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Lecture 37: Introduction to the Dirac Equation 

Physics 452 

Justin Peatross 

 

37.1 Energy-Momentum Relation  

In a relativistic framework, we saw how the de BroglieÕs formula 
 


p ! 


k  is compatible 

with (see (31.16)) 

E2 = p2c2 + m2c4 ,     (37.1) 

which is interpreted as a wave dispersion relation, where  E ! ! " .  As we saw, the 

quantization rules 
 

E ! i
"
" t

 and  
!p ! " i" # , when plugged into (37.1), lead to the Klein-

Gordon equation for a free particle: 

 

−2 ∂
2Ψ
∂t 2

= c2 −i∇( )2 + m2c4⎡⎣ ⎤⎦
2
Ψ .    (37.2) 

Unfortunately, this equation is 2nd order in time.  It would be nice if we could square root 

(37.1) first and quantize E = p2c2 +m2c4  instead: 

 

⇒ i ∂Ψ
∂t

= c2 −i∇( )2 + m2c4Ψ      (37.3) 

Alas, the operator inside the square root is lousy for us unless we make an 

expansion.  However, such an expansion only converges if one or the other term inside 

the square root is small in comparison to the other.  For example, when mc2  dominates, 

the expansion recovers the Schršdinger equation.  We would like instead a formula that 

works when the particle has either high or low energy.  This was DiracÕs goal: a first-

order differential equation compatible with relativity that works regardless of the energy. 

 

37.2 Finding a Square Root of the Energy-Momentum Relation  

Dirac set out to find an expression equal to p2c2 + m2c4 . If we could write 

 
E2 = p2c2 + m2c4 = c


! "

p + mc2#( )2 ,     (37.4) 

where 
 
!α ≡ α x öx +α y öy+α zöz and ! x , α y , ! z , and β  are just unit-less numbers Ð no 

dependence on  
r , 

 

p , or t , then we could easily square root our expression (no need for 

an expansion). The quantization procedure would give for our wave equation 
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E = c

!
! "

!
p + mc2# $ i"

%&
%t

= ' i" c
!
! "( + mc2#)* +, & ,    (37.5) 

which is easier to solve than the Schršdinger equation!  Of course, this is too good to be 

true.  In what follows, we will see that numbers α x , α y , α z , and β , satisfying 

 
p2c2 + m2c4 = c α ⋅ p + mc2β( )2 ,      (37.6) 

 do not exist. 

 Let us figure out what α x , ! y , ! z , and !  would need to be for this to work.  From 

(37.6), we require 

 p
2c2 + m2c4 = c2 !α ⋅ !

p( )2 + 2mc3β !α ⋅ !
p( ) + m2c4β 2 .    (37.7) 

Equating the coefficients on the three different powers of 
 


p  leads to the following 

inconsistent conditions: 

! x px + ! y py + ! zpz( )2
= px

2 + px
2 + px

2 " ! x
2 = 1,  ! y

2 = 1,  ! z
2 = 1,  ! x! y = 0,  ! x! z = 0,  ! y! z = 0

# ! x px + ! y py + ! zpz( ) = 0 " #! x = 0,  #! y = 0,  #! z = 0

# 2 = 1

(37.8) 

It is obviously impossible to meet all of these conditions simultaneously, but that did not 

deter Dirac. 

 

37.3 Accomplishing the Square Root with Matrices  

Dirac said, instead of scalar numbers, let letting ! x , ! y , ! z , and β  each be some matrix 

of numbers.  So now we write (37.6) as 

p2c2 + m2c4⎡⎣ ⎤⎦ I = c α x px +α y py +α zpz( ) + βmc2⎡⎣ ⎤⎦
2

= c2 α x px +α y py +α zpz( )2 + mc3 βα x +α xβ( ) px + βα y +α yβ( ) py + βα z +α zβ( ) pz
⎡⎣ ⎤⎦ + m2c4β 2

 

 (37.9) 

where in this case we need to be careful, since the order of multiplying matrices matters.  

We have installed the identity matrix I  on the left since the overall expression on the 

right is a matrix.  Similar to what we did before, equating the coefficients on the three 

powers of momentum gives a slightly modified version of (37.8): 
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! x px +! y py +! z pz( )2
= px

2 + px
2 + px

2

" ! x
2 = I,   ! y

2 = I,   ! z
2 = I,   ! x! y +! y! x = 0,   ! x! z +! z! x = 0,   ! y! z +! z! y = 0

#! x +! x# = 0,    #! y +! y# = 0,    #! z +! z# = 0

#2 = I

 (37.10) 

Instead of being impossible to solve, it turns out that these conditions can 

simultaneously be met using four-by-four matrices: 

α x =

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
0 σ x

σ x 0
⎛
⎝⎜

⎞
⎠⎟

, α y =

0 0 0 −i

0 0 i 0

0 −i 0 0

i 0 0 0

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=
0 σ y

σ y 0
⎛
⎝⎜

⎞
⎠⎟
, 

! z =

0 0 1 0
0 0 0 " 1
1 0 0 0
0 " 1 0 0

#

$

%
%
%
%

&

'

(
(
(
(

=
0 ) z

) z 0
#

$%
&

'(
, ! =

1 0 0 0
0 1 0 0
0 0 " 1 0
0 0 0 " 1

#

$

%
%
%
%

&

'

(
(
(
(

= ! =
I 0
0 " I

#

$%
&

'(
. (37.11) 

We have introduced a short-hand notation where 2 × 2  blocks within the 4 × 4  matrices 

are represented by ! x "
0 1
1 0

#

$%
&

'(
, ! y "

0 #i
i 0

$

%&
'

()
, ! z "

1 0
0 #1

$

%&
'

()
, and I ≡

1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

.  It is no 

coincidence that these are the Pauli spin matrices (which we saw in chapter 4), along with 

the identity matrix. 

So it turns out that we can square root (37.4).   Nevertheless, we can write a linear 

wave equation in the form 

EΨ = c α x px +α y py +α zpz( ) + βmc2⎡⎣ ⎤⎦Ψ .     (37.12) 

The price we pay is that we are stuck with 4 ! 4  matrices.  Evidently !  will need to be a 

four-component vector.  The quantization rules (i.e. 
 
E ↔ i !

∂
∂t

, 
 

px ↔ −i
∂
∂x

, 
 

py ↔ −i ∂
∂y

, 

and 
 

pz ! " i #
#z

) lead to 

 

i ! "
! t

= #ic$ x
!
! x

# ic$ y
!
! y

# ic$ z
!
! z

+mc2%
&

'
(

)

*
+" ,   (37.13) 

This is known as the Dirac equation.  It can be written more compactly as 

 

i ∂Ψ
∂t

= c −i∇( ) ⋅ αΨ + mc2βΨ , where 
 

α ≡ x̂α x + ŷα y + ẑα z . (37.14) 
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It is understood that the three Cartesian spatial dimensions, kept track of by öx , ŷ , and ̂z, 

have nothing to with the various matrix elements or the different vector components of 

! . They merely ride along outside of the matrices. 

It is left as an exercise to show that the Dirac can also be written compactly as 

! µ

"
"xµ

+ kcI
#

$
%
%

&

'
(
(
) = 0 ,      (37.15) 

where 
 
kc ≡ 2π λc ≡ mc  , x1 ≡ x , x2 ≡ y , x3 ! z , x4 ≡ −ct , and ! µ  represents four matrices.  

The repeated Greek index implies a summation. 

 

37.4 Dirac Particle in Free Space 

By inserting the matrices (37.11) into the Dirac equation (37.13) and writing the four 

vector components of !  explicitly, we may write the Dirac equation as 

 

i
!
! t

" 1

" 2

" 3

" 4

#

$

%
%
%
%

&

'

(
(
(
(

= ) ic

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

#

$

%
%
%
%

&

'

(
(
(
(

!
! x

) ic

0 0 0 ) i

0 0 i 0

0 ) i 0 0

i 0 0 0

#

$

%
%
%
%

&

'

(
(
(
(

!
! y

) ic

0 0 1 0

0 0 0 ) 1

1 0 0 0

0 ) 1 0 0

#

$

%
%
%
%

&

'

(
(
(
(

!
! z

+ mc2*

+

,

-
-
-
-
-

.

/

0
0
0
0
0

" 1

" 2

" 3

" 4

#

$

%
%
%
%

&

'

(
(
(
(

 

(37.16) 

or 

 

i!
!
! t

" 1

" 2

" 3

" 4

#

$

%
%
%
%

&

'

(
(
(
(

= ) i! c
!
! x

" 4

" 3

" 2

" 1

#

$

%
%
%
%

&

'

(
(
(
(

) ! c
!
! y

" 4

) " 3

" 2

) " 1

#

$

%
%
%
%

&

'

(
(
(
(

) i! c
!
! z

" 3

) " 4

" 1

) " 2

#

$

%
%
%
%

&

'

(
(
(
(

+ mc2

" 1

" 2

) " 3

) " 4

#

$

%
%
%
%

&

'

(
(
(
(

. (37.17) 

This is four coupled first-order differential equations organized using vector notation, for 

we may write 

 

i! ∂Ψ1

∂t
= −i! c ∂Ψ4

∂x
− ! c ∂Ψ4

∂y
− i! c ∂Ψ3

∂z
+ mc2Ψ1

i! ∂Ψ2

∂t
= −i! c ∂Ψ3

∂x
+ ! c ∂Ψ3

∂y
+ i! c ∂Ψ4

∂z
+ mc2Ψ2

i! ∂Ψ3

∂t
= −i! c ∂Ψ2

∂x
− ! c ∂Ψ2

∂y
− i! c ∂Ψ1

∂z
− mc2Ψ3

i! ∂Ψ4

∂t
= −i! c ∂Ψ1

∂x
+ ! c ∂Ψ1

∂y
+ i! c ∂Ψ2

∂z
− mc2Ψ4

   (37.18) 
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If we try to decouple these equations, we will find that the individual components of Ψ  

obey the Klein-Gordon equation.  To see this, we operate with 
 
i!

!
! t

 on the first equation 

in (37.18) and obtain 

 

! 2 " 2# 1

" t 2 = ! ic
"
"x

i
"# 4

" t
$
%&

'
()

! c
"
"y

i
"# 4

" t
$
%&

'
()

! ic
"
"z

i
"# 3

" t
$
%&

'
()

+ mc2 i
"# 1

" t
$
%&

'
()

 (37.19) 

Next we insert the first, third, and fourth rows of (37.18) into the right-hand side of 

(37.19), which yields (after many cancellations) 

 

−2 ∂
2Ψ1

∂t 2
= −2c2 ∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2
⎛
⎝⎜

⎞
⎠⎟
Ψ1 + m

2c4Ψ1 ,    (37.20) 

which is the Klein-Gordon equation for a free particle.  In fact, each component of !  

individually satisfies the Klein-Gordon equation, however, not independently.  The initial 

conditions for the four separated Klein-Gordon equations must be chosen in a compatible 

manner, which is enforced by the Dirac equation.  The four components ! 1 , ! 2 , Ψ3 , and 

! 4  are interpreted as a spin-up electron, a spin-down electron, a spin-up positron, a spin-

down positron, respectively.  The Dirac equation predicted the existence of positrons 

before they were discovered! 

 

37.5  Probability Density and Current 

While hoping for the best, let us define the probability density as 

ρ ≡ Ψ†Ψ = Ψ1
∗ Ψ2

∗ Ψ3
∗ Ψ4

∗( )
Ψ1

Ψ2

Ψ3

Ψ4

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= Ψ1
2 + Ψ2

2 + Ψ3
2 + Ψ4

2 .  (37.21) 

We will check whether this is sensible by trying to invent some  
!
J  such that a continuity 

equation 

 
! "

!
J +

#$
#t

= 0      (37.22) 

will hold.  The Dirac equation (37.14), and its Hermitian adjoint are  

 

i
! "
! t

= c #i$( )%

&" + mc2' "   and 

 

−i
∂Ψ  

∂t
= c i∇( ) ⋅ αΨ   + mc2βΨ   , (37.23) 

 

since α i
  = α i  and !   = ! . With the help of the above expressions we have 
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∂ρ
∂t

= Ψ   ∂Ψ
∂t

+ ∂Ψ  

∂t
Ψ = Ψ   1

i
c −i∇( ) ⋅ αΨ + mc2βΨ⎡⎣ ⎤⎦ +

1
−i

c i∇( ) ⋅Ψ   α + mc2Ψ  β⎡⎣ ⎤⎦Ψ

= −Ψ   c α ⋅∇Ψ − c ∇Ψ  ( ) ⋅ αΨ = −Ψ   c α ⋅∇Ψ − c∇ ⋅ Ψ   αΨ( ) − Ψ   c α ⋅∇Ψ⎡⎣ ⎤⎦ = −∇ ⋅ Ψ   c αΨ( )
(37.24) 

Apparently, the probability current is 

 


J ≡ Ψ   c

αΨ .      (37.25) 

 


