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I. AN INTRODUCTION TO EXPERIMENTATION

Overview

Before you are given a description of any detailed exgersn let's review the activities
involved in any experimental laboratory work in phgsid@hese are important to each of the weekly
laboratory outlines so they should be well understoatthdgtudent.

Seven essential elements involved in any experimetidy are:

1. Identify and isolate in your mind questions that neecdetariswered and can be resolved
through the experimental study.

2. Design apparatus and/or formulate procedures to make meastsemfating to a
phenomenon or system you desire to understand.

3. Make measurements and record data either numericallyphigally.

4. Analyze, organize, summarize, correlate, and inoéimgr way study the data to find all the
direct information as well as any hidden insights the daay contain.

5. Ascertain the accuracy or reliability with which yowade the measurements. ldentify
sources of error and make corrections for known extiasmeffects.

6. Interpret and evaluate the results of the observaasnthey relate to the questions
identified previous to the design of the experiment.

7. Report the significant conclusions.

Each of these items will be briefly discussed belovam&ncouragement for you to think
seriously about the experimental process. To be ssitteevery experimenter must develop skills
in each of these areas. Your ability to perform ehfesictions will increase throughout your
professional career.

| dentification of a Problem

Before initiating an experimental study, it is of imi@mice to clarify precisely what questions
you want to answer. It is not enough to say, “I warsggwhat happens.” Some experimental work
simply answers the question, “How does one parametgrwiglnt a second parameter?” Other
experiments are designed to simply improve the accuratstafin order to prove or disprove some
theoretical prediction or verify some functional relaship. The most meaningful experiments,
however, are guided by theoretical considerations. Asedtperiment is formulated, the good
experimenter will have in his mind one or more ap#ted possible results based on alternative
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explanations. The crucial factor in identifying quessias to be as specific as possible in formulating
them.

Design of the Experiment

You must next identify what experimental informatiom alata are required to answer the
guestions posed in as unambiguous a manner as poXsillenust decide precisely what you want
to measure and the results you expect.

Much of this process is included in the manual for pafrtee outlined experiments. However,
there are other parts of the experiments for whichrpast consider the design of the experiment
yourself. When planning your own measurements, thirdutiin various approaches before you begin
taking data. Some approaches are easier than otheesase more accurate than others. Try to be
creative in your approach to the problem.

Experimental M easurement
Experimental measurements fall into two broad categjorie
1. Measurement of a specific physical quantity thatheaepecified by one or more numbers.

2. Measurement of a functional relationship in which aspial quantity varies with and
depends upon one or more other physical quantities.

The second type of measurement is simply a set of nexasats of the first kind. The fact
that a functional relationship, known or unknown, is iegpiakes the analysis more difficult, more
intriguing, and more significant. Most of science andineering is associated with such functional
relationships. For example, the fundamental laws o$iptyare simply statements of functional
relationships that have been measured and verified.understanding of any phenomenon of science
is a direct consequence of understanding such functioatibredhips.

Note also that a functional relationship does not seardy imply a mathematical equation.
A function can be represented by a graph taken direotly &€xperimental measurements.

Analysis of the Data

For a measurement of a single value, the only analiyie data possible is the evaluation and
determination of an estimated accuracy for the memsumte For measurements involving functional
relationships, the analysis is more rich and inter@stEven when studying physical quantities that
are functions of only one variable, you can divideahalysis into several steps as follows:

1. Display the data in either graphical or tabular form.

2. Search for mathematical equations that “fit” or “déset the experimentally observed

graphical function. Such equations are known as empegpaations in contrast to
equations derived from fundamental laws. Note: Manythef fundamental laws
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themselves are simply empirical equations that have ‘teamonized” (accepted by the
scientific community).

3. Compare the data with theoretical predictions thatlareed from fundamental laws or
postulates. This aspect of analysis may involve yoeatmg a theory to explain your
results. To formulate a theory, you must proposeplsi“model” and then apply known
principles in an attempt to predict the data measured.

An analysis at the level of step (1) has value only peedictive tool. The data so displayed
allow you to predict the outcome of other measuremsitgdrpolations and extrapolation from the
data. The analysis at the level of step (2) is #aethof data reduction and analysis, for it is a search
for mathematical relationships that will give insighto the fundamental physical laws that are
operating. Details on how to find a mathematical equattat fits specific data are given in a
separate section later.

When you have completed steps (1) and (2), youimdithe real understanding and meaning
behind the experiment in step (3). Only when you haw#ensame comparison between what you
actually measured and what you anticipated or postulasstiion some model (imperfect as it may
be), do you gain insight and understanding of the phenomevaived. Measurement of numbers
with no thoughts or ideas behind them is not the work stientist but rather the work of a
technician. You may note that step (1) above is esdsp, (2) is more demanding, and step (3)
requires prior background and understanding.

A fundamental postulate of modern physical science is rihture can be described in
mathematical terms and that the simplest mathemafiicat that adequately describes the
phenomenon is the preferred analysis. The derivation fundamental principles of mathematical
relationships that have been previously discovered emalyriprovides challenges and goals for
significant theoretical analysis. In rare casesy empirical relationships form the basis for new laws
of science.

Reliability and Error Evaluation

Any measurement is subject to both uncertainty ard.erhe evaluation of errors is required
to validate the arguments in the analysis of stepsr@)(3) above and often precedes and/or is
mingled with the analysis. All empirical equations Wwave undetermined parameters. The accuracy
to which these parameters can be determined willahve in question and constitutes a major effort
in data reduction and error evaluation. In many erpsris there will be known extraneous effects
for which you can compensate by making correctiond¢odata, so the corrected data can be
analyzed as if the extraneous effect were not pres@hen you find differences between theory and
experiment, you must ask whether the errors aresithéory, in the apparatus, or in the data-taking
process.

When considering the accuracy of any measurement, yqutimak of the uncertainty
associated with the measurement in one of three wagtumental uncertainty, statistical
uncertainty, or systematic error. These types ofrtaiogy will be discussed below.



1. Instrumental Uncertainty

If you were to measure the length of a table with éemstick, you could give an
accurate measurement to the nearest millimeter oapseimalf a milimeter, but you clearly
couldn't measure the length to nearest micron. Sigilarly instrument will have some
inherent limitation to its precision.

2. Statistical Errors

If you were to measure the period of a pendulum with a sticpvesne hundred times,
you wouldn't necessarily expect to get the same measoiremeh time. Because of small
differences in the way the measurement was carriedlmitesults would differ from each
other in a random manner. These measurements wouldrsmattind the average value, and
the average value would be more correct than any smeggsurement. You can analyze such
random errors by using statistical techniqgues summarizadgiter section.

3. Systematic Errors

Even if the stopwatch were to give the same reading &@ae, you would not know
apriori if these measurements were really accurate. In ¢odescertain their accuracy you
would have to check the stopwatch against a known standfdhgnever precision
measurements are made, proper calibration against krtanaasds is absolutely essential.
Errors, which result due to poor calibration and/or pogrerimental technique, are termed
systematic errors. Systematic errors are often haondend and handle, but can be significant.

Even when we take into consideration all of the soustesicertainty in a measurement, the
results at times do not agree with theory. We mayelyospeak of this as experimental error;
however, if the experiment was properly done, the én@ally in our thinking about the experiment.
For example, in physics one speaks of massless ropesnasses, point charges, perfect electrical
and thermal insulators, frictionless surfaces, etachSdealizations serve a very important role in
developing the theoretical structure of sciencethmy are most important in the initial development,
and must be carefully scrutinized if you expect preciseeagent with experiment. After you study
the elementary treatment of the idealized situation, must develop a more meaningful scientific
model in which you analyze extended mass, exteoldad)e, heat loss through conduction, surfaces
with friction, and other more realistic conditions.

Interpretation of the Results

After having completed the experiment, reduced and anatywedata, and evaluated the
accuracy of the measurements, you must perform thediffestlt task of the total effort. You must
relate the insights and understandings gained to stietific knowledge previously in existence and
evaluate how these new insights change your previodgritprT his process involves relating your
results to previous theoretical treatments, postulatesther known data. It might include a
comparison with previous predictions or previously obthui&ta, and the question of accuracy will
be of prime importance.



Reporting of Results

Experimental work is not finished until it is reportedttemse for whom the work is of
importance. For students that may be only the instrudtor industrial scientists and engineers, it
may be the immediate supervisor, and for the profedssoi@ntist, the results of experimentation
must be reported by publishing results in scienficnals. The reporting of the results will gengrall
involve drawings of apparatus, tables and graphs of dateelaas mathematical analysis, verbal
description and argumentation. It is difficult to make pdata and analysis sound good.
Furthermore, a poorly prepared report will give a shabpyession of even a very good experiment
and analysis. The process of presenting results irs/@veelection of the significant ideas, the
condensation of these ideas into concepts, and theagiiom of irrelevant data and discussion.

Before you begin experimentation, it is highly benefiéor you to realize the interwoven
nature of experimental design, data collection, data resuand analysis, and error evaluation.
Success in an experimental laboratory will depend upsrutiderstanding.
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II. SUMMARY OF ELEMENTARY STATISTICAL ANALYSIS

Multiple M easurements and Mean Values

Consider the following example of using statistical radhto evaluate the uncertainties
associated with random errors. Think of making seveealsorements of the distance between two
points along a straight line. These measuremenishwbuld be made by the same individual or by
several different people with different measuring instmis\@r various procedures, may yield a
variety of values of that single distance. If you asstine errors in the individual measurements
could increase or decrease the determined length with popladbility (that is, if the errors are
random), the average of &l measured values would be the best estimate of the thue. vi
systematic errors exist, the errors are reallyraaiom, and you must separately consider such
errors. Proceeding with assumed random errors, desi@tth measured distance xasnd the

mean or average of these measured values by the symbomathematical form:
2= Oat Xt xat ot xn ) - 2 x

N N
where the sum is understood to run from Nto

Now consider a second example of the use of statistalgsanin experimental studies. Think
of measuring the diametershindividual hairs in your head. If you make precise sneaments on
several individual hairs, these measurements wiljietd the same value but rather a distribution of
values because each hair is actually different in dizgou designate each individual measurement

asx , you can calculate a meamas above. The valug, however, now represents your best
estimate of the size of any specific hair of yourdhealected at random; however, there is no such
thing as a “true” value.

In both examples given, and in fact in all measurementich you use statistical methods,
the amount of variance or scatter in the measureds/akievell as the determined mean value, has
great significance. The variance is an indicatiothefexpected deviation of a single measurement

from the mean value.
Histograms and Probability Distributions

When you make a reasonably large numbeof measurements, you obtain a conceptual
understanding of the size of the scatter and check f@xisieence of any abnormalities in the overall
distribution by making a so-called histogram of the mesamants. The histogram is a bar graph
obtained by grouping together all measurements thatvithlh predetermined small intervals of the
variable,Ax. You must judiciously select the size of the intervad, such that an suitably large
number of measurements fall in each interval. Youbest understand the histogram by studying
the example shown in Fig. 1. There must be seveslals in the histogram, but also there must
be several measurements in each interval. As you make and more measurements, the size of
the intervals can be reduced to retain approximatelgahe number of counts in each interval. As
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this process continues, the histogram becomes monangéa.

<X |

i

Number of Events in x

X —>

Now consider making an enormously large number of meamnts of a value under similar
conditions. You could construct a histogram with verglsmtervals,Ax, and a large number of
measurements will still fall in each interval. Noke tops of the bars of the histogram will appear
almost as a smooth curve. If you were to incréaseefinitely, a smooth curve called the parent
probability distribution would result. Many physical proges that have natural random variations
exhibit a probability distribution that is a very syetmcal, bell-shaped distribution known as the
Gaussian or normal distribution. Fig. 2 shows a Gauddigtnbution and also an abnormal
probability distribution for comparison. The parentribsition provides the most detailed information
available about a statistical process. In practiogever, the distribution is generally not known
unless a very large number of measurements haver@a An experimental histogram represents
the best approximation to the distribution that canlid@ined from the data. Faced with the lack of
knowledge of the parent distribution, it is common tauassin experimental work that random
errors follow a Gaussian distribution.

Normal Gaussian

Number of Events
in Very Small x




Standard Deviation and Probable Error

The standard deviation is a single numerical value thattitiatively expresses the spread,

scatter, or variance of the measurements arouralétage valuex. You can calculate the standard
deviation for a given set ™ measurements and can also relate this value to tiéh™wof the
distribution peak. To develop the ideas related to thelatd deviation, return to the example\of

individualx measurements. You can easily calculatand then the individual deviatiad) = X - x;

of each measurement from the average. Some numergadure of the average deviation is
desirable, but the average of the deviatidnis precisely zero since the meaning of the average
implies an equal distribution of values above and belolt it possible to calculate the average of
the absolute values of the deviations. This approads gise to the definition of probable error

| X-Xa|+]X- % |+ X- x|+ K _ X|di]

N N
However, absolute values are mathematically cumber&amséions because the first derivative is
discontinuous. A more common practice, therefore, sgjt@re the deviations, average the squares,
and then take the square root of the average. Thiegsyields the root-mean-square or standard

deviation,oy :
_ \/<§-x1)2+(§-x2 P+ (X-xs P+K _ [Zd?
ON — N - N .

Thus we see that a small standard deviation implieghkatheasurements tend to be close to the
mean value. If all the measurements were identicalstéindard deviation would be zero. Thus the
standard deviation is a good estimate of the uncgri@ssociated with a series of measurements. For
a set of measurements taken on items that have @ad @atiation of the variable within the group,
as in the example of hairs given abowgjs appropriate. However, let's consider measureménts o
a single item in which the variations are associatél statistical errors, such as the measurement
of a fixed length. If we take a single measureméntlength, themN = 1 andon= 0. This implies one
measurement is perfect and if more are taken uncgrisimtroduced. Clearly that makes no sense
when we are taking multiple measurements of a singlelbjethis case the appropriate standard

deviation ison.1, Which is defined as:
O = /Zdiz
N-1 N _ 1

The uncertainty associated with a single measuremémnsfore undefined.

PE.=

Whether or not the parent distribution is Gaussianstdedard deviation can be defined by
the above equations for any set of measurementsyaovibe standard deviation is easily interpreted
in terms of uncertainty when the distribution is Gaarssi

In order to proceed in this discussion, the assumptionae that the deviatiorts are
Gaussian in nature. In other words, it is assumed tlatya very large number of measurements

would yield deviations that follow a Gaussian distributamd that the average of all these
measurements is the desired true value. In most measisethere is no way to justify such an
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assumption without making a very large number of independeagurements and determining the
actual probability distribution. Nevertheless, it isTeoon to make this assumption if there is no
reason to believe that the deviations are not Gaussia

Listed below are some results that follow when youmssthe distribution to be Gaussian.
These results, which are proved in formal statistagrses, are very easy to use and have great
utility in evaluating experimental data. You must realim@wever, that the associated predictions
are only valid statistically if the parent distributisrtruly a Gaussian distribution.

1. If a large set of measurements are taken, 68.3 perttm g values lie within the

rangex - ¢ to X +o, and 31.7 percent lie outside this range. This resulteispiiat a
single measurement is withinof the true value 68.3 percent of the time.

2. It can be shown that the probable efdf. = 0.6745. This relationship implies that if you
calculates, you immediately know the probable error. The probahier has the very
simple interpretation that 50 percent of thevalues are within the range- P.E. to x +
P.E. Thus, if you were to make a single measurement, youd dwave a 50 percent
confidence that this measured value was onlyfbBeaway from the true value.

3. The Gaussian distribution also has the property that [@ercent of thg values are within
the rangex - 26 to x + 25, and 99.7 percent of the values are within the range -
35 to X + 35. In simpler terms, it is commonly stated that yom d&ve a 95.5 percent

confidence limit that a single measurement will béhini®s of the true value or a 99.7
percent confidence that it will be withis ®f the true value.

Quoting Experimental Uncertainties

In reporting experimental results, data are usually listgd a numerical value for the
uncertainty. For example, the best value of the mass @lectron currently is (5.48579902 *
0.00000013% 10* atomic mass units. Since uncertainty can be definaghiny ways, how do we
know what number to assign?

For the purposes of most analyses, and in particuléihédgourposes of this class, the rules for
assigning uncertainty follow:

1. For statistical uncertainty, use one standard deviétioless otherwise specified).
2. For instrumental uncertainty, estimate the uncertastyvell as you can. Although this
uncertainty isn't strictly Gaussian, it is usuallyatezl as if it were Gaussian in subsequent

error analysis.

3. For known systematic errors, the data should be apprelpriarrected and no systematic
uncertainty quoted.
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IIl. PROPAGATION OF ERRORSDUE TO MATHEMATICAL MANIPULATIONS

You may often desire to calculate a quantity matheaigticom other values that have been
obtained experimentally. Each of these experimeiaiakg will have associated uncertainties, and
you must consider the effect of these uncertaintiethercalculated quantity. For example, the
calculated density of a circular cylindrical object is given by

mass _ M
volume ~ mR2L’
But M, R, andL might be measured values with uncertain& AR, andAL. What then is the
uncertaintyAp in p?

For statistical or random errors, a detailed anadyisiss you to determine the uncertainty in
a calculated quantity in terms of the uncertaintiebérheasured quantities. If we take a general
functionf of the variables, b, c, ..., it can be shown that the uncertainty tan be calculated by

the relationship:
,_ (ofY o (OFY, el (OFY, o

(Af) (aa] (ha)+ (6b] (Ab) + (6c] (Ac)+ ...
Again, this relationship assumes all errors are randahaee Gaussian in nature. We see that there
are two essential contributions from each variablthe uncertainty i the partial derivative df
with respect to the variable, and the uncertainthéemariable. Clearly, the greater the uncertainty
in a given variable, the greater will be the uncetyaimthe derived quantityf, Also if f depends
strongly on a given variable, the uncertainty irt traiable will be more important to the uncertainty
in f; hence, the partial derivative appears as a multipieddictor in each term. Furthermore, note
that the uncertainties add in “quadrature” like the compsneha vector or the sides of a right
triangle.

In case you have never before seen a partial derivitizreoncept is really quite simple. The
functionf depends on several variables; however, in each teegquation (6) we are only interested
in one variable at a time. Hence, when we evaldfta, we treat, ¢, ..., as constants while taking

the derivative of with respect ta.

This general formula can be used for any relationshigh as the one for density above. There
Hence

0p 1 P
oM RL M
op_ -M _ p
oL RL2 L
0p_-2M _ 2p
R RL R



Now let’s take a concrete example. You are asked toureetige density of a metal cylinder.

(5)= () (5]

You obtain the following data using a vernier caliper anetlectronic scale:

M = 185.2¢g
L = 6.23cm
R =1.05cm

Based on the precision of the measuring instrumgatsdeduce that:

AM = 0.1g
AL =0.0lcm
AR =0.0lcm

Solving forp, we havey = 8.58 g/cr. Then we may use equation (7) to solvedor
AMY (ALY ARY
Ao = _ |+ | —| + 4| —
o= o)+ (8] (5

0.1)  (0.01Y 0.01)°
= 858g/cn’ || ——| +[222] + 4| 2=-
grem \/(185.2} (6.23} (1.05]

=0.16g/cm’

Thus we would say that the density of the cylinder= (8.58 + 0.16) g/cth (By looking at the
above expressions, which quantity would you likeneasure with greater accuracy? Why?)

Although equation (6) is a general formula that lbarapplied to any equation, the following
expressions are often useful:

1. If f=xaxbztc

(4F )= (La)’+(Ab)+(Acy

2. If f = abcorf = albc,etc

(- (e



The quantityAf / f is termed the fractional or relative erroffin
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IV. FITTING EMPIRICAL EQUATIONSTO EXPERIMENTAL DATA

If you can find a mathematical equation to descfusey accurately or only approximately)
an experimental set of data, you can obtain not grédater insight into the data but also greater
utility of the data. For example, you can algetaly manipulate the data and can do computer
calculations with much greater ease. The prowEssling an empirical equation is simply to make
an intelligent guess of the form of the equatidrhis form will have two or more undetermined
parameters that can be adjusted to obtain a desirbest fit to the data such that the differences
between the experimental values and those givéhebgquation are some type of minima.

The three most commonly encountered general fofraquations are given below with some
special cases as illustrations:

1. The polynomial expansiony = a+ bx+ cx*+ dx’+ ex’+ . where the parameteagb, c,
d, e... are to be determined. This form includeslittear equationy(= a + bx), the
quadratic equatiory(= a+ bx + ¢x®), and the simple power equatiop£ px‘, whenq
iS an integer) as special cases.

2. The simple power equation (also called the Geomefjuation) withg not an integer,
y= px*, wherep andq are the parameters to be determined.

3. The exponential functiony = hg*, whereh andk are the parameters to be determined
and e is the base of the natural logarithms.

Other more elaborate equations are used in spgciations.

Computer programs have been developed to fit venypdex as well as simple equations to
prescribed data. Here the concept is only intreducThe procedure is generally two-step:

1. Plot the raw data to get a feel for what type aveumight fit and then make an intelligent
guess of the form of the equation. Often somer#imal arguments will suggest the form
of the equation.

2. Determine the undetermined parameters by usingbtte following three techniques:

a. If there aren undetermined parameters, write the proposed equationes using
selected values ofandy taken from points of a smooth (hand-drawn) cuhweugh
the data. These equations will contain thendetermined parameters and will
represent a set of equations, which can generally be solved for theetermined
parameters. It is always wise to select pointx @fdy) that are widely separated on
the data curve. Plotting the empirical equatiorttendata graph for comparison can
make a check of the validity of the fit.
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b. Manipulate each data point algebraically to produtieear curve from which you can
extract parameters. Here is an example of thisga®

y=a+px"

If you anticipate the data would fit an equatiortted form
wherem s any real number (not necessarily an integen),should recognize that
is the y-intercept of thg(x) data that have been previously plotted and éhedén

log(y - @)= log(b) + mlog(x)
usually be obtained with reasonable accuracy frem@oth hand-drawn curve through
the data points extended to the y-axis. Then rate t
Thus, if for each data point the values Ipg) and logx are determined, a plot of this
modified data with variableg= log(y-a) andu = logx should be a straight ling €
log b + mu) with av-intercept of logo and a slope ah.

This example is rather complex, but it illustratest it requires some creativity mixed
with logic to know what type of manipulations yoeea to make to the data before
plotting a modified curve. Often you would mangel the data to obtain a straight
line. If you desire to demonstrate that a pargicédrm is appropriate, the approach
illustrated here has the advantage that the funalecgives you a conceptual feel for
validity of the fit.

A third technique known asleast-square fit involves calculating the deviation of each
data point from the proposed mathematical curve ramimizing the sum of the
squares of these deviations by changing the undiekedl parameters in the equation.
This procedure involves computer programming bwegithe best fit and is the
procedure generally used in any research work.grBnos using this approach are
provided on the computers found in the laboratamg most of your work will use this
technique.
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