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31.1Review ofDe Broglie- Schrsdinger
From the de Broglie relation, it is possible to OderiveO the Schridinger equation, at least in
the case of a free particle (i.e=0). From the de Broglie relation, we can find the

corresponding dispersion relation as follows:
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In the above analysis, it is important to realize that the particle momentum is related to
thegroup velocityy, = dw/dk, since a particle ought to travel at the speed of the wave

packet associated with it.
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The abovedispersion riation results when a plane wavgr,s) = Ae IS
plugged into the following differential equation:
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We conclude that (31.4) is the wave equation with solutiongstenswith de BroglieOs
hypothesis.
We have the following correspondence between momentum/enerdgyeand

derivatives in (31.4)
n " E# ih%, hk = p < —ihV . (31.5)

That is, these OoperatorsO when appliedtédl you something about energy and

2

momentum. In this language, tispersion relatioi31.3)may be written a% = é’— .
m

31.2Review of Continuity Equation - Schrsdinger

We next @amine the time derivative of the follomg quantity



L(rt)" ¢ (x,t)|2. (Schrsdingerprobability density  (31.6)

With appropriate normalization of , ! isinterpreted aa probabilitydensity That is,
the probability of finding thearticle in a region of space is

P= | p(ra)dr. (31.7)
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Let us take the time derivative of this probability (to see how the probability of
finding the particle in the region either increases or decreases with time):
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In the above expression, we have substituted from (31.4) and (31.6). We next define
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where we calthe probability currentWe can appreciate why it is named the prdibgb

currentby applying the divergence theorem to (31.8):
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We see that the change in the probability of finding the quantum particle within a region
of space is connected to the flow.nbfthrough the surface containing the region. (Note
that # is the surface normal.)

Finally, can write (31.10) as
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Since the region of integration is arbitrary, the only way for (31.10) to béstfaethe
integrand to be zero everywhere. Thus we have
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which is calleda continuity equation.

3. De BrogliebKlein-Gordon
The preceding sections follow a noslativistic scenario. In particular, (3123sumes

p=my,, Which comes from Newtonian mechanics. If we want a wave equation that

obeys the principle of relativity, we must use

my
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p=——= =k (31.13)
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where we still use the de Broglie relation (31.1) to expitessnomentum in terms of
wavelength. We will need to do some algebra to isolateStarting from (31.13) we get
Lomivg = 17K (1" vé/cz)! (m2 +h2k2/cz)v§ VA S (31.14)
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As before, we will use, = do/dk and integrate

2 (n?k/c?)dk
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We square this expression and arrive at

=m’ct +c?1 2k, (31.16)
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which is adispersion relation We get this relation whea plane waveP(!r,z) = Ad7-a)
is plugged into the following equation:
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We conclude that this is the wave equation governing particles, which is valid at
relativistic speeds. This equation is harder to solve than the Schrsdinger equation, since
it is secon order in time.
We may view the Schrsdinger equation as a-wergy limit to the KleirGordon

equation. We see this by noting (31.15) may be approximated at low energy as
1= me?y1+12k?/m?c? " mc? (1+ 1 2k?/2mPc? +) " mc? +12k?/2m, which agrees with (31.3),



except of a constant offset?. In context of the Schrsdinger equation, this rest energy
merely alters the arbitrary zero point reference for the particle energy .simply

i(ml?2/h)t

appens e to thewave function, whicldoes not alter anobservable.

Using the same correspondences as before (31.5), the dispersion (8latisH

may be written as

E? = m?%c* + c?p?. (31.17)
It is common towrite our plane waveolutionsas

W, (7.1) = Ay PTEI (31.18)
wherek = p/h ando = E/! . The subscripp remind us that the wave is associated with a
specific momentumWe may want to set the ti@rmalizing factora, to different
valuesdependhg on the momentumAccording to (31.17), thenergyE is determined
by the momentum through(p)= i\/m, where we will tend to favor the positive

root rather than the negative rotbte lattercorrespading to antiparticles.

4. Continuity Equation BKlein-Gordon
We would like to develop expressions for probability density and probability current
similar to (31.6) and (31.9), but this turns out to be a little tridkyve try
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(31.8), then wewill not be able to proceedince the KleirGordon equation does not
have a firstorderderivative that would enable a substitution. So iegbsadry working
backwards fronthe current densit{81.10) j(r,t)szi—hm[\}'(w'*)—(?w)w*} to see if we

can find a correspondirgrobabilitydensity! (+,¢) thatwould satisk the continuity

equation.

Using our previous definition of current density, we have
[v-3d’r= Jvzi_hm[(w)\p* —w (V) [dr = jzi—hm[(W\P)\P* —w (Vi) [dr  (31.19)

Substitutionfrom the KleirGordon equatioif31.17) gives
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Apparently, the probability density is
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instead of the familiaj¥|’. At least, this is what obeys the continuity equat@h12)
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As an example, the probability density foiree particleplane wave

w(7,1) = A7) is
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In the lowenergy limit (i.e., e nonrelativisitic limit), we haveE! mc*, so thisreduces

the same answer as weuld expect namely|4[*.



