Physics 123 — Catenary problem

A chain is hung from two poles as shown.
LetT,= T, T, = T+AT , ec.

W=mg

The equations of motion are:
T,sin, - T;sin6, -W=0
T,cos0, - T,cos0, =0

Let T,=T, T,=T+AT
0,-0, 0,-0+A8

Using the second equation,

T,cos0, - T,c0s0, =0
(T+AT)cos(6+A0) -Tcoso =0
(T+AT) (cosBcos(AB) -sinBsin(AB)) -Tcosb =0
(T+AT) (cosB -sin6 AB) -TcosO =0
TcosO+cosO AT -Tsin® AB - TcosB = 0
COSOAT -Tsn6 A6 =0
AT sno
atl 7 20v
A© coso

ﬂ =Ttan0O
do

We can use Maple to solve with the boundary condition that T(0)=T,. The angle 8=0 corresponds to the place
where the string is horizontal; that is, at the lowest point of the curve. Let us call this point (x,y)=(0,0).



>el:=diff(T(theta),theta)=T (theta)* tan(theta);

L P
eL=—-T(6) = T(6) tan(6)

> b1:=T(0)=TO;
bl := T(0) = TO
> dsolve([el,bl], T(theta));
__T0
)= cosf

So this equation gives us the tension as a function of the angle 6.

Now we ook at the y equation:
T,8in0, - T,sn6, =W
(T+AT)sSn(6+A0) -Tsin6 =Amg

(T+AT)(sinBcos(AB) +cosOsin(AB)) -Tsnb =pnAlg

(T+AT)(sinO +cosd AB) -Tsinb = pg Al
TsiN6+siNO AT + Tcos® AB - TsinB = ug Al
SNOAT +Tcosb AO =~ ugA!

SNOAT + 1C0s0
Ttan6

cos’0

SNOAT + 5 AT = ugA¢

(sin?0 + cos’0) AT = ugALsin®
AT = pgAy

dT
oy M

This can be solved to give:

AT=pgAl from the x equation

In the end, though, we want y as a function of x. We can manipulate these equations in combination with the result

that the dopeisjust tan6 = % Let us begin by equating the two expressionsfor T :
X

T=pgy+T,= e
T . coso

ol e )

cos0 = 0

Ty + MOy



Now we can express tan 0 in terms of cos 0:

dy _ tang - Y1~ cos’0

dx cos0O
dy _|_1 4
dx cos’0

dy | (To+hay)® |

dx T02

We now put thisinto MAPLE with the boundary condition that y(0)=0.

See the Maple Worksheet http:webs.byu.edu/rees/123/main/maple.pdf for details.



Physics 123 — The Wave Equation

Assume a string of linear mass density W is stretched
between two poles. A waveis then produced on the
string.

1. We assume that the weight is negligible.

2. We assume that the amplitude of the wave is small, @
issmall. This means 1
sin(6) =0
cos(0) =1 T1
sn(6+A0)=0+A0
cos(6+AB) =1

4. We assume that the string can not move horizontally, so

(T+AT)cos(6+A0)-Tcosd =0
(T+AT)-Tcosb =0
AT=0

Thus, the tension in the string is essentially constant.
5. Sinced/ = dx, the mass of the string segment is approximately dm = p dx.
6. The equation of motion for the vertical direction gives:
(T+dT)sin(6+d6)-Tsinob = dmay
T(6+d6)-To~dma,

2
Tdo = udxﬂ
ot?
2
T@ = uﬂ
dx at?

7. We now express § in terms of the other variables: 8 = tan6 = 9%y dy
B )

8. The expression in equation 6 becomes:

2

146 _ 9y
dx ot?

Py _poy

ox? Tot?

u



Physics 123 — The Wave Equations for Sound

AX

Let ustake a small box of air located, when no sound wave is present (at equilibrium), a a
position x. The thickness of the box is Ax. When a sound pulse travels through, the box is
displaced and the pressure varies. If the pressure increases, the volume of the box will decrease.
We will call the displacement from equilibrium z, and the change in thickness of the box 4z Thus:

=N
Z AxX+AzZ

(Note that we expect to show that z(xt) = Bsin(kxtwt +¢). Although thisis what we expect to
demonstrate, it may help you visuaize the difference in the variables x and z.)

Let us call the cross-sectional area of the box A. The volume of the box is then just A Ax initially.
We can then write the change in volume as:

AV =V.-V, = A(Ax+Az) - A Ax=AAZ
In the end, we want to change the variable 4z to Ax. To do this we make use of the “gradient.”
_ 0z

Az=—""AX
oxX
AV =AAz=A9ZAx-vIZ
oX oX

We now wish to find the relationship between pressure and volume. To do this we need two new



definitions:

1) Acoustic pressure, p,, is the difference between the pressure and atmospheric pressure.
Thus p, =Ap =p-pP,,,

2) Bulk modulus, K, isthe ration of the change in pressure to the fractional change in the
volumeof agas.K = - ﬁ?\/.The minus sign indicates that the volume decreases as the pressure
increases, so that K is positive.

Using these definitions, we have:

Ap-p,--KAY _ k9%

V oX

Now we need to apply Newton's Laws to the block of air. We recall that the force on either side
of the block is the pressure multiplied by the area. Thus

the free body diagram is shown to the right. This gives:
P A (P, +A p) <A
Foe = ~AAp, =ma.

net B

9Py Ax aong with the definition of acceleration and the
X

We may usetheidentity A p, =

definition of mass density p = m/ V to obtain:

9 2
AP Ay pAAx 2
oX ot?

ap, 3z

_ - p 92

oX ot?

2 2

KQ =p a_z

X2 ot?

Fz_p Fz

oxt K at?

Thus we have awave equation for the displacement of the box of air. The velocity of the wave is
just

V = B

K
We could alternatively have found an equation in terms of pressure:



op, &z

ox pﬁ
?p, & oz
ox2 _pﬁa
P, R P,
ox2 pﬁ K

’p, _p P,

ox? K ot?

Thus pressure satisfies a similar wave equation to displacement. Sound waves can therefore be
considered as either pressure or displacement waves.

Finaly, we can consider the wave passing through the air to be an adiabatic process. This leads to
a useful expression for the velocity of sound in agas.

pVY=C
p=cV”
ﬂ=—yCV’Y’1
dv
dv. P,
dp=p. = yp—v =y_2
P =P YIOV T
K=vp




Algebraic Addition of Sine Functions

We wish to add two sine functions of the form
y, =Bsin(a+b), and y,=Csn(a+c).

We can do this either algebraically or geometrically. We will use both methods extensively, so you should
become familiar with them.

First we do the algebraic method.
y, =Bsin(a+b), y,=Csin(a+c)
y, = B (sinacosb +sinb cosa), y,=C (sina cosc +sinc cosay))
Yy, +Y, = sina(Bcosb + Ccosc) +cosa(Bsinb +Csinc) Eq(2)

We can simplify thiswith alittletrick.

Let D?=(Bcosb +Ccosc)?+(Bsinb +Csinc)?
= B? (cos’b +sin?b) + C? (cos’c +sin?c) + 2BC(cosb cosc +sinb sinc)
=B2+C2+2BCcos(b-c)
If thisistrue, then we note that
(Bcosb+Ccosc)®  (Bsnb+Csinc)> _D? _
D? D? D?

Because of this relationship, we can make the following trigonometric substitution:

Bcosbl;Ccosc’ sind = Bsmbl;Csmc_

cosd =

We can now put thisin Eq(1) to simplify it.
Yy, +Y, = sina(Bcosb + Ccosc) +cosa(Bsinb +Csinc)
= Dsinacosd + Dcosa sind Eq(2)
=Dsn(a+d)
where, as we have shown above:
Bsinb +Csinc
Bcosb + Ccosc

D2=B2+C2+2BCcos(b-c), tand =



Geometric Addition of Sine Functions

We showed that if we add the two waves

y, =Bsin(a+b), and y,=Csn(a+c),
theresult is (Eq(1) and Eq(2)):
Yy, +Y, = sina(Bcosb + Ccosc) +cosa(Bsinb +Csinc)
= Dsinacosd + Dcosasind

We see that these expressions are equal if

D cosd = Bcosb + Ccosc
D sind =Bsnb+Csnc

Note that this|ooks like adding components of vectors! So let’ s make these into vectors:

Note then that

D -B+C, D =B+C, D2=D}+D} d-
x - Py tly, y y+ y? - * A tand =

X
DX
The vectors are called “phasors.” Note the following characteristics of phasors:
® A phasor isnot a“drawing” of the wave. The direction is not the direction the wave travels. It isan
abstract way to represent the amplitude and phase of a wave.
® The magnitude of a phasor isthe amplitude of the wave.
® The angle of aphasor is determined by the phase of the wave.
® The part of the phase ais common to all the waves. It does not affect the phasor.
® The angle of the phasor iswhatever is|eft over from the overall phase after subtracting off the common
term a.

Some exampl es of how to choose phase angles may be helpful:

1) Toadd y, = Asin(kx - wt) and y, = B sin(kx - wt + ¢), choose a = kx — wt, so the phasors have angles 0 and
Q.

2) Toadd y, = Asin(kx — wt) and y, = B sin(kx + wt), choose a = kx, so the phasors have angles —wt and +wt.
(Note ast increases, the phasor of waves traveling to the right rotate clockwise and waves traveling | eft rotate
counterclockwise.)

3) Toadd y;, = Asin(kr, - wt + ¢) and y, = B sin(kr, - wt + ¢) where the waves are in three dimensions and the
positionsr, and r, are measured from different sourcesto afixed point P in space, choosea = — wt + ¢, so the
phasors have angles kr, and kr,.

4) One can always choose a = 0, so the phase angles are the overall phases of the waves.



