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Physics 451 Sect. 1   Final Exam 
Tues., Dec. 16, 7AM – in classroom      Class Identification number: __________ 
Instructor:  Justin Peatross 
Time limit: 3 hours – Closed book____________________ 
Instructions:   Write your I.D. number above and on each sheet of your work. Make sure to put 
your work in order.  Staple it well.  Your best 4 problems of the 5 will be scored; your lowest 
problem will be automatically dropped. There are no true-false questions.  Good luck! 
 
Potentially Useless Formulae: eiα = cosα + i sinα , cos! = ei! + e" i!( ) 2 , sinα = eiα − e− iα( ) 2i  

f x( ) = ! " x, t( ) f x( ) ! x, t( )dx
#$

$

%  

Given a complete orthogonal set of function ! n , we can write 

! m ! n = dx! m
" x( ) ! n x( )

#$

$

% = &m,n , f x( ) = cn ! n
n
"  where cn = ! n f = ! n

" x( ) f x( )dx
#$

$

% . 

Fourier Transforms: 
 

! x,t( ) =
1

2" 
e

ipx
 # p,t( )dp

$%

%

& , 
 
Φ p,t( ) = 1

2π!
e
−

ipx
! Ψ x,t( )dp

−∞

∞

∫ . 

Harmonic Oscillator: V x( ) =
1
2
m! 2x2 , 

 
! 0 x( ) =

m"
#!

$
%&

'
()

1 4

e
*
m"
2!

x2

 

 
öa± ≡

1

2! mω
" iöp + mωx[ ] = 1

2! mω
" !

∂
∂x

+ mωx⎡
⎣⎢

⎤
⎦⎥

, 
 
x =

!
2m!

â+ + â"( ) , 
 
öp = i

! m!
2

öa+ " öa"( )  

 
En = ! ! n +

1
2

"
#$

%
&'

, 
 
Ĥ = ! ! â+â" +

1
2

#
$%

&
'(

, öa+! n = n +1! n+1 , öa! " n = n" n! 1  

Gaussian Integrals: 

due! " u2+#u+$

! %

%

& = 2 due! " u2+#u+$

0

%

& =
'
"

e
!

#2

4"
+$ , duue! " u2

# = !
e! " u2

2"
, duu2e! " u2

! #

#

$ = 2 duu2e! " u2

0

#

$ =
1
2

%
" 3  

Integration by parts: UdV! = UV " VdU!  

Schrödinger Equation: 
 
i!

!
! t

" = Ĥ " , where öH !
öp2

2m
+V , 

 
öp ! " i!

#
#x

. 

Time Independent Schrödinger Equation: öH ! n = En ! n , 
 
! = cn " n e

#i
En

!
t

n
$ , 

cn ! " n #  

! A
2 ! B

2 "
1
2i

öA, öB#$ %&
'
()

*
+,

2

,  
 

d
dt

Q =
i


öH, öQ!" #$ +
%öQ
%t

 

If ! = Q̂ " , where ! = an en
n
"  and ! = bn en

n
" , then bm = Qmnan

n
!  where 

Qmn ! bn
öQ an . Note: Qmn ! bn

öQan ! " bn

#$ öQ" an
dx = öQ  bn an ! öQ  " bn

#$ öQ" an
dx  

Hermitian if öQ = öQ  . 
The Hermitian conjugate of a matrix means transpose and complex conjugate. 
an = bm bm an

n
!  
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öp = ! i" , 
 
öH = !

! 2

2m
" 2 +V , ör = öxsinθcosφ + öysinθsinφ + özcosθ  

! 2 "
#2

#x2
+

#2

#y2
+

#2

#z2
=
1
r 2

#
#r

r 2
#
#r

$
%&

'
()

+
1
sin *

#
#*

sin *
#
#*

$
%&

'
()

+
1

sin2 *

#2

#+2
,

-
.

/

0
1 

Vhydrogen r( ) = !
e2

4" #or
 

 
d!

0

2"

# sin$d$
0

"

# drr 2

0

%

# &n!m
' r,$,!( )& (n (! (m r,$,!( ) = ) (n n) (! ! ) (m m  

 
dφ

0

2π

∫ sinθdθ
0

π

∫ Y!
m θ,φ( )⎡⎣ ⎤⎦

∗
Y ′!

′m θ,φ( ) = δ ′! !δ ′m m , drr2
0

!

" Rn r( ) = 1  

 
!
L !

!
r "

!öp ,  !  m ! Y!
m " ,#( ) , 

 

öLz = ! i!
"
"#

, 
 
L2 = ! ! 2 1

sin"
#
#"

sin"
#
#"

$
%&

'
()

+
1

sin2 "

#2

#* 2

+

,
-

.

/
0 

 
Lx, Ly!" #$= i! Lz , 

 
Ly, Lz!" #$= iLx , 

 
Lz, Lx!" #$= i! Ly , öL± ≡ öLx ± i öLy  

 Lz !  m = " m !  m , 
 
L2
 m = 2

  +1( )  m , 
 
L± !  m = " ! ! +1( ) − m m±1( ) !  m±1  

 

öSx = !
2

0 1

1 0
⎛
⎝⎜

⎞
⎠⎟

, 
 
Ŝy =

!
2
0 ! i

i 0
"

#$
%

&'
, 
 

öSz =


2

1 0

0 ! 1
"

#$
%

&'
, öS± ! öSx ± iöSy  

 Sz s m = ! m s m ,  S
2 s m = ! 2s s+1( ) s m  

 
S± s m = ! s s +1( ) ! m m ±1( ) s m ±1  

Spin in magnetic field:  
öH = ! "

!
S #

!
B .  Adding angular momenta:  

!öS=
!öS 1( ) +

!öS 2( )  (or  
!öJ =

!öL +
!öS) 

Bell’s inequality: P â, b̂( ) ! P â, ĉ( ) " 1+ P b̂, ĉ( )  

 
 

1. (From HW problem 1.7) Derive Ehrenfest’s theorem d öp
dt

= !
"V
"x

 in one dimension. 

 
 
 
2. A particle in the harmonic-oscillator potential (i.e., V x( ) =

1
2
m! 2x2 ) is in the 

superposition Ψ x,0( ) = ψo x( ) + ψ1 x( )
2

 at t = 0 , where ψo x( )  and ! 1 x( )  are eigen states of 

the potential. 
(a) Find p  for t > 0 . 

(b) Find x  for t > 0 .  HINT: x !
"V
"x
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3 (From Test 2) (a) Given operators 
 

öA =
!
2

1 0
0 ! 1

"

#$
%

&'
 and 

 

öB =
!
2

0 −i
i 0

⎛
⎝⎜

⎞
⎠⎟

, find the 

eigen values A1 , A2 , B1 , B2  and their associated eigen vectors a1 , a2 , b1 , b2 . 

(b) You measure öA  and obtain value 
 
!

!
2

.  What is the resulting state expressed in the 

eigen states of öB ?  Find the probability that an immediate subsequent measurement of B̂  

will yield 
 

!
2

. 

 
 
4. The Hamiltonian for electron spin in a magnetic field is öH = ! "Bo

öSz .  Let the electron be 

in state ! = a
b

"

#$
%

&'
 at t = 0 , where for simplicity a  and b  are real and a2 + b2 = 1 . 

(a) Compute öSx . 

(b) Show that the Heisenberg equation of motion 
 

d
dt

Ŝx =
i
!

Ĥ , Ŝx!" #$ +
%̂Sx

%t
 is satisfied. 

 

 
5. Let a detector measuring spin (in units of  ! 2 ) give outputs A öa, !( ) = ±1, where !  is a 
possible hidden variable and â  is the orientation of the detector axis.  Similarly, let 
B öb, !( ) = ±1  be the outputs of a second detector aligned along unit vector öb .  The two 
detectors measure pairs of opposite-spin particles, one at each detector.  If the detectors 
are parallel to each other, the results are perfectly anti correlated: A öa, !( ) = " B öa, !( ) .   
(a) Create three separate illustrative tables of possible outcomes at each detector and the 
product of their outcomes for Case I ( öb = öa ), Case II ( öb = ! öa ), and Case III ( b̂  and öa  
arbitrary). 
(b) Derive Bell’s inequality, which applies to the average of the product of the outcomes: 
P öa, öb( ) ! d" # "( ) A öa,"( ) B öb,"( )$ , where the average is over a hidden variable ! , which 
presumably is characterized by a distribution ! "( )  of spin orientations for the particles. 
(c) Show whether the quantum prediction P öa, öb( ) = ! öa " öb  for correlated spins obeys or 
disobeys Bell’s inequality by picking some different detector angles.  For example, let 

öa = öx , öb =
öx + öy

2
, and ĉ = x̂ + 2ŷ

3
. 
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SOLUTIONS 
1.  

 

d p
dt

=
d
dt

! " x,t( ) #i
$! x,t( )

$x
%

&
'

(

)
* dx

#+

+

, = #i
$! "

$t
$!
$x

+ ! " $
$x

$!
$t

%

&
'

(

)
* dx

#+

+

,

= #i
1

#i
#


2

2m
$2! "

$x2 +V! "-

./
0

12
$!
$x

+ ! " $
$x

1
i

#


2

2m
$2!

$x2 +V!
-

./
0

12
%

&
'
'

(

)
*
*
dx

#+

+

,

= #


2

2m
$2! "

$x2

$!
$x

# ! " $3!

$x3

%

&
'

(

)
* dx

#+

+

, + V! " $!
$x

# ! " $
$x

V!( )%
&'

(
)*
dx

#+

+

,

= #


2

2m
#

$! "

$x
$2!

$x2 +
$! "

$x
$2!

$x2

%

&
'

(

)
* dx

#+

+

, # ! " $V
$x

! dx
#+

+

, = #
$V
$x

 

 
2. (a) 

 

! x,t( ) =
" o x( )e

#i
Eo


t
+ " 1 x( )e

#i
E1


t

2
=

" o x( )e
#i

$
2

t
+ " 1 x( )e

#i
3$
2

t

2
=

e
#i

$
2

t

2
" o x( ) + " 1 x( )e#i$t%& '(

 

öp! x, t( ) = i ! m"
2

öa+ # öa#( ) e
#i "

2
t

2
$ o + $ 1e

#i" t( ) =
ie

#i "
2
t

2

! m"
2

öa+$ o + öa+$ 1e
#i" t # öa#$ o # öa#$ 1e

#i" t( )

=
ie

#i "
2
t

2

! m"
2

$ 1 + $ 2e
#i" t # 0 # $ oe

#i" t( )
 

 

öp =
e

! i
"
2

t

2
# o + # 1e

! i" t( ) ie
! i

"
2

t

2

! m"
2

# 1 + # 2e! i" t ! # oe! i" t( ) =
i
2

! m"
2

ei" t ! e! i" t$% &' = !
! m"

2
sin" t  

(b) 
 
x =

1

m! 2

"V
"x

= #
1

m! 2

d öp
dt

=
!

m! 2

! m!
2

cos! t =
!

2m!
cos! t  

 
3. (a) 

 

det

!
2

! A 0

0 !
!
2

! A

"

#

$
$
$
$

%

&

'
'
'
'

= A2 !
!
2

"
#$

%
&'

2

= 0 ( A1 =
!
2

,   A2 = !
!
2

 

!
2

!
!
2

0

0 !
!
2

!
!
2

"

#

$
$
$
$

%

&

'
'
'
'

(
)

"

#
$

%

&
' = 0 * ) = 0 * a1 = 1

0

"

#$
%

&'
,  

!
2

+
!
2

0

0 !
!
2

+
!
2

"

#

$
$
$
$

%

&

'
'
'
'

(
)

"

#
$

%

&
' = 0 * ( = 0 * a2 = 0

1

"

#$
%

&'
 

 

det
! B ! i

!
2

i
!
2

! B

"

#

$
$
$

%

&

'
'
'

= B2 !
!
2

"
#$

%
&'

2

= 0 ( B1 =
!
2

,   B2 = !
!
2
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!
!
2

! i !
2

i !
2

!
!
2

"

#

$
$
$

%

&

'
'
'

(

)
"

#$
%

&'
= 0 * ( + i) = 0 * b1 =

1

2

1

i
"

#$
%

&'
, 

 

!
2

! i
!
2

i
!
2

!
2

"

#

$
$
$

%

&

'
'
'

(

)
"

#$
%

&'
= 0 * ( ! i) = 0 * b2 =

1
2

1
! i

"

#$
%

&'
 

(b) 

a2 = b1 b1 a2 + b2 b2 a2 = b1
1

2
1 −i( ) 0

1

⎛
⎝⎜

⎞
⎠⎟
+ b2

1

2
1 i( ) 0

1

⎛
⎝⎜

⎞
⎠⎟
= − i

2
b1 + i

2
b2  

Pb1
= !

i

2

2

=
1
2

 

 
 
4. (a) öH! = E!  

 

 

!
"Bo

2
! E 0

0
"Bo

2
! E

= !
"Bo

2
! E#

$%
&
'(

"Bo

2
! E#

$%
&
'(

= 0 ) E± = 
"Bo

2
,   * +

z( ) = 1
0

#

$%
&

'(
,   * !

z( ) = 0
1

#

$%
&

'(
 

 

! t( ) = a! +
z( )e

" i
E+

!
t
+ b! "

z( )e
" i

E"

!
t

= ae" i E+t !

be" i E" t !

#

$
%

&

'
(  

 

 

Ŝx = aei E+t ! bei E! t !( ) !
2

0 1
1 0

"

#$
%

&'
ae! i E+t !

be! i E! t !

"

#
$

%

&
' =

!
2 aei E+t ! bei E! t !( ) be! i E! t !

ae! i E+t !

"

#
$

%

&
'

=
!
2

abei E+ ! E!( )t ! + abe! i E+ ! E!( )t !( ) = ! abcos
E+ ! E!( ) t

!

(

)
*

+

,
- = ! abcos .Bot( )

 

(b)  

 

öH , öSx!" #$= %
&Bo!

2

4
1 0
0 %1

'

()
*

+,
0 1
1 0

'

()
*

+,
% 0 1

1 0

'

()
*

+,
1 0
0 %1

'

()
*

+,
!

"
-
-

#

$
.
.

= %
&Bo!

2

4
0 1
%1 0

'

()
*

+,
% 0 %1

1 0

'

()
*

+,
!

"
-
-

#

$
.
.

= %
&Bo!

2

2
0 1
%1 0

'

()
*

+,
 

 

Ĥ , Ŝx!" #$ = %
&Bo

2

2 aei E+t  bei E%t ( ) 0 1
%1 0

'

()
*

+,
ae%i E+t 

be%i E%t 

'

(
)

*

+
, = %

&Bo
2

2 aei E+t  bei E%t ( ) be%i E%t 

%ae%i E+t 

'

(
)

*

+
,

= %
&Bo

2

2
abei E+ %E%( )t  %abe%i E+ %E%( )t ( ) = %i&Bo

2absin
E+ %E%( )t



!

"
-

#

$
. = i&Bo

2absin &Bot( )

 

 
!

i
!

öH, öSx"# $%+
&öSx

&t
= ' (Bo! absin (Bot( ) , since ! öSx

! t
= 0 . 

Also 
 

d
dt

Ŝx = ! "Bo! absin "Bot( )  

 
5. (a) Case I ( öb = öa ) 
A â,λ( )   B öa, !( )   A öa, !( )B öa, !( )  
+1  -1  -1 
-1  +1  -1 
repeated randomly 
 
Case II ( b̂ = ! â ) 
A öa, !( )   B ! â, "( )  A öa, !( ) B " öa, !( )  
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+1  +1  +1 
-1  -1  +1 
repeated randomly 
 
Case III ( öb  and â  arbitrary) 
A öa, !( )   B − öa,λ( )  A öa, !( ) B " öa, !( )  
+1  +1  +1 
-1  +1  -1 
+1  -1  -1 
-1  -1  +1 
repeated randomly 
 
(b) P öa, öb( ) = d! " !( ) A öa, !( ) B öb, !( )# = d! " !( ) A öa, !( ) $A öb, !( )%

&
'
(# = $ d! " !( ) A öa, !( ) A öb, !( )#  

P öa, öc( ) = − dλρ λ( )A öa,λ( )A öc,λ( )∫  

P öa, öb( ) − P öa, öc( ) = − dλρ λ( ) A öa,λ( )A öb,λ( ) − A öa,λ( )A öc,λ( )⎡
⎣

⎤
⎦∫

= − dλρ λ( ) 1− A öb,λ( )A öc,λ( )⎡
⎣

⎤
⎦A öa,λ( )A öb,λ( )∫

 

Now we have ! 1 " A öa,#( ) A öb,#( ) " 1 and 1! A öb,"( ) A öc,"( ) # 0 , so 

P öa, öb( ) ! P öa, öc( ) " d#$ #( ) 1! A öb,#( ) A öc,#( )%
&

'
() = d#$ #( ) 1+ A öb,#( ) B öc,#( )%

&
'
()  

! P â, b̂( ) " P â, ĉ( ) # 1+ P ĉ, b̂( )  
(c)  

P öa, öb( ) ! P öa, öc( ) = ! öx"
öx + öy

2
+ öx"

öx + 2öy

3
= !

1

2
+

1

3
= 0.130 

1+ P öc, öb( ) = 1!
öx + 2öy

3
"

öx + öy

2
= 1!

1+ 2

6
= 0.014 

Inequality violated. 


