
1. Show that the wave equation

∇2E − 1

c2

∂2E
∂t2

= 0

reduces to

∂2E

∂x2
+

∂2E

∂y2
+ 2ik

∂E

∂z
= 0

if you use E = E(x, y, z, ) exp[i(kz − ωt)]. Recall that k2 = ω2/c2 and that |∂E/∂z| ¿
|E|/λ. Show your work and justify your approximations. (This problem is important

in laser physics because Gaussian beams are a solution to the second equation.)
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2. Consider 3-wave mixing in a nonlinear medium. In this process (called parametric

amplification), a strong pump beam at ω3 interacts with a weak beam at ω1 to produce

a new beam at ω2 = ω3−ω1. The equations describing the electric fields in this process

are

∂E1

∂z
= i

√
ω1

ω2

b1 E∗
2(z)

∂E∗
2

∂z
= −i

√
ω2

ω1

b2 E1(z)

∂E3

∂z
= 0

(The last equation is called the “non-depleted pump approximation.”) Assume that b1

and b2 are real.

a. Show that ∂2E1/∂z2 = K2E1 and that ∂2E2/∂z2 = K2E2.

b. Show that if E2(z = 0) = 0, the solutions are

I1(z) = I1(0) cosh2Kz

I2(z) =
ω2

ω1

b2
2I1(0) sinh2Kz

c. What role does phase matching play in this process?
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3.  A collimated 633nm laser beam is focused by a 100cm-focal-length lens.  What is the 
radius wo  of the resulting beam waist if the diameter of the beam at the lens is (a) 1 cm or 
(b) 1 mm? 
(c) Create a stable resonator for 633nm light using a 10cm-focal-length lens between two 
flat mirrors.  Do this such that the waist has wo = 100µm  on either end.  Be sure to specify 
the length of the cavity and the location of the lens with respect to the end mirrors. 
 
 
 
 
 
4. Consider a hydrogen atom initially in the 2s state. 
(a) What wavelength of linearly polarized light will cause the atom to make transitions to the 3p 
state?  
(b) What is the value of χ21  at an intensity of 1010W cm2 ?  
(c) Assuming that the laser is perfectly tuned to the transition, what time is required to achieve 
100% inversion of the transition starting from no inversion (i.e. a π  pulse)? 
(d) How far should the laser be detuned from exact resonance (please specify Δλ ) such that it is 
only possible to promote 50% to the excited state?  
 
NOTE: 

 
ψnm = Y

m θ,φ( )Rn r( )  

Y0
0 =

1
4π

,  Y1
0 =

2
4π
cosθ ,  (Not needed: 

 

Y1
±1 = 

3
8π
sinθe± iφ  since leads to χ21 = 0  for 

ε̂ = ẑ  ) 

R20 r( ) = 1
2a3

1− r
2a

⎛
⎝⎜

⎞
⎠⎟
e− r 2a  (Corrected) 

R31 r( ) = 8
27 6a3

1− r
6a

⎛
⎝⎜

⎞
⎠⎟
r
2a

e− r 3a  (Corrected) 

xne− x a dx =
0

∞

∫ n!an+1  

 



SOLUTIONS: 

3. (a) ′wo =
2λ f #

π
=
2 .633µm( )100

π
= 40.3µm   

(b) ′z − i ′zo =
A z − izo( ) + B
C z − izo( ) + D =

z − izo

− 1
f
z − izo( ) +1

=
−izo

1+ i zo
f

 since z = 0 . 

′z − i ′zo =
−izo 1− i zo f( )
1+ zo

2 f 2
=
− zo

2 f − izo
1+ zo

2 f 2
⇒ ′zo =

zo
1+ zo

2 f 2
 

zo =
π 0.05cm( )2
633×10−7cm

= 124cm  

′wo =
λ ′zo
π

=
λ
π

zo
1+ zo

2 f 2
=

wo

1+ zo
2 f 2

=
500µm

1+ 124 100( )2
=

500µm

1+ 124 100( )2
= 314µm  

(c)  
1

R ′z( ) =
1

R z( ) −
1
f

 where R ′z( ) = −R z( ) . 

⇒
2

R z( ) =
1
f
⇒ R z( ) = 2 f  

⇒ z + zo
2 z = 2 f ⇒ z2 − 2 fz + zo

2 = 0⇒ z =
2 f ± 4 f 2 − 4zo

2

2
= f ± f 2 − zo

2  

zo =
πwo

2

λ
=
π 100µm( )2
0.633µm

=
π 100µm( )2
0.633µm

4.96cm  

z = f ± f 2 − zo
2 = 10cm ± 10cm( )2 − 4.96cm( )2 = 10cm ± 10cm( )2 − 4.96cm( )2 = 18.7cm,   1.3cm  

Two choices – the longer one is probably more practical. 
 
 
 

4. (a) λ =
hc

E3 − E2( ) =
6.626 ×10−34 J ⋅ s( ) 3×108 m s( )

−13.6eV 1 32 −1 22( )
eV

1.602 ×10−19 J
= 657nm  

(b) 
 

ê ⋅ r12
∗ = z12

∗ = dφ
0

2π

∫ sinθ dθ 1
4π

⎛

⎝⎜
⎞

⎠⎟
3
4π
cosθ

⎛

⎝⎜
⎞

⎠⎟0

π

∫ cosθ drr3R20 r( )
0

∞

∫ R31 r( )  

3
4π

dφ
0

2π

∫ cos2θ sinθ dθ
0

π

∫ =
3
2

−
cos3θ
3

⎡

⎣
⎢

⎤

⎦
⎥
0

π

=
1
3

 

 



drr3R20 r( )
0

∞

∫ R31 r( ) = 4
33 3a3

drr3 1− r
2a

⎛
⎝⎜

⎞
⎠⎟
1− r

6a
⎛
⎝⎜

⎞
⎠⎟
r
a0

∞

∫ e−5r 6a

=
4a
33 3

dr
a

r4

a4
−
2
3
r5

a5
+
1
12

r6

a6
⎛
⎝⎜

⎞
⎠⎟0

∞

∫ e−5r 6a =
4a
33 3

du u4 −
2
3
u5 +

u6

12
⎛
⎝⎜

⎞
⎠⎟0

∞

∫ e−5u 6

=
4a
33 3

4! 6
5

⎛
⎝⎜

⎞
⎠⎟
5

−
2
3
5! 6

5
⎛
⎝⎜

⎞
⎠⎟
6

+
6!
12

6
5

⎛
⎝⎜

⎞
⎠⎟
7⎛

⎝⎜
⎞

⎠⎟
=
4a
33 3

6
5

⎛
⎝⎜

⎞
⎠⎟
5

4!− 4
5
5!+ 3

25
6!⎛

⎝⎜
⎞
⎠⎟

=
4a
33 3

6
5

⎛
⎝⎜

⎞
⎠⎟
5

−4!3+ 3
25
6!⎛

⎝⎜
⎞
⎠⎟
= 3.06a

 

 

ε̂ ⋅ r12
∗ =

3.06a
3

= 1.77a  

 

χ21 =
eEo


ê ⋅ r12

∗ =
e


2I
εoc
1.77a

=
1.602 ×10−19C
1.054 ×10−34 J ⋅ s

2 1014W m2( )
8.854 ×10−12C 2 Nm2( ) 3×108 m s( )1.77 0.528 ×10

−10m( )
= 3.90 ×1013s−1

 

(c)  
ΩT
2

=
π
2
⇒ T =

π
Ω

=
π
χ21

=
π

3.90 ×1013s−1
= 81 fs  

(d) 

P2 t
=

χ 2

2Ω2 =
1 2

1+ Δ2 χ 2 =
1 2

1+ ω −ωo( )2 χ 2
 

Δω = χ  

ω =
2πc
λ

⇒ Δω = −
2πc
λ2

Δλ ⇒ Δλ =
λ2

2πc
Δω  

Δλ =
657nm( )2

2π 3×1017 nm s( ) 3.90 ×10
13s−1( ) = 8.9nm  

 




