Physics 452
Lecture 33: A Particle in an E&M Field

J. Peatross

In lectures 31 and 32, we considered the Klein-Gordon equation for a free particle. We
would like to add a potential to the equation (since a free particle is a bit boring). Let us
suppose that the particle carries a charge and that the potential comes in the form of
electric and magnetic fields. We will need to formulate the electromagnetic influence in

a special way before we can introduce it into the Klein-Gordon equation.

33.1Scalar ard Vector Potentials

Magnetic fields obey

I "B=0. (Gauss’s law for magnetic fields) (33.1)
This equation is automatically satisfied if we generate the magnetic field from

B! " #A, (33.2)
where A is called the vector potential. On the other hand, Faraday’s law says

oB

V x E+§:0, (Faraday’s law) (33.3)
or when combining with (33.2)
_ 9(VxA _ oA
vxes atx )zo:,w(aaa—’:j:o. (33.4)

This equation is automatically satisfied if the expression in parentheses is written as the
I H
gradient of a scalar potential (i.e., a voltage). That is, we let £+ %—’? =-Vo, or
E=1nm 4 (33.5)
$t

These ways of writing B and E, namely (33.2) and (33.5), guarantee that two of
Maxwell’s equations (i.e., (33.1) and (33.3)) are satisfied. The other two of Maxwell’s



equations, not written here, place restrictions the forms of ! and A, which need not

concern us for our present purposes.

A particle with charge ¢ is subject to the Lorentz force:

Floremz = q(E+9 X B),

(33.6)

where v is the velocity of the particle. In terms of our scalar and vector potentials, (33.2)

and (33.5), we may write the Lorentz force as

| ' |
I.:Lorentz = q((g1 "H#I1 % +\!/%(" (yuA)il_.

33.2Equation of Motion

(33.7)

The motion of a charged particle is influenced by the Lorentz force. To be consistent

with relativity, Newton’s second law is replaced with

-
where the momentum is

. mw

b= 1-2/c?

We can write this momentum as a velocity-gradientof an expression:

1!7: V! (—mczwll— 1/2/02 ) ,

.0 . -
+y—+zi acts on v instead of 7.
avy y

J

where V! =%
av

X Z

The force on a particle can then be written as

|
F= %! \',( mc? /1" v2/c2) :

At low speeds (i.e., y1! v3/c? " 11 v2/2¢?) the above expression within the

(33.8)

(33.9)

(33.10)

(33.11)

brackets turns into classical kinetic energy: ! mc?y1! v2/c? " mv?/21 mc?, aside from a

constant that disappears when the derivatives in (33.11) are taken. In this non-relativistic

limit, the force reduces to F=nw.

33.3Special Form for the Lorentz Force



Our next step is to set the force in (33.11) equal to the Lorentz force. However, we first

manipulate I:«"Lo,emz to get it into a special form. If you get bogged down in this section,

skip to (33.15) and go on to the next section.
We apply a theorem (from the inside cover of your E&M book) to the second
term in the Lorentz force:
Px(VxA)=V(b-A)=(b-V)A, (33.12)
Keep in mind that ! treats ¢ as a constant; it is the usual gradient that acts on r. Now

(v1" A= AL AL #A #A#x+#A#x+#A#z_d_A$@ (33.13)
Yoy Hz  #x#t #y# 2 # dt

Note the distinction between a full time derivative and a partial time derivative on A,
since the position of the particle depends on time. With (33.12) and (33.13), the Lorentz
force becomes

dA)

dA $A) & (1 4+ boa) A
(t#+voa)r =4

| 4
Fl,orentz:q(&!"#! %-‘-' ( O/A) df (

(33.14)

In the final term, we can replace A with ! , ( #H+v $Zl) for the sake of symmetry,

since as far as ! | is concerned, ! and A are both constants. Additionally, it does no

harm to throw ! ( mc?y1" v2/ cz) into the expression, which is zero since the expression

contains no spatial variables (i.e. components of 7). The Lorentz force then can be

written as

'fLorentz = V(_mz 1- VZ/CZ -0p+ q\—/‘A)_%VV (—Q¢+q\7'A) . (3315)

33.4LagrangeOs Equation

The above form of the Lorentz force seems messy and contrived (with two of its pieces
equal to zero!). There better be a good reason for writing it this way. Well, there is a

good reason. A beautiful thing happens when we install it into (33.11):
! ( mc? 1" V2 /c? " g+ q\7$&) " %! o (" at+ qv%):%! \7(" me? 1" vz/cz) (33.106)

This equation can be written as

%V\!,L—VL:O, (33.17)



where

L= —mP 1= v2 ) — o+ qb-A. (33.18)

This is Lagrange’s equation, where L (r,v) is called the Lagrangian. (As messy as it was

to arrive at (3.18), one has to admit that the expression for L is about a clean as one can
hope for, given that it controls relativistic particle motion in response to both electric and
magnetic fields.)

In the preceding sections, we have shown Lagrange’s equation with a specific

Lagrangian to be expressly equivalent to F,,

rentz

= % . This mathematical form is highly

useful, as Hamilton demonstrated before his time. (Obviously, Hamilton was unfamiliar
with our specific Lagrangian, since he lived before E&M and relativity were worked out.
However, he developed a powerful theorem for Lagrange’s equation, which is generic to

any problem that can be written in the form of (33.17).)

33.5HamiltonOs Equations

We need to develop one more theorem before we can get back to quantum mechanics.
Let

jlosv\!,.[, (33.19)
called the canonical momentum, and let

H ! pv#L, (33.20)
called the Hamiltonian. If you get bogged down in what follows, skip to (33.23). Taking
a variation of H produces

!H'-b#é+£#b$0ﬁ¢)#£$@¢)#i$%§n. (33.21)

Now by the definition of p, the first and third terms cancel. Also, Lagange’s

ap

equation (33.17) may be written as s VL, so we can substitute this into the last term.

To make things symmetric looking, we might as well write v= % . So we have

) gt (33.22)

m& )ﬁm& &



We have introduced a new variable p(,v), which depends on our old variables r

and v. This dependence in principle can be inverted to express H as a function of f and

7 (e, H (?, p)). In this case, generically we may write a variation on the Hamiltonian

as
1 | 9&H
'H (r.p)=("H )#r+( \H )# 5 §!t (33.22)
Apparently, we have
dr dp oH oL
T o H, o — ==
ool 5! H , and = o (33.23)

which are known as Hamilton’s equations of motion. Note that the first two equations
lead to the final one. Taking the full time derivative of H and substituting in the first
two equations gives
dH ( S dp 4 #L

= oSt E+?:!{H(I "J-()+l LH (9 ﬂ)$—-$g. (33.24)

H is associated with the total energy.

33.6What does all this have to do with Klein Gordon?

According to (3.19), the canonical momentum for our specific Lagrangian (33.18) is
ploL= __mw_
J1#V2/c?

From (33.20), we see that the Hamiltonian is

+0A=p+0A. (33.25)

2
H! p"v#L :L+qg"v+mc2\/m+q$#q\7"g

\Il#v2/02
2

mv? mv? +mc? (1# vz/cz) nic
=+ m1#V? [ g = +q$= +q$
Jl#vz/c2 \/l#vz/c2 \/1#v2/c2

We can manipulate the final expression according to

2 4 2/.2
2 — 2.,2.2
mC mC mC mC(l V/C) 2.4 | MVEC 2 4 2 2 2 4
> 57 2 +mc = > +mC—\/pC +m-c
\/1_\,2/ 2 \1-v/c2 1-v3/c 1-v2/c?

(33.27)

(33.26)




According to (33.25) we can make the substitution p= Jla —gA in (33.27), and rewrite

(33.26) as

'J‘((f',}?,t)=\/(‘!})—Q/!A\)202+mzc4+q(b, (33.28)
or
(fl—(— q([))2 = (}ll - q;\)z cF+mict. (33.29)

Why do we care? The Hamiltonian and the canonical momentum are what quantize

Weird, huh. We didn’t run into this before because the canonical momentum always
coincided with ordinary momentum. Here it doesn’t.
The Klein-Gordon equation for a charged particle in an electromagnetic field is

therefore

géh' q#z s = (nine " gAf e +mic™ (33.30)

So now we know how to put E&M into the mix. A laser field can be entirely represented

by A. A coulomb field on the other hand can be conveniently represented by ¢ .



