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Lecture 35: Numerics of a Gaussian Wave in an EM Field 

Physics 452 

J. Peatross 

 

35.1 Summary of Gaussian Wave Packet Solution 

To summarize the results of lecture 34, we developed the following expression for a 

Gaussian wave packet in the presence of an electromagnetic field (propagating in the z-

direction but with an arbitrary time profile).  The wave packet is given by 
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Expression (35.1) is a valid solution to the Klein-Gordon equation as long as 
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Although straightforward, this expression can be a bit intimidating to program in a 

computer.  It gets worse; to view the wave packet, we will want to plot the probability 

density, which is 

 

ρ = i
2mc2

Ψ∗ r , t( ) ∂Ψ
r , t( )

∂t
− Ψ r , t( ) ∂Ψ

∗ r , t( )
∂t

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 

mc2
Im Ψ r , t( ) ∂Ψ

∗ r , t( )
∂t

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
,  (35.4) 

as specified by (31.20).  In the sections that follow, we will try to make this manageable. 

 

35.2 Scaling Parameters 

We have already introduced the dimensionless momentum !pw " pw mc .  For later 

convenience, let us also scale time and length to the period and wavelength of the 

incident light field, such that ′t ≡ νt  and ′r ≡ r λ . Since ρ  in (35.4) has dimensions of 



 2 

inverse volume and Ψ  has dimensions of the square root of volume, we write ′ρ ≡ λ 3ρ  

and ′Ψ ≡ λ3 2Ψ . The probability density that we wish to plot then becomes 
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a ≡ ν mc2 = kcλ( )−1 .   (35.5) 

 If we consider a linearly polarized plane wave, we may write 
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Finally, since the vector potential has dimensions of momentum per charge, we introduce 

the dimensionless scaling 
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It is left as an exercise to show this scaled vector potential is unity (i.e., !A = 1) when the 
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.  In the case of 800nm  light, this corresponds to 

2.1! 1018 W cm2 , which is routinely achievable with today’s laser technology. 

 

35.3 Cleaning Up the Formulas for Programing 

In the dimensionless variables, (35.1) becomes 
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The auxiliary quantities in this formula (in terms of !z , ′t , and  

!A ) simplify to 
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Also, we have 
 
a ! kc" = mc"  = 2.07 #106  in the case of 800nm  light. 

 

35.4 Programming Essentials 

Since our movie will plot (35.4), we will need 
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The probability density, then becomes 

 

!" = a2 !po
#

$
%&

'
()

3
1

* 2 +
e

, !po
2 Re

- x
2+- y

2

*
+

- 2

+

$

%
&&

'

(
))

. !- t
, + Im

!*
*

1, !po
2 - x

2 + - y
2

2*

$

%
&

'

(
) +

!+
2+

1, !po
2 - 2

+
$

%&
'

()
+ !po

2 - x !- x +- y !- y

*
+

- !-
+

$
%&

'
()

/
0
1

21

3
4
1

51

6

7
8
8

9

:
;
;

  (35.10) 

where  
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So after all of this work (two lectures!), equations (35.10) and (35.11) are what we will 

program in the computer. 

At this point, we must choose the form of the applied EM field.  We could choose 

something more complicated, for example circularly polarized light or a pulse that turns 

on and turns off, but we will stick with the basic standby of  linearly polarized plane 

wave.  We can simply choose 
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With this choice, we can compute several necessary expressions: 
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The following Matlab code makes a movie of a wave packet using the formulas in 

this section.  The movie displays a 2-D slice 
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function wavepacket 
clear; close all; 
format long; 
%Parameters 
Ao=1; 
a=2.1e6; 
pw=.005; 
%Time window in units of laser periods. 
tmin=0; 
tmax=50; 
%number of frames 
nframe=400; 
dt=(tmax-tmin)/nframe; 
%number of pixels in a wavelength 
nmax=100; 
D=1/nmax; 
%Define frame 
x=-1:D:1; 
z=0:D:10; 
[X,Z]=ndgrid(x,z); 
for n=1:nframe+1; 
  t=tmin+(n-1)*dt; 
  rho=Evaluate(X,Z,t,pw,Ao,a); 
  peak=max(max(rho)); 
  rho=rho/peak; 
  colormap([.25 0 .5;.25 0 .75;.25 0 1;0 0 1;0 .25 1;0 .5 1;0 .75 1;0 .9 .9; 
      0 .9 .7;0 .95 .3;0 .97 0;.3 1 0;.7 1 0;.87 1 0; 1 1 0;1 .87 0;1 .75 0; 
      1 .5 0;1 .25 0;1 0 0;1 .25 .25;1 .5 .5;1 .75 .75;1 1 1]); 
  shading interp 
  imagesc(rho) 
  set(0,'DefaultImageCreateFcn','axis image') 
  drawnow 
  M(n)=getframe; 
end; 
movie2avi(M,'volkov') 
  
function rho=Evaluate(X,Z,t,pw,Ao,a); 
pw2=pw^2; 
pw3=pw^3; 
pw4=pw^4; 
Ao2=Ao^2; 
pw4at=pw4*a*t; 
fxpw3=pw3*a*Ao/(2*pi); 
fpw3=pw^3*a*Ao2*t/4; 
fprintf('t = %g    pw^4*a*t = %g     pw^3*f = %g     pw^3*fx = %g\n',t,pw4at,fpw3,fxpw3) 
fx=a*Ao/(2*pi)*sin(2*pi*(Z-t)); 
fxd=-a*Ao*cos(2*pi*(Z-t)); 
f=a*Ao2*((Z-t)/4+sin(4*pi*(Z-t))/(16*pi)); 
fd=-a*Ao2*(cos(2*pi*(Z-t))).^2/2; 
ntp=a*t+f; 
ntpd=a+fd; 
ntm=a*t-f; 
ntmd=a-fd; 
nx=a*X+fx; 
nxd=fxd; 
nz=a*Z+f; 
nzd=fd; 
al=1+i*pw2*ntp; 
ald=i*pw2*ntpd; 
b=1+i*pw2*ntm+pw4*fx.^2./al; 
bd=i*pw2*ntmd+2*pw4*fx.*fxd./al-pw4*ald.*(fx./al).^2; 
n=nz+i*pw2*fx.*nx./al; 
nd=nzd-i*pw2*ald.*fx.*nx./(al.^2)+i*pw2*(fxd.*nx+fx.*nxd)./al; 
q=real(nx.^2./al+n.^2./b); 
w=imag((1-pw2*nx.^2./(2*al)).*ald./al+(1-pw2*n.^2./b).*bd./(2*b)+pw2*(nx.*nxd./al+n.*nd./b)); 
rho=(a*pw/sqrt(pi))^3/a*exp(-pw2*q).*(ntmd+w)./((abs(al)).^2.*abs(b)); 
 


