Physics 452 Sect. 1 Exam Il

Mon., Mar. 23bWed., Mar. 25 Class ldentification number:

Instructor: Justin Peatross

Time limit: 3 hoursD 1% penalty per minute over; Closed book

Instructions: Write your |.D. number ave and on each sheet of your work. Please donOt write
on the testingenterOs cover page; it will be discarded before returning your test. Make sure to
put your work in order. Staple it well. Your best 5 problarhthe 6 will be scored; your lowest
problem will be automatically dropped. Each complete problem, including the collection of true
and false, is equally weighted. Good luck!

See attached formulas at the back of test.

1. On Exam I, you were asked to find the growstate energy of a disted harmonic
oscillator with potentiaV (x) = m! *x*/2+" x*, where! x* was treated as a small

perturbation. The grourstate energy was found to lg, = EO 4+ g® 4+ Q) 4
)_ 3! 2 2_ 9 30®

- 4m2n 2’ - _4m4w5 '
same problem using the variational principle. Let your trial function have the functional
form vy, (x)= Ae®™ , where you will choosé\ andb as appropriate.

(a) What shouldA be?

b m"*?
+

2m  8b

applied to OfudgesO leading to required answer.)
(©If I =0, thenb=nv /2! minimizesEg, which recovers the true unperturbed

groundstate energy. On the other handyifis not zero but is still small, we mayrite

W]
where E©) = 7 E Here, you are asked to address the

(b) Show that, ! + 1::2 , Whereb is yet unchosen. (Harsh penalty

/
b= n;—"(1+ ) where! is a small parametetn this case, we can approximate

1 ! L . .
——=1"!+/*" _and—— =/ (1#2"+..) These approximations make it easier

1+! (1+ ")2
to minimize Ey (now a function of! ). Show that you get the same grotstate energy

as given by perturbation theory.

"V, f 0<x<a/2
2. Consider the potentia,l(r):io f a/2<x<a
?% dsewhere

o a2 @ (ContinuedE)



Using the WKB approximation, obtain an expresdor the grounestate energy when
232

V, <E. Give your answer in terms d, and E; = % which happens to be the
ma

groundstate energy whew, = 0.

3. Calculate the Igtime of an electron in a 2p =0 state of hydrogenYou are not
asked teevaluate your final expression with a calculatart please simplify Note:
E,=!!?/2ma’n? Y. =ﬁ, A =\/%cos" Y= \/gsin"eﬂ#, Idrr3Rlo(r)R21(r)=a§:—£
; = x%+yp+22 =r(&sin! cos" +Jsin! sin" +Zcos! ),

HINT: A related problenfor the casem = +1 is worked ouin the attached materiad
connection with problem.4

4. The solution to the twdevel atom within the rotatinggave approximation (RWA) is
attached for a linear polarized lasen,= e "E(t) whereE(t) = #,cos! t. In this case, the
external laser couples the 1s state and them2{0 state for hydrogen.

(a) Revise the analysfer the case of leftircularly polarized light

E(t) = E, (¥cos! t+sin! t). You should finde, = J_r¥ei” te'tolg andeé, = iie#"’ el e,

wherev ! 27eE a/3° . Argue that one of the $&s m = £1 does not become populated in

the spirit of RWA. Which is it? For the other state, no RWA needs to be made.
HINT: Takeadvantagé¢heattached materiahcluding the relevant matrix element,
which you do not need to calcigat

(b) Assuming! =! ., obtainan expression for the probability* in terms ofv ,
assumingg, (0) =0. How long until a collection of atoms becomes completely irdért

HINT: This is much simpler thaime corresponding expressiontheattached material
which allows for! " !/ .

5. (a) Compute the scattering amplitud¢ ) in the first Born approximation for a

n 2 2 »
truncated 3Dparabolic potential defined by(r) = 2(1! ré/a )V° fre<a
80 leewhere

Note: !us’sinudu:(3u2 " 6)sinu+(6u " u3)cosu and |usinudu=sinu" ucosu.
(b) Give the lowenergy limit of this formula and compute the cross secti®@h at low

energy HINT: You can effectively check your answer in part (a) by taking the

appropriate limit both before and after integration, and making sure to get the same thing.
Note: snu=u! u®/3l+u®/5!! .. andcosu=1-u?/21+u*/41— ..

(ContinuedE)



(c) In thehigh-energyregime, decide whether is infinite or finite. Note that for

. . e g . . W 2mq q " .
Rutherford scattering, = ¢f (")d# has infinite rangey (! ) =" ——125, | " 2ksin(#/2).
g = $(") 987 (')=" 1o n20p sin(#/2)
6. You start with two points. Each cect response adds a point up to ten points; the first
incorrect response is free (to help cover instructorOs ambiguity); additional incorrect
responses subtract a point. Unanswered questions are neutral. Please circle your answers
on this page.

T or F Using the variational principle, one can minimize the bound on the gisiate energy
by varying a parameter either in the trial wave function or in the trial Hamiltonian.

T or F Coulomb screening effectively reduces the repulsion between the two e$actioelium.

T or F In the tunneling region of the WKB approximation, the momenguim imaginary.

T or F The Rotating Wave Approximation slightly violateg” +|c,|* = 1.

T or F When the electromagnetic fieldtieated classically (with no quantum EM fluctuations),
the Schriddinger equation can explain spontaneous emission.

T or F When an external light source interacts with a-state system, the rate of transition from
the upper state to the lower state equla¢srate of transition from the lower state to the upper
state.

T or F The rate of spontaneous emission and stimulated emission are proportional, aside fron
the strength of a stimulating field.

T or F The dipole selection rule says that for a transitmmccur in hydrogen, we must have
l0=4+1.

T or F The integral form of the Schrsdinger equation,

L(r)=1o(r)" #qﬁ%w@! (r9d* ¢ wherek = v2mE/! and(! 2+|<2)" O(}):o,

2 " " " "
is exact in the same sense th%" Z(r)+Vv(r)#(r)=£#(r) is exact.



Supplemental Material

Prob. 4

Two-Level Atom for Linearly Polarized Light
(P = () o (NS wo (1) o (e

The coefficients obey

=1 LHuE g, ¢ =1 SHpd™c,, where Hy, = HZ =(y,|H'y,) and! " (B, #E,)/! .
We haveH,, _(wa|é -fz(t)\pb)z (\ua|f - By, ) cosmt =V, cosat , wherev,, ! £, (" ,|z" ,).
AV " |V i
I ¢, = > (el#t te |#t)e e & = > (el#t te |#t)e|#otca
We must solve these coupled differential equations.glet,é®. Then
s iV " R o\ . in . v\
L ¢, = z_hb(ez#t fe #t)e it thé‘ ittt , (Cb l#Cb)e it _ 2_;(61## te z#t)ez#,,tca

: 8
I ¢a:n|\2/_ab(1+e”2i#t)e"i#ot#0’ #,=i##)" N_ab(eZi#t+1)ei#otCa

The termse*®® oscillate rapidly, so that+e?'® — 1, which is known as the rotating
wave approximation (RWA).

| —u Vap it e szel#t
e, = Ee oA, ., & =iHG"

The solutions to these coupled differential equations (now linear and solvable sirR&/)
are

((0—0) ) im V$ ,(#"#U)z
ca(t)={cos(wrt)—iTrocos(wrt)}e 2 and ¢ (1) &, (r)e ™ ="i2"_#r n(#,t)e 2
where! " ;\/(l #1 )+ /1? is the Rabi frequency.

Matrix Element (in the case ofm = +1)

57
(! 100|7! 221) = Fa 34://—;\/1— & $d#e+’#y%sm2 9 BsinYcos# + PsinYsin# + HcosH

5 2"
=Ta 2 $d#e+’# (Hcostt + Psin#) $J%Si n3%
0

T 3 T
Now jdesin39=jdesine(l—cosze)z{—cose+cos 6} =2—%=i
0 0 3 0 3 3
27 2#
L (" 100lP" pae) =" as. 0% (cos$ =i sin$)(Wcos$ + Psin$)
0
7
= a325— 0/g$&00052$+( %) sin$cos$ + ipsin” §
27;& T A S LU L
- aﬂ*x# (9 i) al ¢|y#5+r— aE(mm):a?( 2, iY)




SOLUTIONS
. X % ' 2b*
1. (a) <! trial|! trial> A $ 2% dx = AZ\/E 1& A= 2

Opt+
[2b 2 o
<Wrrial |V(x)\|fzrial> = ; J. [%Xz +O(.X4je 2b. dx

2 | 2
%[Wl(ﬂ 2\/;2_ 1 \/_— 1 ] m(D+3OC

1/4

n| 2 l (2@) 2! (zJ_) 8b  16b°
+ 0/ 2 2 2 +
(! il [T tria|>=\/2;b, S $2( &% dx = # 1 Z—b , (#2b+4b2x2)e#2bx2dx
H#+ & 2m$( ) 2m #+
PN T J_ TR _#1’b
T T #2b—— 4b22J_ =
" " b m#? 3%
< trial|H trial)z + ~ +

2m 8 162
b) Letb="" 1+

Zgm' & m' 2 3 N I 3%
<! triallH! trial> %‘_(( ) m :_(1+))+ +
2m 2! gm g & (1)) am? 2(1+
840, ( (1+)) 16465 (1)) (1+))
Also use——=1"1+12" _ and =120 +.).
1+! (1+")
. . g8 %) 18 5 3%
(" yiar |H trial>#(7+4m2$2#' 7 2m2$2’
d __#!" &, 3) _ . . _, 9
Minimizing function: o 2%7( to =0T Er o
3y 1ty A# o 3} (1" 3# . 9#?
(F wia |1 t”a'>_7+ a2 4 &$ m? % 2m? 2 &$ m?" 3% =2 a2 s

2.y(x)= el [Aco{ [y2m(E-V(x dx]+Bsm{ [y2m(E-V (x))dx J]
[Acos{“zm lh?_v” %+\/2;:1_E%}+Bsin[“2m s_V” %J,‘/Z’"_Eﬁ} -

y(a)=

(2mE)¥* ho2

—pm0 g VUET 0SB o g NEn

= JE-V,=2JE, -NE=E-V,=4E, - AJEE+E

2
V
=4,/E\E=4E,+V, :>E={,/E1 +—4 ,_oEl}

3.



,
a2 V2 1 $d#$j°/sn0/a:os°/t(msn°/a:os#+ Psin%sin# + Bcos)

(! 100[1! 220) =2 RN N7,

6 ! 6 0 7
- 2 \Fﬂp%sn%osz%-mz \/_) cos’ o6 - 2 \5/5
0 U R B 3
3
A2 u)3e2a2 o _3E[_3( 7 |_ 3 ) _1_3Fuga’(me)
Mo lcd’ ° 4n 4n(2ma® | 8ma? A 25e’n?
4,
| !
Hiy = (W, |er-E(t)y,) = ¢E, <l|la|r\|lb> (Bcoswt + Psinwt)

7 7
=¢E ai—( H-if) - (Hcoswt + Pinwr) = eEai—( coswr —isinwt)

7w jiotw —iot it —iot 7

2 e e e —e " AR .o i

=eE,a— - ="eE,a— e =" Ve
3 2 2 3

27
wherev! ¢E,a 5

I Ca= I;l/e:d te#l tcbv Cb_+;l/e+| '[el tC&1

IV i ¢

IV Cb——c (m=+1) or ¢ =#-e g, Cb:#i%eﬁ"otca (m=#1)

L ¢, =
The RWA kl||S them =11 case.

B Y 2_. 2V $ V.o "
(b) =8, = ——cb:>cb sn(—tj |cp|” =sin g Inverted When!—! =o# =
5. (a)

f(r)=" hzzr:tﬂ;(l r?/a? )V sin(#r)dr=" 2mV ’q

; (
(#r ) #dr 1 #r)® sin(#r ) #dr*
il ;

. 2mv, 78

. (
2#3 $us nudu (#) $J smudu)k

?é@(#a)z " 6)51'n#a+ (G#a " (#a)s) cos#a§0

=" 2m\/§ -[sin#a" #acos#a]"

1
()’
% :
=" 4r2n\/§ . 3 5" lpsin#a" icos#a’(‘
Kt &(#a) / #a 5

(b)
4mv, % 3 (% ($a)3
| *

fe) 723 . ($a)2 )&?$a) 3 bl - )#$a& 2! 4

9/ 3 % 3(,
4mv, % ($a)+($a) + 3 ,(%a) (3a)° (%3 , 3(sa)  ($2)°(,
n°$% _g 6 ($a) 2  40) &($a) 2 8 )p
4mv,a°® 9620 620 3 ,15(, 4mV0a3
) TR 8120 120 120) 151°

(3a)® , ( 3%, (sa)° , (s8)*, ¢

#.50
p

~— "




f(8)= _2_mf'[r2 (1— rz/az)Vadr = —271—2‘/"[r3/3— r5/5a2]z = —2"/”—2‘/0[613/3— as/SJ
0 - !

2mV,,a3 4mV0a3
== [5/15-3/15]= - 152
(c) From the expansion in part (b), we see th@aj =" 4?]2\/0 a3§/5—1&_)+0{(#a)2}'2, where

o{(! a)z} represent higheorder terms that were neglected, starting Wi#)>. These all

integrate to finite values, s is finite.



