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Lecture 34: Solution to Klein-Gordon Equation for a charged particle in an 

Electromagnetic Wave 

Physics 452 

J. Peatross 

 

In lecture 33, we learned to write electric and magnetic fields in terms of potentials 

according to 
 

!
E = −∇φ − ∂

!
A
∂t

  and  

B = ! "


A .  For example, the vector potential 

 
!
A !r , t( ) = ẑAo sin kx − ωt( )  gives rise to a linearly polarized plane wave field with 

 


E = ẑ! Ao cos kx " ! t( )  and 

 


B = ŷkAo cos kx − ωt( ) .  If there are no static fields around such as a 

Coulomb potential, we can let ! = 0 , which we will do for this lecture. 

 

34.1 Volkov States 

As we learned in the previous lecture, the Klein-Gordon Equation for a charged particle 

q  in an external electromagnetic field represented by the vector potential  

A  is written as 

 

−2 ∂
2Ψ
∂t2

= c2 −i∇ − q

A( )2 Ψ + m2c4Ψ .    (34.1) 

As noted above, we could also include a scalar potential φ  on the left-hand side, but we 

have set φ = 0 .  We choose the propagation direction for an applied EM plane-wave to be 

z . This applied light pulse may turn on and turn off, but for the sake of the analysis that 

follows it will be important that there be only one propagation direction for the applied 

EM field.  Since we have chosen the applied field to propagate in the z  direction and 

since it must travel at the speed c , we may write 

 


A =

A z − ct( ) .      (34.2) 

It turns out that for this vector potential, the Klein-Gordon equation can be solved 

exactly.  The solutions are known as the Volkov states, which are parameterized by the 

particle momentum 
 

p .  The Volkov states are 

 

! 
p
V r , t( ) =

mc2

2" ( )3 E
exp i


p#

r $ Et( )


+
i

 pz $ E c( )
q

p#

A ( ) $ q2A2

( ) 2%& '( d
$)

z$ct

*
+
,
-

.-

/
0
-

1-
    (34.3) 

where 

E2 = p2c2 + m2c4 .         (34.4) 
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It is left as an exercise to demonstrate that these states satisfy the Klein-Gordon equation.  

Notice that if  

A = 0 , the Volkov states reduce to the plane-wave states for a free particle 

(31.17). 

As with the states for a free particle, the Volkov states form a complete ortho-

normal basis set.  It is left as an exercise to show that 

 
! 

"p
V r , t( ) ! p

V r , t( ) = #3 p $ "
p( ) .       (34.5) 

In the same manner as outlined in section 32.3, we can construct a wave packet using the 

Volkov States: 

 
Ψ !r , t( ) = a !p( )Ψ !p

V !r , t( )d3p∫         (34.6) 

A wave packet constructed from Volkov states automatically responds to the applied 

E&M field since each Volkov state also responds.  Later, we will make movies of this.  

We will see packets wiggling in the EM as they also spread and drift.  An example of this 

is shown at the top of our course website. 

 

34.2 Gaussian Wave Packet 

As an example, we will construct a Gaussian wave packet that starts from rest (i.e. 

 

po = 0 ), using the following normalized distribution: 

 

a
!
p( ) = 1

pw π( )3 2
exp − p2

2pw
2

⎧
⎨
⎩

⎫
⎬
⎭

.      (34.7) 

Then according to (34.6) the wave packet is given by 

 

Ψ r , t( ) = a

p( )Ψ 

p
V r , t( )d3p∫ = mc2

2π( )3

1

pw π( )3 2 dpxe
−

px
2

2pw
2 +i

pxx


−∞

∞

∫ dpy

−∞

∞

∫ e
−

py
2

2pw
2 +i

pyy

 dpz

−∞

∞

∫ e
−

pz
2

2pw
2 +i

pzz



× 1

E
e
− i

E


t+i
c

 E−cpz( ) epxAx+epyAy+e2A2 2⎡⎣ ⎤⎦d
−∞

z−ct

∫

 

 (34.8) 

Unfortunately, the integrals in (34.8) cannot be performed.  Also, this type of 3-D integral 

is very difficult to perform numerically, since it is oscillatory and needs to be repeated for 

every different t , in order to watch the wave packet evolve in the applied E&M field.  

Fortunately, we can make excellent progress if we make some approximations. 
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34.3 Approximations for the Gaussian Packet 

In order perform the integrals analytically, we make the following Taylor series 

expansions: 

E = mc2 1+
p2

m2c2
! mc2 1+

px
2 + py

2 + pz
2

2m2c2
"

px
2 + py

2 + pz
2( )2

8m4c4
...

#

$

%
%

&

'

(
(
  (34.9) 

and 

1
E ! cpz

"
1

mc2 1+
pz

mc
!

px
2 + py

2 ! pz
2

2m2c2 !
px

2 pz + py
2 pz

m3c3 ...
#

$
%

&

'
(    (34.10) 

We use these approximations and truncate as necessary such that we will be able to 

perform the integrals: 

 

Ψ r , t( ) = ′pw
λc π

⎛

⎝⎜
⎞

⎠⎟

3 2

duxe
−
ux

2

2
+ikcx ′pwux

−∞

∞

∫ duy
−∞

∞

∫ e
−
uy

2

2
+ikcy ′pwuy duz

−∞

∞

∫ e
−
uz

2

2
+ikcz ′pwuz

                                     × e
− ikc 1+ ′pw

2 ux
2+uy

2+uz
2

2
...

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ct+i 1+ ′pwuz⎡⎣ ⎤⎦ fx ′pwux+ fy ′pwuy⎡⎣ ⎤⎦+i 1+ ′pwuz− ′pw

2 ux
2+uy

2−uz
2

2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
f

  (34.11) 

We have employed the following definitions: 

 

fx ≡
e
!

Axd"

−∞

z−ct

∫ , 
 

fy ≡
e


Ayd

−∞

z−ct

∫ , 
 

f !
e2

2mc
A2d

" #

z" ct

$ , ′pw ≡ pw
mc

, ! c "
h
mc

, and kc ≡
2π
λc

. 

 (34.12) 

We have also made a change of variables ux,y,z ! px,y,z pw .   Note that ! c = 2.4 " 10#12m  is 

called the Compton wavelength.  In the denominator of (34.8) we have let E ≅ mc2 . 

Further organization puts the integrals into the form 

 

!
!r , t( ) = e" ikcct+if #pw

$c %

&

'(
)

*+

3 2

duz
" ,

,

- e
"
uz

2

2
1+i #pw

2 kcct" f( ).
/

0
1+i #pw kcz+ f( )uz

                                         2 duxe
"
ux

2

2
1+i #pw

2 kcct+ f( ).
/

0
1+i #pw kcx+ 1+ #pwuz( ) fx./ 01ux

" ,

,

- duy
" ,

,

- e
"
uy

2

2
1+i #pw

2 kcct+ f( ).
/

0
1+i #pw kcy+ 1+ #pwuz( ) fy./ 01uy

(34.13) 

The approximations made above are in the spirit of the Fresnel approximation in optics.  

They are valid if the wave-packet behavior is not too relativisitic.  They do allow for 

moderately relativistic behavior, as we shall see. 
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34.4 Integration of the Gaussian Packet 

The integrals in (34.13) can all be performed analytically with the help of the formula 

du
−∞

∞

∫ e−Au
2+Bu = π

A
e
B2

4A        (34.14) 

We first perform the integrals over x  and y  to arrive at 

 

Ψ !r , t( ) = e− ikcct+if ′pw
λc π

⎛

⎝⎜
⎞

⎠⎟

3 2

duz
−∞

∞

∫ e
−
uz

2

2
1+i ′pw

2 kcct− f( )⎡⎣ ⎤⎦+i ′pw kcz+ f( )uz

                                                × 2π
1+ i ′pw

2 kcct + f( )⎡⎣ ⎤⎦
e
− ′pw

2 kcx+ 1+ ′pwuz( ) fx⎡⎣ ⎤⎦
2
+ kcy+ 1+ ′pwuz( ) fy⎡⎣ ⎤⎦

2

2 1+i ′pw
2 kcct+ f( )⎡⎣ ⎤⎦

 (34.15) 

We can tidy this up as follows: 

 

Ψ !r , t( ) = 2π
α

kc ′pw
2π 3 2

⎛
⎝⎜

⎞
⎠⎟
3 2

e− iηt
−

e
− ′pw

2ηx
2+ηy

2

2α duz
−∞

∞

∫ e
−
uz
2

2
1+i ′pw

2ηt
−+ ′pw

4

α
fx
2+ fy

2( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
+i ′pw ηz+i

′pw
2

α
fxηx+ fyηy( )⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
uz

,  (34.16) 

where we have introduced the expressions 

ηt
± ≡ kcct ± f , ! x " kcx + fx , ηy ≡ kcy + fy ,ηz ≡ kcz + f , α ≡1+ i ′po

2ηt
+ . (34.17) 

Finally, we perform the last integral and get 

 
!

!
r , t( ) =

1
" #

kc $pw

%
&
'(

)
*+

3 2

e
, i- t

, , $pw
2 - x

2+- y
2+- 2

2"
, $pw

2 - 2

2#     (34.18) 

where 

β ≡ 1+ i ′pw
2ηt

− + ′pw
4 fx

2 + fy
2

α
 and ! " ! z + i #pw

2
o

fx! x + fy! y

$
.   (34.19) 

Equation (34.18) is our final expression.  There is a lot of information hiding in it; it 

contains a number of functions of functions of functions.  In that sense, it is not very 

pretty or insightful.  On the other hand, there are no integrals left to perform, so the 

expression can be evaluated rapidly in a computer.  We will be able to make a movie of 

our wave packet essentially in real time, which is a minor big deal.  Without this formula, 

we would need weeks of running in a super computer to perform the 3-D integrals 

required for generating a movie.  This formula was developed in 2007. 
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We need to remember that the above expression for the wave function is valid as 

long as the neglected terms don’t become important.  The lowest-order terms that were 

dropped in (34.9) and (34.10) indicate that we need 

′pw
4kcct 8 <<1 , ′pw

3 fx <<1 , !pw
3 fy <<1 , !pw

3 f <<1 .    (34.20) 

if we wish to rely on (34.18).  These restrictions mainly impact the initial momentum.  So 

the spread in momentum in the initial wave packet needs to be small, and we have 

already assumed that the particle starts from rest.  However, the restrictions still allow for 

a fairly strong E&M field, even if the field causes the wave packet to move rather 

relativistically. 


