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Physics 451 Sect. 1   Exam III  
Fri., Nov. 21 Ð Tues., Nov. 24      Class Identification number: __________ 
Instructor:  Justin Peatross 
Time limit: 3 hours Ð 1% penalty per minute over; Closed book____________________ 
Instructions:   Write your I.D. number above and on each sheet of your work.  Please donÕt write 
on the testing-centerÕs cover page; it will be discarded before returning your test.  Make sure to 
put your work in order.  Staple it well.  Your best 5 problems of the 6 will be scored; your lowest 
problem will be automatically dropped.  Each complete problem, including the collection of true 
and false, is equally weighted.  Good luck! 
 
Potentially Useless Formulae: ei! = cos! + i sin! , cos! = ei! + e" i!( ) 2 , sin! = ei! " e" i!( ) 2i  

f x( ) = ! " x,t( ) f x( ) ! x,t( )dx
#$

$

%  

Given a complete orthogonal set of function! n , we can write 

! m ! n = dx! m
" x( ) ! n x( )

#$

$

% = &m,n , f x( ) = cn ! n
n
"  wherecn = ! n f = ! n

" x( ) f x( )dx
#$

$

% . 

Fourier Transforms: 
 
! x,t( ) =

1

2" !
e

ipx
! # p,t( )dp

$%

%

& , 
 
! p,t( ) =

1

2" !
e

#
ipx
! $ x,t( )dp

#%

%

& . 

Harmonic Oscillator: V x( ) =
1
2

m! 2x2 , 
 
! 0 x( ) =

m"
#!

$
%&

'
()

1 4

e
*

m"
2!

x2

 

 
â± !

1
2! m"

" ip̂ + m" x[ ] =
1
2! m"

" !
#
#x

+ m" x$
%&

'
()
, 

 
x =

!
2m!

öa+ + öa"( ) , 
 
öp = i ! m!

2
öa+ " öa"( )  

 

En = ! n +
1
2

"
#$

%
&'

, 
 
Ĥ = ! ! â+â" +

1
2

#
$%

&
'(
, öa+ψ n = n+1ψ n+1 , öa! " n = n" n! 1  

Gaussian Integrals: 

due−αu2+βu+γ

−∞

∞

∫ = 2 due−αu2+βu+γ

0

∞

∫ = π
α

e
−
β2

4α
+γ

, duue! " u2

# = !
e! " u2

2"
, duu2e−αu2

−∞

∞

∫ = 2 duu2e−αu2

0

∞

∫ = 1
2

π
α 3  

Integration by parts: UdV! = UV " VdU!  

Schršdinger Equation: 
 

i
!
! t

" = öH " , where öH !
öp2

2m
+V , 

 
p̂ ! " i!

#
#x

. 

Time Independent Schršdinger Equation: öH ! n = En ! n , 
 
! = cn " n e

#i
En

!
t

n
$ , 

cn ≡ ψn Ψ  

σA
2σB

2 ≥ 1
2i

öA, öB⎡⎣ ⎤⎦
⎛
⎝⎜

⎞
⎠⎟

2

,  
 

d
dt

Q =
i
!

öH, öQ!" #$ +
%öQ
%t

 

If β = öQ α , where ! = an en
n
"  and ! = bn en

n
" , then bm = Qmnan

n
!  where 

Qmn ! bn
öQ an . Note: Qmn ! bn öQan ! " bn

#$ öQ" an dx = öQ  bn an ! öQ  " bn
#$ öQ" an dx  

Hermitian if öQ = öQ  . 
The Hermitian conjugate of a matrix means transpose and complex conjugate. 
an = bm bm an

n
!  



 2 

 
!̂
p = −i"∇ , 

 
öH = !

! 2

2m
" 2 +V , ör = öxsin! cos" + öysin! sin" + özcos!  

∇2 ≡ ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 = 1

r 2

∂
∂r

r 2 ∂
∂r

⎛
⎝⎜

⎞
⎠⎟ +

1
sinθ

∂
∂θ

sinθ ∂
∂θ

⎛
⎝⎜

⎞
⎠⎟ +

1

sin2 θ
∂2

∂φ2

⎡

⎣
⎢

⎤

⎦
⎥  

Vhydrogen r( ) = − e2

4πεor
 

 
d!

0

2"

# sin$d$
0

"

# drr 2

0

%

# &n!m
' r,$,!( )& (n (! (m r,$,!( ) = ) (n n) (! ! ) (m m  

 

dφ
0

2π

∫ sinθdθ
0

π

∫ Y
m θ,φ( )⎡⎣ ⎤⎦

∗
Y ′

′m θ,φ( ) = δ ′ δ ′m m, drr 2

0

!

" Rn r( ) = 1  

 
!
L !

!r "
!öp ,  !  m ! Y!

m " ,#( ) , 
 

öLz = ! i
"
"#

, 
 
L2 = ! ! 2

1
sin "

#
#"

sin "
#
#"

$
%&

'
()

+
1

sin2 "

#2

#* 2
+

,
-

.

/
0 

 
Lx, Ly!" #$= i! Lz , 

 
Ly , Lz!" #$= iLx , 

 
Lz, Lx!" #$= i! Ly , öL± ≡ öLx ± i öLy  

 Lz !  m = "m !  m ,  L
2 !  m = " 2! ! +1( ) !  m , 

 
L±  m =    +1( ) ! m m±1( )  m±1  

 

öSx = !
2

0 1

1 0
⎛
⎝⎜

⎞
⎠⎟

, 
 
Ŝy =

!
2
0 ! i

i 0
"

#$
%

&'
, 

 

öSz =
!
2

1 0

0 ! 1
"

#$
%

&'
, Ŝ± ≡ Ŝx ± iŜy  

 
Sz s m = m s m ,  S

2 s m = ! 2s s+1( ) s m  

 
S± s m = ! s s +1( ) ! m m ±1( ) s m ±1  

Spin in magnetic field:  Ĥ = ! "
!
S#

!
B.  Adding angular momenta:  

!öS =
!öS 1( ) +

!öS 2( )  

 

Included: Figure 4.6, Table 4.3, Table 4.7, Table 4.8 

 

 
1. (a) Using tables 4.3 and 4.7, write down the wave function ! 210 r , " ,#( )  for the 

hydrogen atom. 

(b) By direct substitution into the time-independent Schršdinger equation, find the energy 

eigen value for this state.  Note: 
 
a !

4" #o! 2

me2 . 

 

2. A wave function is in the normalized superposition state 

 

!
!
r , t( ) =

1

2
" 100 r,#,$( )e

%i
E1

"
t
+ " 210 r,#,$( )e

%i
E2

"
t&

'
(
(

)

*
+
+
. 

(a) Compute r .  Show time dependence if applicable. 
(b) Compute Lz . 

(c) ComputeL2 . 

Useful integral: r ne! r adr
0

"

# = n!an+1  
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3. In Fig. 4.6, examine the depictions of ψ210

2  and ! 211
2 .  ( ! 21 " 1

2 looks the same as 

ψ211
2 .)  We want to construct a wave function that looks identical to ! 210

2  except 

oriented along the x-axis instead of the z-axis.  That is, we want a wave function with the 

form ! 210
x = R21 r( ) 3

4"
#
$%

&
'(

1
2
sin ) cos * .  (Note that öx ! ör = sin" cos#, which is the cosine of an 

angle referenced to the x-axis.)  Find the coefficients c±1 and c0  such that 

! 210
x = c1! 211 + c" 1! 21" 1 + c0! 210  

Some integrals: cos2 ! d!
0

2"

# = sin2 ! d!
0

2"

# = " , cos! sin! d!
0

2"

# = 0 , cosφdφ
0

2π

∫ = sinφdφ
0

2π

∫ = 0 , 

d!
0

"

# sin3 ! =
4
3

, dθ
0

π

∫ sinθ cos2 θ = 2
3

.  

 
 
 
4. The Hamiltonian for electron spin in a magnetic field is öH = −γBo

öSz.  Let the electron be 

in state ! = a
b

"

#$
%

&'
 at t = 0 , where for simplicity a  and b  are real and a2 + b2 = 1. 

(a) What are energy eigen values E+  and E!  (which are needed to write the general state 

 
! t( ) = a! +

z( )e
" i

E+


t
+ b! "

z( )e
" i

E"


t
). 

(b) Compute Ŝx , öSy , and öSz . 

(c) Compute öSx
2 + öSy

2 + öSz
2  explicitly and show that it equals what you expect for Ŝ2 .  

 
 
 
5. An electron is in a state of hydrogen with n = 3  and  ! = 2 .  If the overall angular 

momentum is given by s m =
3
2

1
2

 (ignoring the nucleus), 

(a) By consulting table 4.8, find the probability of that the electron has spin up. 

(b) Given that the overall state s m =
3
2

3
2

 corresponds to the mixture 

2

5
22

1
2

 !
1
2

!
1

5
21

1
2

1
2

, use the lowering operators öS! " öS!
1( ) + öS!

2( )  to determine the 

representation of s m =
3
2

1
2

. 

HINT:  Apply öS!  to 3
2

3
2

 and apply öS!
1( ) + öS!

2( )  to 2

5
22

1
2

 !
1
2

!
1

5
21

1
2

1
2

. 
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6. You start with two points.  Each correct response adds a point up to ten points; the first 
incorrect response is free (to help cover instructorÕs ambiguity); additional incorrect 
responses subtract a point.  Unanswered questions are neutral.  Please circle your answers 
on this page. 
 
T or F The angular-momentum ladder operator, when applied to an eigen state such as  Y!

m  or to 
a spin eigen state, causes  !  (or s) to change. 
 
T or F When the angular momenta of two particles are added to form a combined system with 
overall angular momentum, the overall angular momentum must equal the sum of the individual 
angular momenta. 
 
T or F When the angular momenta of two particles are added to form a combined system with 
overall angular momentum, the overall z-component of angular momentum must equal the sum 
of the individual z-components of angular momentum. 
 
T or F Two spin ! particles such as electrons can form a combined system with overall spin !. 
 
T or F The overall angular momentum for an electron in a hydrogen atom can be  ! ! 1 2 , 
even if  ! = 0 . 
 
T or F When performing the Stern-Gerlach experiment, a uniform magnetic field is ideal. 
 
T or F The eigen functions of spin (an analogue of 

 
Y

m ! , "( ) ) can be written down. 
 
T or F The spherical harmonics  Y!

m ! ,"( )  are eigen functions of Lx  and Ly , in addition to L2  and 
Lz . 
 
T or F Within the context of Chapter 4 of our text book, the energy levels in the hydrogen atom 
depend on the quantum numbers m  and/or  ! . 
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SOLUTIONS 

1. (a) ψ210 =
3

4π
cosθ a−3 2

24

r
a

e− r 2a = cosθ
4 2π

r

a5 2 e− r 2a  

(b) 

! 2re" r 2a cos# =
1

r 2

$
$r

r 2 $re" r 2a

$r

%

&'
(

)*
cos# +

re" r 2a

sin#
$
$#

sin#
$cos#

$#
%
&'

(
)*

+

,
-
-

.

/
0
0

=
1

r 2 cos#
$
$r

r 2 "
r 3

2a

%

&'
(

)*
e" r 2a

%

&
'

(

)
* +

re" r 2a

sin#
$
$#

" sin2 #( )
+

,
-
-

.

/
0
0

=
1

r 2 cos# 2r "
3r 2

2a

%

&'
(

)*
e" r 2a "

1
2a

r 2 "
r 3

2a

%

&'
(

)*
e" r 2a

%

&
'

(

)
* +

re" r 2a

sin#
" 2sin#cos#( )

+

,
-
-

.

/
0
0

=
e" r 2a

r 2 cos# 2r "
2r 2

a
+

r 3

4a2

%

&'
(

)*
" 2r cos#

+

,
-
-

.

/
0
0

= "
2
a

+
r

4a2
%
&'

(
)*

e" r 2a cos#

 

 

 

!


2

2m
" 2# 210 !

e2

4$%or
# 210 = E2# 210

& !


2

2m
!

2
a

+
r

4a2
'
()

*
+,

e! r 2a cos- !
e2

4$%or
re! r 2a cos- = E2re! r 2a cos-

& !


2

2m
!

2
a

+
r

4a2
'
()

*
+,

!


2

ma
= E2r & E2 = !


2

8ma2

 

 
2. (a)  

 

r = d!
0

2"

# sin$d$
0

"

# r %
!
r ,t( ) 2

r 2 dr
0

&

# =
1
2

d!
0

2"

# sin$d$
0

"

#
' 100

2
+ ' 210

2

+' 100
( ' 210e

) i
E2 ) E1( )

"
t
+ ' 100' 210

( e
i

E2 ) E1( )
"

t

*

+

,
,
,

-

.

/
/
/
r 3 dr

0

&

#

= " sin$d$
0

"

#
1

" a3 e) 2r a +
cos2 $
32"

r 2

a5 e) r a +
cos$

4 2"

r

a4 e) 3r 2a cos
E2 ) E1( )

"
t

*

+
,

-

.
/ r 3 dr

0

&

#

= "
2

" a3 e) 2r a +
2

3032"
r 2

a5 e) r a*

+
,

-

.
/ r 3 dr

0

&

# =
2

a3 3!
a
2

1
23

4
56

4

+
1

3032
1

a2 5!a6*

+
,
,

-

.
/
/

= 2
3
8

+
5
4

*
+,

-
./
a =

13
4

a

 

time independent 
(b) 

 

Lz = ! Lz! =
1
2

" 100e
#i
E1

!
t
+ " 210e

#i
E2

!
t
Lz " 100e

#i
E1

!
t
+ " 210e

#i
E2

!
t$

%
&&

'

(
))

=
1
2

" 100e
#i
E1

!
t
+ " 210e

#i
E2

!
t$

%
&&

'

(
))

0! " 100e
#i
E1

!
t
+ 0! " 210e

#i
E2

!
t

= 0

 

(c)  

 

! L2! =
1
2

" 100e
#i

E1


t
+ " 210e

#i
E2


t

0 0 +1( )2" 100e
#i

E1


t
+1 1+1( )2" 210e

#i
E2


t

= 2e
#i

E2 #E1


t

" 100 " 210 + 2 " 210 " 210 = 2
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3. 
 

! 21±1 = R21 r( ) 3
8"

#
$%

&
'(

1
2

sin) e±i* ,  ! 210 = R21 r( ) 3
4"

#
$%

&
'(

1
2

cos)  

 

c±1 = ! 21±1 ! 210
x = d"

0

2#

$ sin%d% 
3

8#
&
'(

)
*+

1
2

sin%ei"
&

'

(
(

)

*

+
+

3
4#

&
'(

)
*+

1
2

sin%cos"
0

#

$ drr 2 R21 r( ) 2

0

,

$

=
3

4# 2
d"

0

2#

$ d%sin%cos"
0

#

$ sin2 % cos" + i sin"( ) = 
3

4# 2
# d%

0

#

$ sin3 %= 
1

2

c0 = ! 210 ! 210
x = d"

0

2#

$ sin%d%
3

4#
&
'(

)
*+

1
2

cos%
&

'

(
(

)

*

+
+

3
4#

&
'(

)
*+

1
2

sin%cos"
0

#

$ drr 2 R21 r( ) 2

0

,

$

=
3

4#
cos" d"

0

2#

$ d%
0

#

$ sin2 %cos%= 0

 

 
4. (a) öH! = E!  

 

 

− γBo!
2

− E 0

0
γBo!

2
− E

= − γBo!
2

− E⎛
⎝⎜

⎞
⎠⎟

γBo!
2

− E⎛
⎝⎜

⎞
⎠⎟ = 0⇒ E± = "

γBo!
2

,   χ+
z( ) = 1

0

⎛
⎝⎜

⎞
⎠⎟

,   χ−
z( ) = 0

1

⎛
⎝⎜

⎞
⎠⎟

 

(b)  

 

! t( ) = a! +
z( )e

" i
E+

!
t
+ b! "

z( )e
" i

E"

!
t

= ae" i E+t !

be" i E" t !

#

$
%

&

'
(  

 

 

Ŝx = aei E+t ! bei E! t !( ) !
2

0 1
1 0

"

#$
%

&'
ae! i E+t !

be! i E! t !

"

#
$

%

&
' =

!
2 aei E+t ! bei E! t !( ) be! i E! t !

ae! i E+t !

"

#
$

%

&
'

=
!
2

abei E+ ! E!( )t ! + abe! i E+ ! E!( )t !( ) = ! abcos
E+ ! E!( ) t

!

(

)
*

+

,
- = ! abcos .Bot( )

 

 

öSy = aei E+t ! bei E! t !( ) !
2

0 ! i
i 0

"

#$
%

&'
ae! i E+t !

be! i E! t !

"

#
$

%

&
' =

!
2 aei E+t ! bei E! t !( ) ! ibe! i E! t !

iae! i E+t !

"

#
$

%

&
'

=
!
2

! iabei E+ ! E!( )t ! + iabe! i E+ ! E!( )t !( ) = ! absin
E+ ! E!( ) t

!

(

)
*

+

,
- = ! ! absin .Bot( )

 

 

öSz = aeiE+t ! beiE! t !( ) !
2

1 0
0 ! 1

"

#$
%

&'
ae! iE+t !

be! iE! t !

"

#
$

%

&
' =

!
2 aeiE+t ! beiE! t !( ) ae! iE+t !

! be! iE! t !

"

#
$

%

&
'

=
!
2
a2 ! b2( )

 

(c)  

 

öSx
2 = !

2
0 1
1 0

⎛
⎝⎜

⎞
⎠⎟

!
2

0 1
1 0

⎛
⎝⎜

⎞
⎠⎟
= ! 2

4
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

       
 

öSy
2 =

!
2

0 ! i
i 0

"

#$
%

&'
!
2

0 ! i
i 0

"

#$
%

&'
=

! 2

4
1 0
0 1

"

#$
%

&'
 

 
Ŝz
2 =

!
2

1 0
0 ! 1

"

#$
%

&'
!
2

1 0
0 ! 1

"

#$
%

&'
=

! 2

4
1 0
0 1

"

#$
%

&'
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öSx
2 + öSy

2 + öSz
2 = 3! 2

4 aei E+ t ! bei E− t !( ) 1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

ae−i E+ t !

be−i E− t !

⎛

⎝
⎜

⎞

⎠
⎟ =

3! 2

4
a2 + b2( ) = 3! 2

4
 

 

öS2 = ! 2 1
2

1+
1
2

!
"#

$
%&

=
3! 2

4
 

 

5. (a) 3
2

1
2

=
3
5

21 1
2

 !
1
2

!
2
5

20 1
2

1
2

 

Prob=
2
5

 

 

(b) 
 
Ŝ!

3
2
3
2

= !
3
2
3
2

+1"
#$

%
&'

!
3
2
3
2

! 1"
#$

%
&'
3
2
1
2

= !
15
4

!
3
4
3
2
1
2

= ! 3 3
2
1
2

 

 

Ŝ!
1( ) + Ŝ!

2( )( ) 2
5

22 1
2

 !
1
2

!
1
5

21 1
2

1
2

"
#$

%
&'

=
2
5
Ŝ!

1( ) 22 1
2

 !
1
2

+
2
5

22 Ŝ!
2( ) 1

2
 !

1
2

!
1
5
Ŝ!

1( ) 21 1
2

1
2

!
1
5

21 Ŝ!
2( ) 1

2
1
2

=
2
5

! 2 2 +1( ) ! 2 2 ! 1( ) 21 1
2

 !
1
2

!
1
5

! 2 2 +1( ) ! 1 1 ! 1( ) 20 1
2

1
2

!
1
5

21 !
1
2

1
2

+1"
#$

%
&'

!
1
2

1
2

! 1"
#$

%
&'

1
2

 !
1
2

=
2
5

! 2 21 1
2

 !
1
2

!
1
5

! 6 20 1
2

1
2

!
1
5

21 !
1
2

 !
1
2

=
3
5

! 21 1
2

 !
1
2

!
6
5

! 20 1
2

1
2

 

 

!  3 3
2

1
2

=
3
5
 21 1

2
 "

1
2

"
6
5
 20 1

2
1
2

!
3
2

1
2

=
3
5

21 1
2

 "
1
2

"
2
5

20 1
2

1
2

 

 


