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Lecture 36: Compton Scattering 

Physics 452 

Justin Peatross 

 

36.1 Interaction Hamiltonian for Emission  

Now that we are familiar with the Klein-Gordon equation and how a wave function 

responds to an electromagnetic disturbance, we will use this understanding to do an 

actual (relativisitic) calculation.  We will try to compute the cross section for Compton 

scattering (as opposed to merely figuring out the scattered wavelength as a function of 

angle – a freshman-physics problem).  Consider an E&M field, which consists of a 

stimulating field represented by  
!
A

!
r , t( )  and a scattered field represented by 

 


As

r , t( ) : 

 
!
Atot

!
r , t( ) =

!
A

!
r ,t( ) +

!
As

!
r ,t( ) .     (36.1) 

We place this in the Klein-Gordon equation, which becomes 

 
! ! 2

" 2#
" t 2

= c2 ! i! $ ! q
"
Atot( )2 # + m2c4# = mc2 !

!
m

2

$ 2 + 2i ! q
m

"
Atot %$ +

q2

m
Atot
2 + mc2

&

'(
)

*+
# . (36.2) 

Now 
 
Atot

2 = A2 + 2

As !

A + As

2 , so we can write 

 
! ! 2

" 2#
" t 2

= mc2 Ho + $H( )# ,     (36.3) 

where we have defined the following ‘Hamiltonians’: 

 
Ho ≡ mc2 − ! 2

m
∇2 + 2i ! q

m

"
A ⋅∇ + q2

m
A2  and 

 

′H ≡ 2i q
m

As ⋅∇ + 2 q

2

m

As ⋅

A + q

2

m
As
2 . (36.4) 

We gave not made any approximation yet, but we have written Ho  to include only the 

incident field  
!
A  as though it were the only thing present, and we have written !H  to 

include everything else. 

 

36.2 Perturbation Theory  

 As we did in (32.9), we will write the wave function as a superposition of Volkov 

states (34.3): 

 
Ψ !

r , t( ) = d3pα !
p t( )Ψ !

p
V !

r , t( )∫      (36.5) 

Next, we write 
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α p = α p

0( ) + λα p
1( ) + ...      (36.6) 

where λ  is an expansion parameter that we will later set to one.  We take 
 
! !

p
0( )  to be time 

independent, corresponding to the initial state.  We assume that the initial state hardly 

changes since we anticipate that the scattering amplitude will be small.  The coefficient 

 
! !

p
1( )  will evolve in time from an initial value of zero (i.e. 

 
α !

p
1( ) −∞( ) = 0 ) to some final value 

 
! p

1( ) "( ) .  It corresponds to a change from the initial state and will therefore represent the 

wave function of the scatted electron. 

The Klein-Gordon equation (36.5) is written as 
 
! ! 2

" 2#
" t 2

= mc2 Ho + $ %H[ ] # , to help 

us keep track of the fact that we expect the scattered field (contained in !H ) to be weak 

compared to the incident field (in Ho ).  With (36.5) and (36.5) the Klein Gordon equation 

becomes 

 

−2 ∂ 2

∂t 2 d3p α p
0( ) + λα p

1( )⎡⎣ ⎤⎦Ψ 
p
V∫ = mc2 Ho + λ ′H[ ] d3p α p

0( ) + λα p
1( )⎡⎣ ⎤⎦Ψ 

p
V∫   (36.7) 

or 

 

! ! 2 d 3p " "p
0( ) ### "p

V + $" "p
1( ) ### "p

V + $ ##" "p
1( )# "p

V + 2$ #" "p
1( ) ## "p

V%& '()
               = mc2 d 3p " "p

0( )Ho# "p
V + $" "p

1( )Ho# "p
V + $" "p

0( ) *H # "p
V + $2" "p

1( ) *H # "p
V%& '()

  (36.8) 

In perturbation theory, we assume that Ho  dominates.  In this case, all terms involving 

Ho  neatly cancel with the corresponding time-derivative terms, in accordance with the 

Klein-Gordon equation when !H  (i.e.  
!
As ) is ignored. 

In perturbation theory, we neglect the term (36.9) involving λ2  and obtain 

 

−2 d3p α p
1( )Ψ 

p
V + 2 α p

1( ) Ψ 
p
V⎡⎣ ⎤⎦∫ = mc2 d3p α p

0( ) ′H Ψ 
p
V⎡⎣ ⎤⎦∫ .   (36.9) 

So our problem is to solve the above equation for 
 
! !

p
1( ) "( ) , to find the amplitude of the 

scattered electron wave associated with a Compton event (after the event is over).  This 

will require some tricks. 

Recall that ′H  operates on  r  and t , not on  
!p .  We multiply by 

 
! !

"p
#V  and integrate 

over on  !r  and t : 
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−! 2 d 3p∫ d 3r∫ dt∫ Ψ " ′p

∗V ##α "p
1( )Ψ "p

V + 2 #α "p
1( ) #Ψ "p

V⎡⎣ ⎤⎦ = mc
2 α "p

0( )d 3p∫ d 3r∫ dt∫ Ψ " ′p
∗V ′H Ψ "p

V . (36.10) 

We perform integration by parts on the first piece of the time integral on the left-hand 

side: 

 

dt! " 
#p

$V %p
1( )" 

p
V = %p

1( )" 
#p

$V" 
p
V

&'

'
& dt! %p

1( ) " 
#p

$V" 
p
V + " 

#p
$V " 

p
V() *+ .  (36.11) 

We may assume 
 
!! "

p
1( ) " #( ) = !! "

p
1( ) #( ) = 0  if the electromagnetic disturbance has a beginning 

and an end.  This restricts our analysis to the final state of evolution. 

If we install (36.11) into (36.10), our integral equation becomes 

 
! ! 2 d3p" dt" "# #

p
1( ) d3r" $ #

%p
&V "$ #

p
V ! "$ #

%p
&V$ #

p
V'( )* = mc2 d3p# #

p
0( )" d3r" dt" $ #

%p
&V %H $ #

p
V , (36.12) 

but the ortho-normal condition for Volkov states (see ( 34.5) and (32.2)) gives 

 

d3r! " 
#p

$V " 
p
V % " 

#p
$V" 

p
V&' () =

2mc2

i
" 

#p
V r , t( ) " 

p
V r , t( ) =

2mc2

i
* 3 p % #


p( ) .  (36.13) 

With this, (36.12) becomes 

 
i
2mc2

!
d3p! " 3 "

p #
"
$p( ) dt! #%"

p
1( ) = mc2 d3p%"

p
0( )! d3r! dt! & "

$p
' V $H & "

p
V   (36.14) 

The remaining two integrals on the left can easily be performed to give 

 
! !

"p
1( ) #( ) = $i

mc2

2"
d3p! !

p
0( )% d3r% dt%& !

"p
' V "H & !

p
V    (36.15) 

Whew!  We have isolated 
 
α  ′p

1( ) ∞( ) .  (Don’t worry that there is a prime on  
!
!p ; that 

just keeps it distinct from the variable of interaction.  If you like, you can interchange   
! ′p  

and 
 


p  in (36.15)).  The above expression gives us a way to compute the amplitude of the 

scattered wave, but only after all is said and done (i.e. at t = ∞ ).  This approach does not 

allow us to look under the hood during the interaction.  With this formalism, we have no 

way of making a movie of a Compton scattering event.  Eq. (36.15) is known as an S-

matrix element, where ‘S’ stands for scattering.  It tells us that if we choose our incident 

electron wave (via the coefficients 
 
! p

0( ) ), define our incident and scattered EM waves, 

then it is possible to compute the final scattered electron wave. 

 

36.3 Compton Scattering  
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 We must choose the incident and emitted fields.  For the incident field, let us 

choose a plane wave: 

 

!
A =

Ao

2
!̂ ei kz" # t( ) + !̂

$

e" i kz" # t( )%
&

'
( ,     (36.16) 

where ö!  is a complex polarization vector perpendicular to öz . For the scattered field we 

write 

 


As =

Aso
2

öε se
i

′k ⋅r− ′ω t( ) + öε s

∗e− i

′k ⋅r− ′ω t( )⎡

⎣
⎤
⎦ ,    (36.17) 

where  ö!" #

!k = 0 . 

We ignore the gradient terms as well as As
2  in (36.4), which give rise to second-

order effects.  Then the interaction Hamiltonian simplifies to 

 

′H = 2 q2

m


A ⋅

As =

q2AoAso

2m

ε̂ ⋅ ε̂se
i

k+

′k( )⋅r − ω+ ′ω( )t⎡⎣ ⎤⎦ + ε̂ ∗ ⋅ ε̂se

− i

k−

′k( )⋅r − ω− ′ω( )t⎡⎣ ⎤⎦

+ε̂ ⋅ ε̂s
∗e

i

k−

′k( )⋅r − ω− ′ω( )t⎡⎣ ⎤⎦ + ε̂ ∗ ⋅ ε̂s

∗e
− i

k+

′k( )⋅r − ω+ ′ω( )t⎡⎣ ⎤⎦

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

  (36.18) 

We consider  
!
k = köz . 

If 
 

eAo

k!
= eEo

kω !
= λ2e

2π( )2 c!

2I
εoc

= 3.5×10−10 λ
nm

⎛
⎝⎜

⎞
⎠⎟

2 I
W cm2

⎛
⎝⎜

⎞
⎠⎟
<<1 , we may approximate 

our Volkov wave functions as ordinary plane waves: 

 

Ψ !
p
V !

r , t( ) ≅ Ψ !
p

!
r , t( ) = mc2

2π "( )3 E
exp i

!
p ⋅ !r − Et( )

"
⎧
⎨
⎩

⎫
⎬
⎭

 and   (36.19) 

 

 

Ψ∗
! ′p
V !r , t( ) ≅ Ψ ! ′p

!r , t( ) = mc2

2π "( )3 ′E
exp −i

! ′p ⋅ !r − ′E t( )
"

⎧
⎨
⎩

⎫
⎬
⎭

   (36.20) 

We can now proceed with the calculation of the scattered wave coefficient: 

 

! !
"p

1( ) #( ) = $i
q2AoAsomc4

4" 2%"( )3 d3 p
! !

p
0( )

E "E& d3r& e
i

!
p$

!
"p( )' !r

"

                                    ( dt&
)̂ ' )̂ se

i
!
k+

!
"k( )' !r e

$i
E$ "E +" * +" "*( )

"
t
+ )̂ + ' )̂ se

$i
!
k$

!
"k( )' !r e

$i
E$ "E $" * +" "*( )

"
t

+)̂ ' )̂ s
+ei

!
k$

!
"k( )' !r e

$i
E$ "E +" * $" "*( )

"
t
+ )̂ + ' )̂ s

+e$i
!
k+

!
"k( )' !r e

$i
E$ "E $" * $" "*( )

"
t

,

-

.

.

.

/

0

1
1
1

  (36.21) 

The time integral becomes 

 

2! 
"̂ #"̂ se

i

k+

$k( )#r% E & $E + ' +  $'( ) + "̂ ( #"̂ se

&i

k&

$k( )#r% E & $E &' +  $'( )

+"̂ #"̂ s
(ei


k&

$k( )#r% E & $E + ' & $'( ) + "̂ ( #"̂ s

(e&i

k+

$k( )#r% E & $E &' & $'( )

)

*
+
+

,

-
.
.
  (36.22) 
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These four delta functions have incompatible arguments, which cannot simultaneously be 

zero.  We need only retain one of them.   We keep  δ E − ′E + ! ω − ! ′ω( ) , which enforces 

energy conservation.  That is, the initial electron energy plus the incident photon energy 

matches the final electron energy plus the scattered photon energy (i.e.,  E + ! ! = "E + ! "! ). 

 

! " !
#p
1( ) $( ) = %i

q2AoAsomc4&̂' &̂s
(

4" 2) "( )2
d3p

" !
p
0( )* E % #E + " + %" #+( )

E #E, d3r, e
i

!
p%

!
#p +"

!
k%"

!
#k( )' !r

"

= %
i
2

q2) mc4AoAso&̂' &̂s
( d3p

" !
p
0( )* E % #E + " + %" #+( )* !

p %
!
#p + "

!
k %"

!
#k( )

E #E,
= %

i
2

q2) mc4AoAso&̂' &̂s
(
" #

!
p
0( )* #E % #E + " + %" #+( )

#E #E

 (36.23) 

where  !
"
p = " ′p − #

"
k + #

"
′k . 

 From this expression, we can find the rate of Compton events, but it also ensures 

conservation of energy and momentum, as enforced by the arguments of the delta 

functions.  In summary, the delta functions enforce 

 E + ! ω = ′E + ! ′ω  and 
 

p + 

k =

!p + 

!k ,    (36.24) 

from which one can derive the well known formula 

! " #! =
h

mc
1 " cos$( )       (36.25) 

analyzed in freshman physics courses.  However, (36.25) tells you nothing of the 

transition rate, that is how many scattered photons and how that will vary with angle.  We 

can get that from an analysis of 
 
! "p

1( ) #( ) . 

The delta function in (36.23) is not surprising, since we have assumed that the 

field is on forever. Recalling that 
 


Es = ! "


As " t and  

!
Bs = ∇ ×

!
As , we can calculate the energy 

of the scattered field (within some large volume V ) by 

 

E =
! o Es

2

t

2
+

Bs
2

t

2µo

"

#
$
$

%

&
'
'
V =

! o () 2Aso
2

2
V     (36.26) 

If we set this energy equal to the energy of one photon (i.e.,   E = ! !" ), we can find the 

appropriate field amplitude that corresponds to one scattered photon: 

  
E =  !" # Aso =

2
$o !" V

     (36.27) 

The rate of light scattering associated with a final electron momentum 
 

!

p  is then 
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dR !p =

1
T

Vd 3 !k
2"( )3# $ !

!p
1( ) %( )

2      (36.28) 

where T is a time, and 2!( )3 V  is the density of EM modes in volume V  (in k space).  

Note that T will need to be large to compensate for the infinite delta function in (36.28). 

 
dR !p =

q4" m2c8Ao
2

2#o

#̂$#̂s
%2 d3 !k

!&

' !
"
p
0( ) 2

E !E( )
!E * !E

#
+& * !&

+

,-
.

/0
   (36.29) 

In the above expression, we replaced one of the delta functions with 
 

lim
T! "

1
2#

dt

$T

T

% to affect 

a cancellation with T  in (36.28). 

 With the help of the remaining delta function in (36.29), it is possible (not easy) 

to perform the integration over d !k  leaving only an integral over 
 
d! !

"k .  Dividing the 

integrand by the incident photon flux leads to the formula for the differential cross 

section for scattered photons: 

 

d!
d" !

#k

=
q2

4$%omc2

&

'(
)

*+

2
#k

k
&
'(

)
*+

2

ö%, ö%s
- 2      (36.30) 

 

 

 


