Homework 5-1

1. Write the following equations in matrix form:

3x+52-7 305 x
@ 4y+2z=5 04 2| y|-=
3x+2y+2z=0 32 2| 0
g x+2y+3z-1 12 3| x
®  4x+5y+62-2 456 y|-
7x+8y+9z=3
78 9\ z

2. The “transpose” operation changes a column vector to arow vector and visa-vera.

@Find [(1 23 4 5)] [(12345)7]'=(123 45)

(b) Find 305)|" 305|" (303
042 047 -|04a2
322 326 576

2. Find the dot product of the following vectors:

1 2 2
A=| 5], B=|0 A-B=ATB=(157) 0]|=30
7 4 4
3. Calculate the following matrix products:
101 123 325
@ 010[/|321 1321
200 202 246
10 0](123 1 2 3
(b) 0 01||456 =l 7 8 9
0-10/{7809 4 -5 -6
4. Construct a matrix which does amirror reflection in the z direction.
100
M,=] 01 0
00 -1
5. Show that the matrix you found in Problem 4 isits own
inverse. 100 100 100
MM, =101 0 01 0f=]J]010
00 -1){l00 -1 001



6. Find a matrix which rotates a three-dimensional vector by +90°around the z axis.

We know that such a rotation will leave the z coordinate of a vector unchanged, it will make the original
X component the new y component, and it will make —1 x the original y component the new x component. Thus:

010 0 10]|(x y
R,,=| -1 0 0}, R,r=| -1 00||[y|=] X
0 01 0 01 Z Z

7. A general rotation about the z axis by an angle 8 can be shown to be:

cos® -snb O
R,,0) =] sin@ cosH O .
0 0 1

Show what this matrix operation doesto an arbitrary vector r. Does this result seem correct?

cos® -sind O || x xcosd -ysing
R,,0)r=| snd cos® Of| y| =] ycosH+xsing |.
0 0 1 z z

8. Show that the inverse of the matrix given in Problem 7 isjust arotation about the z axis of —.

Note that cos(—#)=cos 8 and sin(-8)=—sin 4. Then:
cosd -sind O cosd snb O
R,,O)R,(-0)=| sn6 cosH O -sn® cosb O =
0 0 1 0 0 1
c0s0 +sin?0 cosd sinf -cosHsind 0 100

cosh Sinf - cosh sind cos?0 +sin%0 0|=010
0 0 1 001

9. Find the matrix which gives aboost in they direction.

1 000
Wic 100

“1 0 010
0 001

10. (Optional) Find aboost in a direction of 45°from the x axistoward they axis. Use rotation matrices.

We need to rotate about the z axis by 45 °. The matrix for thisis givenin Problem 7 to be:

o

=l

R,,(45°) =

o

° Tal~ Tl
|-

o
=



However, we need to recast this into four-dimensional space. Snce the rotation does nothing to the time
component, we have:

10 0 O
o L .1, y20 0 0
. V2 2 1] 01-10
ol 1 4| y2|l0110
V2 2 000 2
00 0 1
According to Section 1-6, we have:
Y20 0 0 1 000)[y2 0 00O
1/ 01 -10]|| vic100||]0 110
B-RB R'==
2l 011 0 0 010(| 0 -110
0 00 2 0 001)lo o0o0y2
V20 0 0 V2 0 00
1/ 01 -1 0| ~2vWc 110
2] 011 0 0 110
0002/ 0o o0 0y2
1 000
2 000
-~V 100
1| Vvic200| | y2c
2| ~vic 0 2 0 vV 910
0 002 V2c
0 001




Homework 5-2

1. On the grid by doing the following: provided, draw the trajectory for a particle initially traveling horizontally in
agravitational field. Use the non-reativistic energy-momentum vector as the propagator. Plot only thex and y
directions on the graph.

Follow these instructions:

a. The particle starts at the position indicated.

b. The x component of the propagator is 5 unitsin length. There is no x component of force, so the x

component of the propagator remains constant.
¢. They component of the propagator isinitialy zero. They
component of the forceis constant, so the change in they
component of the propagator remains constant. (We take this
to be one unit downward with each step. See (€) below.)
d. Draw the (new) propagator from the current position.
e. Draw the force as a vector going downward by one unit.
f. Draw the new propagator as the vector sum of the old
propagator and the force.
g. Determine the new position of the particle. Choose thisto be
1/5 of the way along the propagator. (This number is arbitrary,
but it should be small. The choice of 1/5 works well here. Why?)
h. Repeat (€)—g) aslong as you can.




2. Now, let’ sthink about what Problem 1 means. Keep in mind the following relationships for non-relativistic
propagation:

W me? E, 0
X mv,Cc p.C F,
o X = E= = AE= ¢E
X'=x+eE y mv,c p,C F, 0
7 mv,c/) \pc F,

Let unit on the graph of Problem 1 to be 1 meter for distancesand 1 Jfor pc. Alsolet c = 1 m/s.
Find the following quantities (be sure to include units):

ace ¢ isthe fraction of E we add to x to get xZ Hencee = 1/ 5 m/J.
Note that E has units of J and x has units of m.

b.pp, pc=5J, s0p,=5kgmnms.
c.E, Hint: use 4p,c = 1 J. (Where does this come from?) Also remember E, = mc?.

E
1J=Ap,c=FgE,=mgeE, = — ¢gE,
C

2
E2-1J%
eg
E,-0.714 J

d. Act, the step sizein the time dimension.

Note that Ar = gp, soAct = ¢ E; = 0.143 m.
e. What is the mass of the particle?

E, =mc? som= 0.714 kg.

f. What istheinitial velocity of the particle?

Py

p,c=mv,c=5, v, =—==7.00 m/s.
m

X
g. Estimate the final velocity of the particle (the last one you are able to determine.)

The final value of pc is about 16 squares = 16 J. Therefore

p;c =mv,c =16 J, v, = E =225 m/s.
m



3. If the time dimension were to go back into the page, describe the appearance of the world line off the particle of
Problem 1 (still taking the problem to be non-relativistic).

Each time step isAw = ¢E,;, which remains constant. This means that each successive point would be an
equal distance behind the previous point in the time dimension. If the scale for wisthe same as for x and y, there
would be about seven data points per unit displacement in w.

4. If the motion of the particle in Problem 1 were relativistic. For sake of precision, let theinitial values be: y =3, the x
component of the propagator 5 units to theright, and the change in the y component of the propagator 1 unit down.
How would the propagator differ from the non-relativistic case? How would the world line differ?

Each component of the propagator would be y times the corresponding non-relativistic result. To begin with,
the propagator would be just the same, though. Asthe particle accelerates and the velocity increases, the mass would
increase, causing the time step and spatial steps to constantly grow longer compared to the non-relativistic case.

Each component of the propagator would be y times the corresponding non-relativistic result. To begin with,
the propagator would be just the same, though. Asthe particle accelerates and the velocity increases, the mass would
increase, causing the time step and spatial steps to constantly grow longer compared to the non-relativistic case.



Homework 5-3

1. Therest energy of an eectron is0.511 MeV. What is the momentum of an e ectron traveling at 1% of the speed of
light? At 99% of the speed of light? How does this compare to the non-relativistic results? Y ou can express your
answer in units of MeV/c.

Non-relativistically p=mv=mpgc=Ey8/c Hence the momenta are 5.11 keV/c and 0.506 MeV/c.

Relativistically p=myv=mypc=Eyyp/c Hence the momenta are 5.11 keV/c and 3.59 MeV/c.

2. What is the kinetic energy and the total energy of the e ectrons described in Problem 1? Compute the kinetic

energies both relativistically and non-rdativistically.

Relativistically E=E,y. Thisis 0.511 MeV and 3.62 MeV.
K=E-E,=25.6 €V and 3.11 MeV.

Non-relativistically K = Yamv2= Yampc? = YE 82 = 25.6 MeV/c and 0.250 MeV/c.

3. The maximum speed of amoving particleisc. Is there a maximum kinetic energy? Briefly explain.

No, there is no maximum kinetic energy because as v approaches c, y becomesinfinite. Note K = E; (y-1).

4. (a) If the momentum of a particle doubles, by how much does its speed change?

P,C =2p,C, Eo By, =2, Byvy

BZ
B3Y; = 4B1v3, n 2 - 4ply;
P2
Bs - 4By -ABoBly. B (1+4Bly;) - 4BiY;
2 2 2
B2 _ 4851 B2 _ 4p;
Coreapyr 7 L1 e
1M1 = +4f]
Y1
2 2
B2 4p; B2 4p;
A 2
1-B;+4p; 1+3p;
p, -2
2

(1+3;

Note that when the speed is small, the speed essentially double. However, as the speed approaches c, the vel ocity
remains the same.

1
c=E =2E.B,————
(b) If the speed of a particle doubles, by how P2C = Eoba7, = 2E,P, 1-ap
much how does its momentum change? 1

1- 2

P2C = 2B, v, P >

1-48;

1-p?

p,c =2p,C 5
1-4p;



Note that the denominator blows up if the speed of the particle is half the speed of light. That is, the velocity can
double only if the particleis traveling dower than half the speed of light. Near this value, the momentum gets very
large.

(c) If the speed of a particle doubles, by how much how does its total energy change?

1
E=Er.= K -
1-4p]
1-p2
B, =Em 2
1-48;
1- 2
E,=E P >
1-4p]

When the velocity is small, the total energy only changes a small amount because it is dominated by the rest energy.

(d) If the speed of a particle doubles, by how much how does its kinetic energy change? (Note that non-relativistically,
its kinetic energy becomes four timeslarger.)

(r.-1)
K,=E,(y,-1) =E,(y,-1
2= Eo(v,-1) = Ey(v,-1) D)
1 1
1-4p2
K, =K, 37
1 1
1-82

When the velocity is small, we may use a Taylor series to approximate the square roots:
o (1-4B) -1
1 2\ 15
(1-B}) *-1
1+2p7-1
1 2
1+%2B7-1

K, = 4K

K, =

1

5. A 250.0 MeV proton (e.g., a proton with akinetic energy of 250.0 MeV) strikes a carbon nucleus at rest. The
proton is detected with a kinetic energy of 235.0 MeV. At what angles with respect to the incident proton’s direction
do the two particles emerge? Therest energy of a proton is 938.28 MeV and the rest energy of the carbon nucleusis
11174.8 MeV. Hint: Use conservation of each component of the energy-momentum four vector. Assume that the
incident proton movesin the z direction and after the collision, the protons emerge in the x-z plane.

/ /
EP EOc E p E ¢
0 1o p’,csing, . p’.csing,
0 0 0 0

PyC 0 p’,ccosd, | | p’.ccoso,



Sarting with the energy equation:
E,+Eqg = E/p+E/c
K, = K/p+K/C
K’ = Kp—K/p =15.0 MeV

Thisallows us to find the total energies and momenta:

E=K+E, E2=p2c2+E]
E,-11883 MeV,  p =729.1 MeV/c
E' -11733 MeV,  p’/ -7044 MeV/c
E’.=11180.8 MeV,  p,=579.2 MeV/c

Now we may apply the momentum equations:
O:p/pcsin9p+p/ccsin9C ppc:p/pccosep+p/cccoseC
p'.csnd = -p’ csing, p’.ccosh, =p,c-p’ ccosh,
pc?=p~Zc?sin,+p”c?cos’6, = p’sc?sin6 +(p,c-p’ ccosh, )
p’ic?=p~Zcisin®e, + ppzcz—prp/pczcosep+p/f)(:2(:o'529p
pZc?=pZc?+plc2-2pp’ c2cosh,
phpp%

/
20,P 7,

cosep

Thisleadsto 6, = 47.6 %, and 6, = —64.0 °.



Homework 54

1. Write down the boost that takes four vectors from a frame Sto a frame S'moving at velocityv = B¢y with respect to
S.

y 0 By O

A 0 1.0 O
L(Bcy) = By 0 4 0
0 0 0 1

2. Write down the inverse of the matrix you found for Problem 1. Show explicitly that this matrix istheinverse.

y OBy O
L~ (Bcy) =L (-Bcy) ° 09
cy) =L(-Bcy) =

By 0 v O

0 001
vy 0 -By O vy 0By O Y?(1-p% O 0 0 1000
0 1 0 O 010 0] 0 1 0 of (0100
By 0O v OBy Oy O 0 0 y?*(1-p%) O 0010
0 0 0 1 0 001 0 0 0 1 0001

3. (Thisproblem hasalot of algebra. It isimportant to know how to do the Ey
0

algebra, but if you understand the algebra, | don’t mind if you trust parts of

my solution rather than working through the details. Be sure you understand 1 E.By V2

. =0
theideas, though.) . /2 ) E B
A particletravelsin frame Swith identical velocitiesin thex andy 1 E,By \/E B
0

directions and with zero velocity in the z direction. V2

Find the following matrices:

(a) Find aboogt, L, that in one step brings the particletoitsrest frame, S”. (Use Eq. 4-3. You can just write it down
by ingpection.)

1 1
y —By —Br O
2R
1 y+1 v-1
— By — 0
L = \/i 2 2
1 v-1 v+1
- y- 0
ﬁﬁv > >
0 0 0 1

(b) Find aboost, L,, in they direction that brings the y component of the velocity to zero in the S' frame. Expressthe
matrix in terms of B, and y,, then evaluate B, and y,.



0O 1 0 O
,=
By, 0 v, O
0O 0 0 1
To find the boost parameters:
Yy 0 _ByYy 0 ﬁ Yyﬁ_ByYyB EOYX
0O 1 0 O E B :E B _ BB, v,
By, 0wy 0L 2 B V2| By2ey,B 0
0O 0 0 1 0 0 0

We write the last vector because we know that the resultant vector must have this general formwith the y component
of velocity zero. We'll find B, and y, later.

Thethird line gives: B, = B/y/2, and in turn,
1 1

v, = = .
TR TR

(c) Find aboost, L,, in the x direction that brings the particleto itsrest frame, S”. Express the matrix in terms of B,
and v,, then evaluate B, and vy,

First, we turn to the matrix equation above. From the first line, we have

v (02 BB = V2(1-%) =yy1-%ep* = L

1
V2 V2 132 Yy

And from the second line,

1 1
Buvx ﬁﬁ% By \EBYy



The matrix is a simple boost in the x direction:

Y« B, 00
L - _BXYX Tx 00
<=

0 0O 10

0 0 01

(d) Find the product of the boosts L, L,. Note that thisis not thesame as L. It is convenient to express your answer in
termsof B, y, and y,.

Y By 00| v, 0 By O Ty B 1By, O
I B R | I 1B T BBnay O
o o 10| BrO0 v O By, O v, O
o o o1){L o 0o o0 1 0 0 0o 1

Substituting the values we have above,

Y —By —By O

Z 2

1 Y 1 2
—Byy, — Py O

L,L,=| ¥2 vy 2
1

— B 0 Y 0

\/i y y
0 0 0 1

(e) (Optional) We can define a rotation matrix about the z axis with arotation angle 6 by

1 0 0 O

0 cos® -snb O +1 -1
RZ: ) , C@:M, gnezm

0 snd cos®H O 2y 2y

0 O 0 1

Showthat L =R, L, L y- (That is, the successive boosts are equivalent to a pure boost followed by arotation.)
Two identities may simplify your algebra. Proofs follow:

2 _ _ 2
Y 1:1_1:1_(1_[32):[32: (Y 1)(Y+1) Y +1:1+i:1+(1_B2):2_B2:2(1_%B2):£
2 2 2 2 2 2
Y Y Y Y Y Yy
1 1
1 0 0 0 Y — By ——Bry
V2. 2
Y,(r+1)  7r,(y-1)
0 - 0 1 Y 1 2
2y 2y —Byy, —  SPBYy O
R,L L, = V2 Yy o 2
Y,(r-1) v,(y+1)
0 0 1
2y 2y _EBYy 0 Yy 0
0o o0 0 1




1

1

Y — By -— By 0
V2 V2
Y,(r+1) 1 7, (v -1) v,(vy+1) 1 v,(v+1)  y,(vy-1)
e+ Py, 12 = BPyy, —y, 0
2y ﬁ 2y Yy 2y 2 2y 2y
1,(r-1) 1 7, (v +1) v,(v-1) 1 v,(v-1)  y,(y+1)
y Y __BYy Y l Y _BZYYy Y +Yy Y
2y V2 2y Y, 2y 2 2y 2y
0 0 0 1
1 1
Y — By -— By 0
V2 V2
2
1, 7 1 1 -1
_ﬁﬁYZ_yz(Yz+1) Sr+1) ZY§B2(7+1)—Y§(YZ—Y) 0
= Y
2
1, 7 1 1 1
Ay ey oy L2 oo
\/i 272 2 4 2y
0 0 0 1
1 1
Y — By -—— By 0
V2 V2
2
1, % 1 -1 1)? -1
Ly Iy ¥ (v )(Z+ ) _YS(Y ) o
|2y 2 4y 2y
2
1 B.Yﬂ 1 (y-1) ,YS (y+1) ('Y‘]-)2 +Y32/(Y+1) 0
2y 2 a7 21
0 0 0 1
1 1
Y — By -— By 0
V2 V2
1 1 2(y-1) | (y+1)?
—By Z(v+1) Y—[——l 0
= V2 2 Y2y 2y
1 1 2(y+1) ('Y—l)2
—By Z(v-1) Y—[7+1 0
2 2 Y2y 2y
0 0 0 1
1 1 1 1
-— By — By 0 Y — By —By
V2 V2 2 2
1 2(y-1) y*+1 1 y+1  y-1
S+l y~5—-— 0 — By —
2 Y2 o2 - 2 2 2
Y
1 2(y+1)y2+1 _1 y-1  y+1
Z(v-1 )y +2 By
> 2 /2 > >
0 0 1 0 0 0




Homework 5-5

1. A proton strikes a carbon nucleus at rest. Theinitial kinetic energy of the proton is K. Assume the rest masses of the
proton, E,,, and carbon, E, are known.

(@) Find expressions for the following quantities for the proton before the collision in terms of K and Eq,.

Total energy, E,

Yo

By

b

(b) Find a vector that represents the energy-momentum of the system prior to the collision. In this and succeeding
parts of the problem, you may leave your answersin terms of any quantity that has been found in terms of the givens.
Assume that the proton movesin the z direction.

E Ep =
0
E = =
0 0
p;c p;c

( ¢) Find the Lorentz transformations that takes the four-vector of part (b) to the inertial frame in which the total
momentum is zero.

E'-LE
y 00 -By)| E YE -Byp,c w
0 10 O 0o 0 o
0 01 O 0| 0 1o
By 00 vy p,c Yp;,c-BYE 0

W isthe total energy in the zero momentum (center of mass) frame. To find g and y:

Yp;c-BYE =0
_pe
E
V- 1 _ E/’
pizc2 Eiz—pizc2
1_
E’
Ei
'Y =



(d) Find the total energy of the system in the zero momentum frame, W, and show that the Lorentz transformation can
be written

E. p.c W:'YEi_BypiC

— 00 -—— 2 2

w w ) E b c? E

0 0 0 E-2—p-202 W’ W
1 I

_pic E, 72722

L &0

W:inz_piZCZ

(e) Boost each of theinitial energy-momentum four-vectorsinto the zero momentum frame in order to find the total
energy and momentum the proton and the carbon in this frame.

E/, E 0 0 -pc| E, EE,-p’c? E.E,-p’c?
0| 1/ 0 wo o 0| 1 0 1 0
o| w| o ow o 0| w 0 w 0
p/pC -pc 0 0 E p,C pc(E -E) p;CEy.
E’. E. 0 0 -pc|E, E.E,.
0| 1/ 0 wo o0 ol 1 0
o| W/ o ow o0 ol w 0
p/cc -pc 0 0 E 0 -p;CcEy

(f) If an dastic collision occurs, then the total energy-momentum of the system is the same before and after the
collision. In the zero-momentum system, the energy-momentum four vectors of the particles (the proton and carbon
nucleus) after the collision can be found very easily. Describe in words what happens when e astic scattering occursin
the zero-momentum frame.

The energy of each particle remains the same before and after the collision. This means that the magnitude of the
momentum of each particle must also be the same before and after the collision. In order for the total momentum to
be conserved, the two particles must go off back to back so that the momentum remains zero. Thus, each particle
changes direction, but nothing else changesin the collision process.

(g) Assume that the scattering angle of the proton is @ in the zero-momentum frame. Find the scattering anglein the
original lab frame. The scattering angle is measured as the angle between the original direction of the proton (the z
direction) and the scattering direction. For simplicity, assume that the proton remainsin the x-z plane after the
collision. Let a~ represent the lab quantities after the collision.

ENp Ei 0 0 +piC E/p EiE/p+pip/pC2CO$
p,csing, 1| 0 wo o0 p’,csind 1 Wp' csing
0 W| 0o ow o 0 W 0
p,ccost, e 0 0 K p’,ccosd pCE’,+E p’ ccos
sinG, p_csinod Wp’ csin
tang, = L - E)p - - /p - ;
cosh  p,ccosb  pcE p T Eip’,ccosh



2. A proton istraveling in the +z direction at a speed of 1.30x10° m/s as measured by an observer in S. Find its
velocity in aframe moving at a speed of 2.40x10® m/sin the +z direction with respect to S. Do the problem in terms of
energy-momentum four-vectors.

Thistime, we need only to do a simple boost into the S’ frame:

p y 00 -By Ep YEp_BYppC
o[ | 0100 ol 0
ol | o 01 0 0| 0
p',c By 00 v P,C YP,C-BYE,
/
oC _YP,C-BYE,

B’ =

E’,  YE,-Brp,c
YRy —BYY,
YYpBYByY,
B = By -
1-BB,
B - 1.30/3.00-2.40/300 o5

~ 1-(1.30/3.00)(2.40/3.00)
v/ =1.68x108m/s

3. If an object is receding from the earth at half the speed of light, at what wavelength would an astronomer view light
emitted at a wavelength of 400 nm?

Let the rest frame of the astronomical object be S. In this frame we know the wavelength and we know that
E=hf=hc/A. Let the earth, S’, move in the +z direction with respect to S. Light from the object reaching the earth is
also moving in the +z direction. Hence:

E’ vy 00 -By)(E YyE-BYE
of | 0100 o 0
ol | o o1 o 0| 0
E’ By 00 vy E YE-BYE
hf’ = hfy(1-B)
C C
= - Sa(1-
v V(1B
Mo M 4000M 605 nm

“Y(1-B) L15x05

This means that light emitted at the very blue end of the visible spectrum is seen at the very red end of the spectrum.



Homework 5-6

1. A bus 10.0 m long travels at 2.8x10® m/s. It passes through a garage with doors on the front and back. The garage
i$8.00 m long.

(a) Can both doors of the garage be closed at the same time with the bus inside? Answer this from the perspective of a
person in the garage and from a person on the bus. (Assume, of course, that you can open and close the doors very
fast.) Isthis contradictory?

£ =0.933and y = 2.79. To an observer in the garage, the bus appearsto be only 3.58 mlong and the bus
can fit easily in the garage. To an observer on the bus, the garage appears to be only 2.87 mlong, so the bus cannot
fit inside. The seeming contradiction arises from the fact that simultaneity isrelative. While the person in the garage
sees both doors close at the same time, a person on the bus sees the front door close first and the back door close
later.

(b) Work through the mathematical details to prove your argument. Define two events and determine the space-time
coordinates of the eventsin both reference frames.

Let Sbe the garage frame and S’ be the bus frame. Let S”move with velocity v in the +z direction with respect to S.
InS:

Event 1: The left (back) door closesjust after the bus enters the garage.
Event 2: The right (front) door closes simultaneously with the left door.

Thus:
0 0
0 0
X = ol Xy = 0
0 8m
0 ct’, y 00 -By)( O -8mBy ~21.4m
0 10 O 0 0 0
x! = x! = _ _ _
1 ! 2
0 0 01 O 0 0 0
0 z/, By 00 vy 8m 8my 22.9m

Thus the observer on the bus sees the front door close —21.4 m/ ¢ = —71 ns before the back door closes.

2. Therest energy of an®particleis 135.0 MeV. A n° decays into two y-ray photons with an average life-time of
1.2x10% s, (The haf-lifeis 8.3x107% s.)

(a) Can two y-rays have different energiesin therest frame of the n° ? Explain.

No, because they must come out back-to-back with the same momenta in order to conserve momentum.
(b) What are the energies of the two y-rays as measured in the n° rest frame?

Each has half the rest energy of the z° , 67.5 MéeV.

(c) In alaboratory, a beam of n° is produced. y-rays from then® decay are detected at angles of +22.0° with respect to



the beam direction. What energy does each y-ray have?

Let us call the beam direction the z direction. From the symmetry of the y-rays detected, we can conclude that in the
rest frame of the n°, the y-rays were emitted in a direction perpendicular to z. We can call thisthe x direction. We can
construct a photon energy-momentum four-vector in the n° rest frame, and then boost it to the lab frame. In the lab,
the beamis moving in the z direction, so the boost must be in the —z direction. Thus, calling the lab frame the S”
frame:

E’ y 00 +By)(E vE
E'sin 0o 10 0 ||E E
o | | ooz ol|lol]| o
E’cosd By 00 v 0 BYE

From this, we can conclude that

2:

Y

The energy is Ey = 180 MeV.

(d) What isthe kinetic energy of then® in the lab frame?

K = 360 MeV — 135 MeV = 225 MeV.

(e) What is the average distance such az® would travel before decaying?

The average lifetime of the n° isits average rest lifetime times y, 3.2x 107 s, Now we find the velocity, and then the

distance:
- |1-L 0927
,YZ
d=pct =8.9x108m.
Homework 5-7

1. A 32.0 mairplaneisflying at Mach 2. By how much isits length contracted as measured by an observer on the
ground?

The velocity is about 660 m/s, so = 2.2 x 10, y = 1.00. Since this doesn’t tell us anything, we need to find y by a
Taylor series expansion:

S (1-B2) Y2~ 1+1B2 = 1+242x10° 12
Y

The difference in length is then

2.42x1012x32.0m = 7.74x10 ' m.

2. The*“twin paradox” has often been used to refute relativity. In this paradox, two twins areinitially on the earth



together. One twin goes off in a rapidly moving spaceship where her clockstick slowly. After many years, shereturns
and finds herself younger than her twin. Since everything isrdative, shouldn’t each twin see the other one as
younger?

No, the traveling twin has to accelerate, so the two twins are not in equivalent inertial frames.

Assume that the traveling twin can accelerate instantaneously to g = 0.8, then turn around and return to the earth at a
similar speed, and then accel erate instantaneously to stop on the earth. If the round trip takes ten years as measured on
the earth, by what amount would the traveling twin have aged?

Letting 7 denote the time in the rest frame of the traveling twin,

At =yAr~, A’EZEZG years.
Y

3. 1.00 kg and 1.00 kg of antimatter annihilate each other completely. How much energy is produced?

E,=mc?=1.80x10"J

Homework 5-8

1. In assignment 57, we introduced the “twin paradox.” Let us assume that the traveling twin experiences a constant
force, F, as measured in the space ship. The force is directed away from the earth.

8.
(a) Consider the space ship at oneingtant intime soiit is P
instantaneoudy in an inertial reference frame S. Find the force as _dE __dE Fy
measured on the earth, using the relationship f= dor Taw ' e
y
0 F,
) o 0
In the space ship’sframe, S, thetwinisat rest. Thus  f = 0
F

The earth, S’, movesin the —z direction with respect to S. On the earth, this becomes
y 00 +By) (O ByYF

0 10 0 o | o
0 01 O ol | o
+Bfy 0 0 v F vF
F-LyF-F
Y

Note that the two ys are the same. Thus the force is the same in the earth frame as in the frame of the space ship.



(b) Given that F = dp /dt, find y as a function of time.

2.2
%7 1+F(2: t2
T =%
F2C2
1+ 5 t2
Eo
2.2
1=—1In %H 1+ FC 2



