bp"

y{o Aﬂ{ y - }_ {—y(/?m/?) ABTwET(BusB)}

A O ||-yB 1 +kBBT| 7| +yDB ~yDBB

:[ -V BDE) -y Aﬁj}
-yAB-kyB(BIB) -y*DBST
Bl e
0 BABT +DBB" || -8 | +KBBT
:/{ o 6T“ 44“}
—WBAB-Y(BB)S  BAB" +DBBT +kBABET + k(BIG) S

Now we’ll add these terms together:
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AL(—B)L(B):(BmB)[Z}Z(E _K?EBTH_V y(fA?ﬁ ) v _;fgéf e )}

0 0"
+'{— VB* DB - Y(BIB) B BABT +DBBT + k0B BB + k(B mB)BBT}
V(BIB) -y (BDB) yAB" + KB (BIDP)

2 (BIB)B+y’ OB -Kk°BB" (BIB) -y *ABB" +KkBABT
-kB°DAB-kBIB)B  +KABBT +K°BABET +Kk*(BIDB) BB |

_ ) Oq o }A,BT+KV(,BD},§’),BT o } askf? = y-1
YAB+kUBIB)B [-y +Kk+k(y-1)IABLT +KkBAST
:[ o mBTffﬂﬁ%BZBT} ask—y=—K
YAB+KY(BIMB)B kDB BT +KBAST y

Rewriting this result:

P 0 WB" +ky(BIB) B
C.21 AL (=4)L = - N, oo _
(€2 CALE) [VAWKV(ﬁmﬂ)ﬂ —KAﬂﬁ”KﬂAﬂT}

For sake of completeness, | add some proofs fasithenotes in the above derivation:

vyl _ry+?d)

K: = > 5
v+l B (r+3
KB =y-1
- 2 —2_2 — -
Ag2-1=0*D go g KY*2) po g (=D*2) ) yiHy-2-ymy. -2
(r+1 y(r+9 y(y+) y(y+1 y(y+)
1o =1 YW+ _pir2p+l-yi-2y 1
(y+D)° (y+D)? (v+D)°
K—-y= y2 _y:y2_y2_y: _y:—f
y+1 y+1 y+l1 y

No we go back to findiniyl.
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M =1, =AL(-B)L(B) +L(-B)S,L(B) =

o0 »ABngy(,B@ZfZZfT}+{ 0 “—yéT“}S
yAB+KBBDE)  -kMBE +KkBABT | |-yC kCB -kBCT| T
_| 0 BT+ BDABT -yCT | o
yDAB+KBBDB)-yC -kABE +KkBAET +kCET -k BCT| T
M:I4+S,+{ o J'5T+q/(£/(/3’m[3’q)f3ﬂ}

yD+KB(BDE)  -KD B +KfDT

whee D=AS-C=AB-5xf

Now let's multiply the direction four-vector by #hi

M[}}:.ﬁ+s{}}+ o W:Kﬂﬁ@mﬁ
u u u] |yD+kB(BDB) KD -kD S’ u
;1{ 0 }r y(D ) + k(B IDS)(B )

1G] [8x0]| |yD+k)yB(BIAB)+ kB (D ) - «D (5 )

=l .. {+y(|§ﬁﬁ) +#KK('BD}'B)(’BADH)# _ }=[L{} usingtheBAC minusCAB rule
[G-GxS+yD+KB(BIDS) +kGx(5xD)| [U

(i—-GxS+yD+KkB(BMS)+kix(SxD)
1+ y(D ) + k(S D) (B )

. U
(C.22) 0 =5 =

where;, is the direction of the tail in the lab addis the direction of the head in the lab. This
expression holds for an§; however in the special case thiat 5+ &AS, we know that

a, =0.

This gives us

(-Gx3+yD +KB(BIDP) + k0 x(SxD)

1+ y(D ) + ky(B [DB)(B )
G[L+ (D ) + ky(BDB)(B )] = G- (x5 +yD +KkyB(BDS) + k(% (BxD)
y(D )G+ k(BB (B = ~GxS+yD +kyB(BDS) +kix(BxD)
=-(x5+yD+k)B(BIAL) +« L(GD) - «kD((B)

u=
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—-(0x3+k(BIDL)[L - (BW)G]= (D W) (yi-«B) +[«k(GLB) - ¥]D rearrangigandregrouping
=(Dm)(yi-«B) -[(yi-«B) MWD  Gi=1

=Gx[(yl - kB)x D] BAC minusCAB rule
Gx[(yd - kB) x D] + (x5 = ky(BDB) B(4 M) - G( B )] ul=1
= k(BB [Gx (B 0)]

Gx[(yG-KB)x D +8] = x[(Bx kN BDE)0)]

Note that on each side of the equation we now hievesomething. We can’t simply equate the
expressions in square brackets, though we migterbpted to do so. But what we can do is say
that the expressions are the same except thatmadtha constant timé to one side or the
other. We can do this becaus& U = 0. Thus, ifk is an arbitrary constant:

(yG-kB)xD +5=(Bxky(BDB)G)+ki so
(x[(yl-«B)x D +8] = Gx[(Bxkp(BDB)G) + ki
= Ux[(yl-«B)x D +8] = Gx[(Bxkp(BDB)G)] + kix (= Ux[(Bx k(B DB)G)]

Having reduced this expression this far, we nowdrieesubstitutei = 8+ £AS and
D=AB-3x[

(i~ &B) %D +3 =[ Bx k(B D) + ki

(VB +&yDB~KkB)x (DB -5 B) +5=[kY(BIDB)B* (B +EDB)] +k(B+EDP)
[(y=K) B+EyDBI* (DB ~3% B) +5 = [kN(BIDB)Bx(B+EDB) +K(B+EDB)

GB : fyAB] x(DB-5xB)+S=[kBDB)Bx(B+EDB)+K(B+EDB) ask-y= —% (seeabove)

K (BxDB)~ K[ Bx (3% B)] - &V [AB* (3% B)] + )5

= &ky* (BIDB)(B*LB) +ky(B +EDB) asAxA=0
K (B*DB) - K[SB° - B(BE)] - &y [S(ABTH) - BOLE)] + )5

=&y  (BB)(B*AB) +ky(B+EAB)  BAC minusCAB rule
~3[kB° +&y2 (DABLB) - V1 = k(B* DB &y (BDB) ~1] - kB(B3) - &y° BB 3) +Ky(B + EAB)
~§[~1+ &y (ABLB)] = k(B AB)Ey* (BIDB) ~1] - kB(BB) - &y* BB ) +ky(B +EAP)
S[-1+&y* (ABLB)] = k(ABx B)[Ey* (BIDB) 1] + kB(B [5) + &y BIABE) —ky(B+ EAP)

At this point we note that the coefficients 6n the left andk(AS % B) on right are identical. If
the other three terms on the right were not theeseasily solve foS to give:

(C.23) S=k(ABx[).
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If that were true, then the terms of the right vebloé:

KB(BE) = k2B BIAAB* B)] =0 by thedot- crossrule
BB EE) = &y [IABOAL*B)] =0 by thedot- crossrule
—ky(B + EAB) =0if andonlyif k =0

Since we are at liberty to deequal to zero, we have foursthnd hence the rest-frame rotation
matrix R, .

Now that we have foun®&, , we can put this expression in Eq. (C.22) witladmitrary
value of the head directioito find the tail directioni, . But first, let us find an expression for

D:

D=AB-5xB=0B-Kk(DBx*B)x B =0B+KBx (LB p)
=AB+Kk\BB? - kB(B L) BAC minusCAB rule
=AB+(y-DAB-«kB(BDS) askB>=1-1
= ybB - KB(BDB)

g = 0-0xS+yD+xpB(BIE) +kGx(BxD)
‘ 1+ y(D ) + k(B DB)(B )
G = Q- 0x[k(8B> B)) +y*AB - ky B(B D) + KyB(B D) + kG (5% D)
f 1+ y*(AB ) - ky (B )8 DB) + k(B D) (S )
_G=Gx[k(ABx B)] + y° DB+ k(ix (B D)
1+ y*(AB )
_U+0Uxk(BxDB) + y*AB+ k% (B*D)
1+ (A4 )
_U+KkGx[Bx(AB+y DB~k B(BDB)] +y*AB
1+ y* (0B )
_ 0+KkGx[Bx(y+ DAL+ y*DB as Bx B =0
1+ y* (0B )
_U+y2ax(BxAB) +y*LB
1+ y* (LB )
_ U+’ [AB+0x(BXDPB)]
1+ 2 (I DR)

as k(y+1)=y?

30



We have really solved the problem at this pointvasknow what the tail direction is in

terms of the head direction; however, we still veblike to find the lab rotation matrix. We
know:

oesflH
BRANE

(oo J -

G —g2 0tV [BB+ax(BxDP) _ .
‘ 1+ (G D)
_ U+ [AB+0x(BxAB)] - G- y*(GDB)I
1+ y?(GAB)
_ yAUx(BxDP) +y*AB -y (GDB)A
1+ 2 (G AB)
_ yAUx(BxDP) + yax (BB x0)
1+ 2 (G DB)
_ yAUx[ABx (0 - B)]
1+ 2 (G DB)

BAC minusCAB

At this point we can make use of the relati@nr Ax)" =1+nAXx, a Taylor series
expansion valid for smal x, to simplify this expression.

G. =G = VZGX[ABX(G_B)]

‘ 1+ 2 (G D)

= Y2 Gx[ABx (G- B)] [1- y* (G DB)]
=y Gx[ABx (U~ B)]

As usual, we drop terms that are quadratic in itggimals.

We also know that this can be expressed in ternasrofation as:

0, -0 = 2ax[ABx (G- B]=§ x
(C.24) =§ =) ((-P)xLB
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As we described earlier, the magnitude of thismeist the rotation angle and its direction is
along the rotation axis.

Now we need to find the acceleration thread in teofrthe rotation angle. From Fig. C.3,
we see that the length of the acceleration thregast
(. =rAG=r1,A0.

The length of the head and tail lines are esséntia® same as we let the thread length go to
zero. That isy, A8 = (r, —Ar)AG =r, A8 if we drop the term that is quadratic in infirsii@als.

The magnitude of the rotation angle is the mageitoicthe S vector:
AB =s.

Now we want to find the direction of the accelevatthread. First we see from Fig. C.3 that the
distance from point to the head of the acceleration thread is the santke distance fromto
the tail of the thread. In the limit of the thrdaecoming very short, the direction of the thread

becomes perpendicular to the direction of the hiead Since § = y?(G - 8) xAB and
. =r, (G- /), we see thagis in the direction of, x@ . In Fig. C.3, the direction d§is into

the page. The direction of the acceleration thiedlden perpendicular té and perpendicular to
the head line as well. This suggests a cross ptasloperative here. By applying the right-hand
rule, we see that the thread direction, i S. Combining the expressions for the thread length

and direction, we have:

(C.25) L=y LT x(F xa)

We are finally in a position to calculate the #liecfield of the accelerating point charge.
Using Egs. (2.2) and (2.5) :
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= e - " N,g. r
E =— /v 0. F x(F xd p=—0%_h
a 50 y3 0'h (r ) 47Tecr03
— e ~ . _ Ny, r
E =— )¢ . f x(F xg)—2=-"
a goy3 0'h (r )47Tecr03

_ 0y Nyl 1y x(r, xa)
4B, C (r,1y)°
_ Qy Tx(r,xa)

= prey pe usingN,/, =c andr, = )p

using r, =r,f,

Rewriting this, we have:

(C.26) E - qS I7h X(l_;r xc_f)
4rE, P’

a

The total electric field is the sum of the constaglocity field we found earlier and the
acceleration field. But what about the magnetitdf@oduced by the accelerating charge? In the
constant velocity case we found in Sect. C.5 thetagnetic field was related to the electric
field by the expression:

B, ==B.xE, ==F, xE,.

S

5 =15 1
o o
But our derivation of these formulas assumed tmaelectric field was in the direction of the ray

line. With the acceleration electric field in a qoletely different direction, we have to rework
the problem. The method closely parallels thatexftS3.5:

1. We know the acceleration electric field from Eq.26). If a field particle in the lab
frame is at rest, the acceleration causes a fdrég & ¢, E, on the field particle.

2. We find the force four-vector in the lab frame ars# a Lorentz transformation to find
the force in the rest frame of the source.

3. We use Eq. (B.17) to find the electric field in ttest frame of the source frame and Eq.
(B.12) to find the acceleration of the source s fhrame. We then calculate the force due
to the electric field in the rest frame. The fodue to the magnetic field is the difference
between this force and the total force.

4. Knowing that the force of the magnetic fieldgsv, x B = g, B, xcB, we have some

information about the magnetic field.

5. We require the electric and magnetic fields to égendicular to obtain the rest of the
information necessary to determine the magnetid templetely.

6. We use Eq. (B.17) to transform the magnetic fieldioto the lab frame.

The algebra here is much more complicated tharofhaéct. 3.5, but the result is similar.
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A

1
B, =—r
Ch

a

xE,.

B. x E is valid for velocity fields, but not for acceléian fields.

Note that the expressiol = =
c

This then leads to the completely general resultife electric and magnetic fields of a
point particle:

General Equations for Fields

q, Fx(r xa)

— qs r;'
+E, =
2 ATE, 0°

! a_4m0 sp

m
11
m

+
3

(C.27)

A

f, xE

olr

B
where

p =1 1= B sin"y

C.8. Exact Treatment of the Fields of a Wirewith Constant Current

Let’s begin by taking a wire at tine¢=0. We take the net charge on any section of the
wire to be zero, ignoring a charge gradient thatnadly occurs on the surface of a wire with
resistance. We call the linear density of fixedateg@ chargesi-so that the density of positive
charge carriers iskt Let’s take the wire to go along tRkexis of a coordinate system. Taking a
slice of wire at an arbitrany, we have the situation depicted in Fig.C.5. (important that we
slice the wire att=0 and then determine the location of each slice wherthreads were
emitted. If we sliced the wire when the threadsenemitted, the slices would be taken at many
different times and we would have to use great tatthe slices didn’t overlap.)

:
\

pr i

Figure C.5 Geometry for a slice of the wire.

We assume that the velocity of the charge is cangtaime:
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The slice in Fig. 1 is taken at tinsg=0, but to calculate the fields, we need to know
where the moving charge was located when the teread/ing atP atct=0 were first emitted.
As before, we call this point S. Furthermore, wedhto know where the source is located at time
ct=0. This is pointJ.

P

SUV 3
B

Figure C.6 Successive positions of the source.

Note that the time the threads leave poifisjustct = -, . Also, let the vectorSandU be

the vectors from the origin to poirnsandU respectively. Now we can write expressions for all
the vectors in the system. We want to put evergtimrterms ofx andy.

U=S+8r =x

P=y

I =P-U=yW-x

r,=P-S=fr, +T,
= W+ (B, — X)X

We can find the magnitude @f:
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e =y +(Br, —X)°
=y?+x* =28 xt + B°r?
2 (1= B%) +2Bxn, ~17 =0

2
r—"2+2,6’xrh -r?=0
Yy

Iy +2By° xt, —y°r’ =0

_ =2By*x+ \/4,[32y"x2 +4y°r?
2

=—,By2xi\/,82y"x2+y2r,2

If =0, r, =r,

=1, = =By’ X+ ByX +1?
=—,8y2x+y\/,82y2x2+x2+y2
= =By x+ (B’ + D)X +y°

= =By x+ X2 +y?

Now we find an expression fpr

Iy

—

_ilh [+ 8, - [y -]
r.h IFh

- y2 +x* — BrX

= :

_ I+ Brx= B

= :

R0 B+ B
T

f
:_h2+ﬁx
4

_h +Bxy°
y2

WYXy
y2
_ ’y2X2 + y2

4

Yo,

usingtheexpressiorfor r,, above
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The electric velocity field of the moving chargehen:

_kAdxF _ ykAdx(yy - xX)

dEm - yzpa - (y2x2 + y2)3/2

The sum of the fields of the fixed charges andnio®ing charges in the slice is:

_ykAdx(yy- xx) kA dx(yy - xX)
oy bery?)”

We need to integrate along the enxir@xis.:

dE +dE =

+0o

[y
+o00 y B 2
J (y2x2 N yz)s_/z dx_7
" 1 2

Thus we see that everything reduces to zero. Siecmade no approximations in this

derivation, it tells us that the electric fieldatonstant-velocity particle beam is identicaliatt
of a stationary charge distribution having the sélaigoratory) charge density.

i [

C.9. Fields of aWirewith Increasing Current

Let's begin by taking a wire at tin@=0. We take the net charge on any section of the
wire to be zero, ignoring a charge gradient thanadly occurs on the surface of a wire with
resistance. We call the linear density of fixedateg@ chargesi-so that the density of positive
charge carriers iskt Let’s take the wire to go along thkexis of a coordinate system. Taking a
slice of wire at an arbitrany, we have the situation depicted in Fig. C.7.

:
\

pra i

Figure C.7 Geometry for a slice of the wire.
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We assume that the charge is uniformly accelagatitthe + Xdirection. We may then
write the source velocity as a function of time as

B(ct) = B, +act.

The slice in Fig. C.7 is taken at tiroe=0, but to calculate the fields, we need to know
where the moving charge was located when the teread/ing atP atct=0 were first emitted.
As before, we call this point S. Furthermore, wedht know where the source would have been

at timect=0 if there had been no acceleration. This is poOinEinally, we letV be the actual
position of the source at=0.

SUV 3
B

Figure C.8. Successive positions of the source.

Note that the time the threads leave poiiss justct = -, . Also, let the vectorsS, U, andV

be the vectors from the origin to poifgsJ, andV respectively. Now we can write expressions
for all the vectors in the system. We want to pgrgthing in terms ok andy.

V=X
P=y
V =S+ B(-r)r, +iar/
=S+ fyr, - 1ar?
U =S+ B(-r,)r,
=S+ By, —ar?
F,=P-S=r1, - A,
F,=P-U=r,-AF,
r,=P-V
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AF, =T, -T, =S-V =-f,r, +1ar?
=U

Ar,

Oql

|

1
—
S
)

—\/ =—177r2
V==3ar,

=

Since the drift velocity is very small, we knovatli, andr, are very nearly equal. Let’s

write:
r,=r, - Af,
= r? OrZ - 27, (AT,
. CAT,
r, (] ro[l — O—h]
r‘0
=r, — f, CAT,
Similarly,
r. Or, —f, CAY, .

R f, CAT,
:(ro—romrh—romr,)(Ho hj
=1, +F, (O, — f, (A, -, (A\F
=r, =, LA,

=T

r

Before we evaluate the electric field of the mgvamarges, we need to find one more
quantity:

Loi-pm
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The electric velocity field of the moving chargehen:

_kAdxF. _ kAdx(F, - AF)

dE = KdXT _
y2p3 3( fo mf‘; j:i
ol 1-
r‘0
o
r‘0 rO

LKA dx, (Hgfo mﬁ]_ kA dXAF,

r rS

The sum of the fields of the fixed charges andnio®ing charges in the slice is:

kA dxr, N kA dxr,

dE, +dE, =-
f r03 y2p3
kA dxr, (T [AT, | KAdXAT,
. S 3
0 0 0
3kAdxry ;. .\ KAAXAT,
= r_5 . (rO uMr ) - rg
0 0

We also note that:

Q
Oﬁ
Q
0
S
I
<
@D
-~
<
)
3
o)

J = 34 c:xro (7, o ) - kA d);AF,
r0 rO
=AM i)
= M;SX (3xy§/ +r7% - 3x2>“<)
0
kA N .
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To simplify this, we need to integrate along thére x axis. We see that the term
involving Y integrates to zero as the integrand is an odd ifumaof X evaluated over symmetric
limits (X = —o0 to +0).

E dx

Kla T oy?-2x?
=X 2‘7 _J;(X{+y2)33/2

We can let Maple evaluate the integral for us:

+o00 2

_L(XZ:IT)MdXZZ

+00 X2
- 2:[0de — —00

That result doesn’t look too promising. However,deeneed to remember that real wires aren’t
infinitely long. Let’s then assume that the wireegmnly from-L to +L. Then we can evaluate
the second integral:

]L Y22 ge= St i Leyli+y)
_L(x2 + y2) JL+y? y

One thing we note from this integral is that whetry, the integral becomes:

+L 2 _ 2
it L>>y, [ L2 dx 6—4|n(£j<o.
2 2
—L(X Ty ) y

This tells us that if the acceleration is in th& direction, the field is in the- X direction, and
vice-versa. Also we see thatyasicreases, the magnitude of the field decreaggsitmically.
Since logarithms change very slowly, we see thaethctric field drops off slowly as we move
away from the wire.

Now let’s place a square loop of wire near theenircarrying wire. We let the near edge
of the loop to be at a distange from the wire and the far edge of the loop to ba distancey,
from the wire. Also, we let the width of the loapliew. This is shown in Fig. C.9.
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E(y,) e

D A
E(yl) Y2
4—
Y1f
—_ I
di
dt

Figure C.9 Placing a wire loop near a wire withr@asing current.

Positive charge carriers in the loop will be pukteethe left by the electric field of the
wire. However, the charges at the bottom of theahe pushed with a greater force than those at
the top. The net result is that current will spoetausly flow around the loop in a clockwise
direction. The net voltage difference in going ard@a complete loop is:

AV = §Edl = E(y,)w-E(y,)w

Previously, we always concluded that the voltageiiad a closed loop was zero. We see that this
conclusion, while valid with electrostatics, is malid when charges accelerate. The fact that we
can induce a current to flow in a wire is a verpartant result that we will discuss in great

detail in Lesson 11.

As it turns out, we can actually calculate thitage difference in the limit that

becomes infinite.

AV = E(yz)W_ E(yl)W

L+ L +y> L+ L% +y?
:k/;awlim{ oL oL —4In[—y2J+4ln(—yl }}

\/L2+y§_\/L2+y12 Y2 Y1

L-oo

Ka . 6 6 L+L2+y] Y,
= Wll_ln;]o 2 B 2 +4In D 2 2
C \/1+y2 \/1+yl oo bl
12 E
2
1+ 1+ 0
=mw|Lim 6-6+4In g Y 2
Y1 1+ fl_l_ﬁ
L2

= ZkAawln(ﬁj
Y1
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This can be simplified by noting that current ie firoduct of the drift speed and the charge
density:

| =Av
dr =Jda=JAac?
dt
= 2kAa = Lzﬂ
4rE,c” dt
— Eoly ﬂ
27E, dt
_ K di
2 dt

This gives us:

av = 4o AU nl Y2
27T dt A

We'll return to this result again in Lesson 11.
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