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Physics 452 Sect. 1   Final Exam 
Sat., Apr. 18, 2:30PM-5:30PM – in classroom         Identification number: __________ 
Instructor:  Justin Peatross 
Time limit: 3 hours – Closed book____________________ 
Instructions:   Write your I.D. number above and on each sheet of your work. Make sure to put 
your work in order.  Staple it well.  Your best 4 problems of the 5 will be scored; your lowest 
problem will be automatically dropped. There are no true-false questions.  Good luck! 
 

See attached formulas at the back of test. 

 

 

1. Consider the Hamiltonian matrix H = Vo

1− ε ε
ε 2

⎛
⎝⎜

⎞
⎠⎟

, where !  is a small perturbation.  

When ! = 0 , the eigen states are ψ10 =
1
0

⎛
⎝⎜

⎞
⎠⎟

, ! 2
0 =

0
1

"

#$
%

&'
 with energies E1

0 = Vo , E20 = 2Vo .  Use 

1st and 2nd order perturbation theory to refine these energies for ε ≠ 0 . 

(b) Now consider the Hamiltonian matrix H =Vo
1 !

! 1
"

#$
%

&'
.  Use degenerate perturbation 

theory to determine the “good” initially degenerate quantum states and their associated 

energy corrections. 

 

 

2. Consider states in hydrogen 
 
n!m! ms .  The unperturbed energies for the states are 

E0 = ! 13.6eV n2 .  A strong magnetic field B  is applied in the z direction. 

(a) Give the first-order corrections to the energy for all of the n = 2  states, in terms of the 

Bohr magneton µB  and applied field B .  How many distinct energy levels are there for 

the n = 2  states? 

(b) Now consider transitions from the n = 2  level to the n = 1 level in a large collection of 

hydrogen atoms in the B-field.  Using appropriate selection rules and the fact that spin 

doesn’t flip during transition, determine how many spectral lines are emitted.  Determine 

the spacing between the different emitted photon energies.  HINT:  You must consider 

possible splitting of the levels in the ground state too. 
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3. Do homework problem 7.7 from our textbook.  The relevant section of the textbook is 

attached. 

 

 

4. Calculate the lifetime of an electron in the 3s state of hydrogen.  Give your answer in 

the form 
 
τ = 5

?π?εoc
?m?a?

2?3? e?! ?
.  HINT: It turns out that 

 
Y0

0 rY1
±1 2

= Y0
0 rY1

0 2
; you may rely 

on this fact to avoid extra calculations. 

Note: Y0
0 =

1
4!

, Y10 =
3
4!
cos " , 

 
Y1

±1 = !
3

8π
sinθe±iφ , drr3R21 r( )R30 r( )

0

∞

∫ = 2834

56 2
a , 

 
En = − 2 2ma2n2 ,  

!r = xöx + yöy + zöz = r öx sinθcosφ + öysinθsinφ + öz cosθ( ) , d! sin3 !
0

"

# =
4
3

 

 
 
5. The Dirac equation may be written as four coupled first-order differential equations: 
H! 1 = cpx! 4 " icpy! 4 + cpz! 3 + mc2! 1

H ! 2 = cpx! 3 + icpy! 3 " cpz! 4 + mc2! 2

H ! 3 = cpx! 2 " icpy! 2 + cpz! 1 " mc2! 3

H ! 4 = cpx! 1 + icpy! 1 " cpz! 2 " mc2! 4

 

where 
 
H ! i!

"
" t

# q$  and 
 


p ! " i# " q


A . 

(a) Show that ! 1  and ! 2  individually obey the Klein-Gordon equation if φ  and  
!
A  are 

zero. 
(b) If at t = 0  ! 1  and Ψ2  are specified everywhere, and Ψ3 = Ψ4 = 0  as well as 

! " 3 = ! " 4 = 0 , what must ∂Ψ1

∂t
 and ! " 2

! t
 be, assuming !  and  

!
A  are not zero? 
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SOLUTIONS: 

1. (a) H 0 =
Vo 0
0 2Vo

!

"#
$

%&
, ′H =

−εVo εVo
εVo 0

⎛
⎝⎜

⎞
⎠⎟

 with ψ1
0 =

1

0
⎛
⎝⎜

⎞
⎠⎟

, ! 2
0 =

0

1
"

#$
%

&'
. 

E1
1 = ψ1

0 ′H ψ1
0 = 1 0( ) −εVo εVo

εVo 0
⎛
⎝⎜

⎞
⎠⎟

1

0
⎛
⎝⎜

⎞
⎠⎟
= −εVo  

E2
1 = ! 2

0 "H ! 2
0 = 0 1( )

#$Vo $Vo

$Vo 0
%

&'
(

)*
0

1
%

&'
(

)*
= 0 1( )

$Vo

0
%

&'
(

)*
= 0  

E1
2 =

ψ2
0 ′H ψ1

0 2

E1
0 − E2

0 = 1
−Vo

0 1( ) −εVo εVo
εVo 0

⎛
⎝⎜

⎞
⎠⎟
1
0

⎛
⎝⎜

⎞
⎠⎟

2

= 1
−Vo

0 1( ) −εVo
εVo

⎛
⎝⎜

⎞
⎠⎟

2

= −ε2Vo  

E2
2 =

ψ1
0 ′H ψ2

0 2

E2
0 − E1

0 = 1
Vo

1 0( ) −εVo εVo

εVo 0
⎛
⎝⎜

⎞
⎠⎟

0

1
⎛
⎝⎜

⎞
⎠⎟

2

= 1
Vo

1 0( ) εVo

0
⎛
⎝⎜

⎞
⎠⎟

2

= ε2Vo  

⇒ E1 ≅ Vo 1− ε − ε2( )  
⇒ E2 ≅ Vo 2+ ε2( )  
 

(b) H 0 =
Vo 0

0 Vo

!

"#
$

%&
, !H =

0 "Vo

"Vo 0
#

$%
&

'(
 with ! 1

0 =
1

0
"

#$
%

&'
, ! 2

0 =
0

1
"

#$
%

&'
. 

W11 = ! 1
0 "H ! 1

0 = 1 0( )
0 #Vo

#Vo 0
$

%&
'

()
1

0
$

%&
'

()
= 1 0( )

0

#Vo

$

%&
'

()
= 0  

W12 = W21
* = ! 1

0 "H ! 2
0 = #Vo , W22 = ! 2

0 "H ! 2
0 = 0 . 

W − E1 =
−E1 εVo

εVo −E1
= −E1( )2 − εVo( )2 = 0⇒ E1 = ±εVo  

 
E1 = ±!Vo :   

! !Vo !Vo
!Vo ! !Vo

"

#$
%

&'
(

)
"

#$
%

&'
= 0 * ) = ±( * + Good =

1

2

1

±1
"

#$
%

&'
=

1

2
+ 1

0 ± + 2
0( )  

 
2. (a) 

 
E1 = µBB m! + 2ms( )  

2,0,0,1 2   E1 = µBB 0+ 2 1 2( )( ) = µBB  
2,0,0, ! 1 2   E1 = µBB 0 + 2 ! 1 2( )( ) = ! µBB  
2,1,0,1 2   E1 = µBB 0+ 2 1 2( )( ) = µBB  
2,1,0, ! 1 2   E1 = µBB 0 + 2 −1 2( )( ) = −µBB  
2,1,1,1 2   E1 = µBB 1+ 2 1 2( )( ) = 2µBB  
2,1,1,−1 2   E1 = µBB 1+ 2 ! 1 2( )( ) = 0  
2,1, ! 1,+1 2   E1 = µBB ! 1+ 2 1 2( )( ) = 0  
2,1, ! 1, ! 1 2   E1 = µBB ! 1+ 2 ! 1 2( )( ) = ! 2µBB          Five distinct energy levels. 

 (b) 
1,0,0,1 2   E1 = µBB 0+ 2 1 2( )( ) = µBB  
1, 0, 0,1 2   E1 = µBB 0 + 2 ! 1 2( )( ) = ! µBB  
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2,1,0,1 2 ! 1,0,0,1 2   ! E1 = 0  
2,1,0, ! 1 2 " 1,0,0, ! 1 2  ΔE1 = 0  
2,1,1,1 2 ! 1,0,0,1 2   ! E1 = µBB  
2,1,1, ! 1 2 " 1, 0, 0, ! 1 2  ! E1 = µBB  
2,1, ! 1,+1 2 " 1,0,0,1 2  ! E1 = " µBB  
2,1, ! 1, ! 1 2 " 1,0,0, ! 1 2  ΔE1 = −µBB              Three distinct spectral lines. 

 
3. H = 2Z2 ! 4Z Z ! Np( ) !

5Z
4

"
#$

%
&'
E1 , where Np  is the number of protons in the nucleus. 

d H
dZ

= 4Z ! 4 Z ! Np( ) ! 4Z !
5
4

"
#$

%
&'
E1 = 0 ( 4Z = 4Np !

5
4

( Z = Np !
5

16
 

H ! : Z = 1!
5

16
=

11
16

,  H = 2
11
16

!
"#

$
%&

2

' 4
11
16

11
16

' 1!
"#

$
%&

'
5
4

11
16

(

)
*
*

+

,
-
-

' 13.6eV( ) = ' 12.9eV  

Li+ : Z = 3− 5
16

= 43
16

,  H = 2 43
16

⎛
⎝⎜

⎞
⎠⎟
2

− 4 43
16

43
16

− 3⎛
⎝⎜

⎞
⎠⎟ −

5
4
43
16

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
−13.6eV( ) = −196eV  

 
4. 

 

Y00
!
rY10 =

1
4!

3
4!

d"
0

2!

# d$sin$cos$ x̂sin$cos " + ŷsin$sin " + ẑcos$( )
0

!

#

= ẑ
3
2

d$sin$cos2 $
0

!

# = ẑ
3
2

%
cos3 $
3

&

'
(

)

*
+
0

!

= ẑ
1
3

 

 

A =
ωo

3 p 2

3πεoc
3  

 

!
pm=0

2
= eẑ

1
3
2834

56 2
a

!

"#
$

%&

2

=
21537e2a2

512
 

 
! o =

E1

!
1

22 "
1

32
#
$%

&
'(

=
5

4 )9!
! 2

2ma2

#

$%
&

'(
=

5!

23 )32 ma2  

 

! =
1

3A
=

3" #oc
3

3$ o
3 p 2 = " #oc

3 2332ma2

5

%

&'
(

)*

3
512

21537e2a2 =
59" #oc

3m3a4

263e2


2  

 
5. (a) 
H 2! 1 = cpxH ! 4 " icpyH ! 4 + cpzH ! 3 +mc2H ! 1

= cpx cpx! 1 + icpy! 1 " cpz! 2 " mc2! 4( ) " icpy cpx! 1 + icpy! 1 " cpz! 2 " mc2! 4( )
+cpz cpx! 2 " icpy! 2 + cpz! 1 " mc2! 3( ) +mc2 cpx! 4 " icpy! 4 + cpz! 3 +mc2! 1( )
= c2 px

2 + py
2 + pz

2( ) ! 1 +m2c4! 1

 

 
! i!

"
" t

#
$%

&
'(

2

) 1 = c2 * i! +( )2 ) 1 + m2c4) 1  
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H 2Ψ2 = cpxHΨ3 + icpyHΨ3 − cpzHΨ4 + mc2HΨ2

= cpx cpxΨ2 − icpyΨ2 + cpzΨ1 − mc2Ψ3( ) + icpy cpxΨ2 − icpyΨ2 + cpzΨ1 − mc2Ψ3( )
−cpz cpxΨ1 + icpyΨ1 − cpzΨ2 − mc2Ψ4( ) + mc2 cpxΨ3 + icpyΨ3 − cpzΨ4 + mc2Ψ2( )
= c2 px

2 + py
2 + pz

2( )Ψ2 + m2c4Ψ2

 

 
! i!

"
" t

#
$%

&
'(
2

) 2 = c2 * i! +( )2 ) 2 + m2c4) 2  

(b) 

 
i! ∂Ψ1

∂t t=0

− qφ Ψ1 t=0
= mc2 Ψ1 t=0

⇒ ∂Ψ1

∂t t=0

= −i qφ + mc2

!
Ψ1 t=0

 

 

i
! " 2

! t t=0

# q$ " 2 t=0 = mc2 " 2 t=0 %
! " 2

! t t=0

= #i
q$ + mc2


" 2 t=0  
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Problem 4 Supplemental 

 

Y00
!
rY1±1 = "

1

4!

3
8!

d"
0

2!

# e±i" d$sin2 $ öxsin$cos" + öysin$sin" + özcos$( )
0

!

#

= "
1

4!
3
2

d"
0

2!

# e±i" öxcos" + öysin"( ) d$sin3 $
0

!

# = "
1

! 6
d"

0

2!

# cos" ± i sin"( ) öxcos" + öysin"( )

= "
1

! 6
d"

0

2!

# öxcos2 " + öy ± i öx( )sin" cos" ± iöysin2 "%& '(

= "
1

! 6
öx! + öy ± i öx( ) sin2 "

2
0

2!

± i öy!
%

&

)
)

'

(

*
*

= "
1

6
öx ± iöy( ) =

1

6
" öx + iöy( )

 

 

drr 3R21 r( ) R30 r( )
0

!

" = drr 3 1

a3 2 24

r
a

e
#

r
2a 2

a3 2 27
1#

2r
3a

+
2r 2

27a2

$

%&
'

()
e

#
r

3a

0

!

"

=
a

9 2
duu4 1#

2u
3

+
2u2

27

$

%&
'

()
e

#
5u
6

0

!

" =
a

9 2
4!

6
5

$
%&

'
()

5

#
2*5!

3
6
5

$
%&

'
()

6

+
2*6!
27

6
5

$
%&

'
()

7+

,
-
-

.

/
0
0

=
a

9 2
4!

6
5

$
%&

'
()

5

1#
2*5

3
6
5

$
%&

'
()

+
2*6*5

27
6
5

$
%&

'
()

2+

,
-
-

.

/
0
0

=
8a

3 2

6
5

$
%&

'
()

5

1# 4 +
16
5

+
,-

.
/0

=
2834

56 2
a

 

 


