Lecture 37: Introduction to the Dirac Equation
Physics 452
Justin Peatross

37.1Energy-Momentum Relation
In a relativistic framework, we saw how the de BroglieOs formuli is compatible

with (see (31.16))
E*=p’c’ + m’c’, (37.1)
which is interpreted as a wave dispersion relation, where” . As we saw, the

guantization ruleg ! |h—t andp! "i"# , when plugged into (37.1), lead to the Klein

Gordon equabn for a free particle:
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Unfortunately, this equation i€%order in time. It would be nice if we could square root
(37.1) first and quantize = /p?c* + m*c* instead:

= ih aa—‘f = [ (V) + mctw (373)

Alas, the operator inside the square root is lousy for us unless we make an
expansion. However, such an expansion only converges if one or the other term inside
the square root is small in comparison to the other. For example,shelominates,
the expansion recovers the Schrsdinger equation. We would like instead a formula that
works when the particle has either high or low energy. This was DiracOs goal: a first
order differential equation compatible with relativity thatrksoregardless of the energy.

37.2Finding a Square Root of the EnergyMomentum Relation
Dirac set out to find an expression equal/isc’ + m’c* . If we could write

E*=p’c +mc’ = (c.r "p+ mcz#)z, (37.4)
wherea =ap+ap+apand! , «, ! ,andp are just uniless number®no
dependence on, p, ort, thenwe coud easily square root our expression (no need for

an expansion). The quantization procedure would give for our wave equation
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E=c/ "p+mc’#$ |"%=)‘ el "+ mePAHE (37.5)

which is easier to solve than the Schrsdinger equation! Of course, thisgedd to be

true. In what follows, we will see thatimberse,, o, o, , and g, satisfying

p’c+m’ct =(ca-p+ mczﬂ)z : (37.6)
do notexist.
Let us figure out whatr,, /|, /_, and! wouldneed to be for this to workzrom
(37.6), werequire
p°c® + m’c* =¢? (&- |'3)2 + 2mc3[3(éc- b)+ m°c* 32 . (387.7)
Equating thecoeffidents onthe three different powers gf leads tahe following
inconsistentonditions:
(rup+rypy+1,p) =P+ I2=1 =L =00, =00 ,=0,1 0,20
#(r.p o+t yp +1Lp,)=0" # L =04 =0, #,=0 (37.8)

#=1
It is obviously impossible to meet all of these conditions simultaneously, but that did not
deter Dirac.

37.3 Accomplishing the Square Root with Matrices

Dirac saidjnstead of scalar numbefst letting/ ,, / /, ! ., and 8 each be some matrix
of numbers.So row we write (37.6) as
[pc®+mct ]l = [c(ocX P, +a,p, + ozzpz)+ﬂrnc2}2
=c (ocxpx +o,p, +(szz)2 +mc’ [(ﬂax +a,B) p, +(ﬂay +ayﬂ) p, +(Ba, + o, B) pz:|+ m'c* g

(37.9)
wherein this casave need to be careful, since the order of multiplying matrices matters.
We have installed the identity matrixon the left since the overall expressanthe

right is a matrix. Similar to what we did beforequatinghe coefficients on the three
powers of momentum gives a slightly modified version of (37.8):
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ro=Ln o= o= o+ o /! +I! =0, AN S 0 (37_10)
# o+ #=0, # +! #=0, # +! #=0
#=1

Instead of being impossible to solvetutns out that thse conditions can
simultaneously be meisingfour-by-four matrices:
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We haveantroduceda shorthand notation wherex2 blocks within the4 x4 matrices

#0 1& . $0 #i

O 1
are represented hy_ " % ol I

. 31 (10 .
8 02,!2 8 #1Z’and|=(0 1]' Itis no

coincidence that these are the Pauln spatrices (which we saw in chapter 4), along with
the identity matrix.

So it turns out that we can square root (37.4). Nevertheless, we can write a linear
wave equation in the form

E‘P=[c(axpx+aypy+azpz)+ﬁrnf:2]‘{'. (37.12)

The price we pay is that weeastuck with4! 4 matrices. Eidently! will need to Ie a

four-component vector. Aé quantizatiomules (i.e.E < i! %, P, e—ih%, p, <—>—ih§,
i y
o H#
andp.! "in—) leadto
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Thisis known aghe Dirac equationlt can be written more compactly as

ih%—\f =c(=ihV)-a¥ + m?BY , wherea = ka, + jo, +2c, . (37.14)



It is understood that the three Cammsspatial dimensions, kept track of By 3, and z,

have nothing to with the various matrix elements or the different vector components of
I . They meely ride along outside of the matrices.
It is left as an exercise to show that the Diracalanbe writtencompactlyas
% —+kI() = (37.15)
o P
wherek, =2x/A =mc/h, x,=x, x,=y, %! z, x,=—ct , @and! , represents four matrices.

The repeated Greek index implies a summation.

37.4Dirac Particle in Free Space
By inserting the matrices (37.11) into th&ac equatior{37.13)andwriting the four
vector components af explicitly, we may write the Dirac equation as
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(37.16)
or
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This is four coupled firsorder differential equati@organized using vector notatjdar

we may write

v ¥ ¥
| —L =l 41 4l + b4
it = 5 e % ite="=+me
i! a\Pzz—i!ca\l‘?’-i-'c 2+ilc—2+mc?Y,
ot ox y Z (37.18)
il a\PS=—i!ca\l‘2—!ca‘l—’z—llc——mcz‘l‘a .
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If we try to decouple these equations, we will find that the individual components of

obey the KleinGordon equation. To see thige opeate withi! "—t on the first equation

in (37.18) andbtain
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' e —!'hC..X%h " 2! hc"y%h " 2! ihe-—gih— )+ me g ) (37.19)
Next weinsert the firstthird, and fourth rows of (37.18) inthe righthand side of
(37.19), which yieldgafter many cancellations)

2 2 2 2
L e [%+%+§7)\P e, (37.20)

which is the KleinGordon equation for a free particle. In fact, each component of
individually satisfies the Klek@ordon equation, however, not independently. The initial
conditions forthe fourseparatedlein-Gordon equations must be choseia compatible
manner, which is enforced by the Dirac equati®he four components,, ! ,, ¥,, and

I, are interpreted as a spup electron, a spidown electron, a spiap positron, a spin

down positron, respectivelyThe Dirac equation predicted the existence of positrons

before they were discovered!

37.5 Probability Density and Current
While hoping for the best, leis define the probability density as
Y,
p=¥Y=(¥, ¥, ¥, ¥ ii S AR AR A A (37.21)
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We will check whether this is sensible by trying to inv@mineJ such that a continuity
equation

!
P "J+

=0 (37.2)
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will hold. The Dirac equatio(B87.14) and itsHermitian adjoiniare

ih%:c(#ih$)9&" +mc? " and—ihaa—qtlzc(ihv)-a‘}' +mc’pY ,  (37.233)

sinceo, =, and! =/ .With the help of the above expressions we have



4 = -+ —

ot ot ot

B _y ¥ W g %[c(—ihV)-6{‘P+mc2ﬂ‘{’}+_—;l[c(ihV)~‘P a -+ mc*¥ /3]\1'(37.24)
=-W ca-V¥-c(V¥ )-a¥=-¥ ca-V¥-[cV-(¥ a¥)-¥ ca-V¥]|=-V-(¥ ca¥)

Apparently, the probability current is

J=V¥ ca¥ . (37.5)



