
 1 

Physics 452 Sect. 1   Exam II  
Mon., Mar. 23 Ð Wed., Mar. 25      Class Identification number: __________ 
Instructor:  Justin Peatross 
Time limit: 3 hours Ð 1% penalty per minute over; Closed book____________________ 
Instructions:   Write your I.D. number above and on each sheet of your work.  Please donÕt write 
on the testing-centerÕs cover page; it will be discarded before returning your test.  Make sure to 
put your work in order.  Staple it well.  Your best 5 problems of the 6 will be scored; your lowest 
problem will be automatically dropped.  Each complete problem, including the collection of true 
and false, is equally weighted.  Good luck! 
 

See attached formulas at the back of test. 

 

1. On Exam I, you were asked to find the ground-state energy of a distorted harmonic 
oscillator with potential V x( ) = m! 2x2 2 +" x4 , where ! x4  was treated as a small 

perturbation.  The ground-state energy was found to be Egs = E 0( ) + E 1( ) + E 2( ) + ..., 

where 
 
E 0( ) =

! !
2

, 
 
E 1( ) =

3! ! 2

4m2" 2 , 
 
E 2( ) = −

9! 3α 2

4m4ω 5 .  Here, you are asked to address the 

same problem using the variational principle.  Let your trial function have the functional 
form ψ trial x( ) = Ae−bx2

, where you will choose A  and b  as appropriate. 

(a) What should A  be? 

(b) Show that
 

Egs !


2b
2m

+
m" 2

8b
+

3#

16b2 , where b  is yet un-chosen.  (Harsh penalty 

applied to ÔfudgesÕ leading to required answer.) 
(c) If ! = 0, then  b = m! 2!  minimizes Egs, which recovers the true unperturbed 

ground-state energy.   On the other hand, if α  is not zero but is still small, we may write 

 
b =

m!
2!

1+ "( ) , where !  is a small parameter.  In this case, we can approximate 

1
1+ !

=1 " ! + ! 2 " ...  and 
!

1+ "( )2 = ! 1# 2" + ...( )   These approximations make it easier 

to minimize Egs (now a function of ! ).  Show that you get the same ground-state energy 

as given by perturbation theory. 

 

2. Consider the potential V r( ) =

Vo     if  0 < x < a 2

0       if  a 2 < x < a

!       elsewhere

"

#
$

%
$

 

0 a 2 a

Vo

V x( )

    (ContinuedÉ)  
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Using the WKB approximation, obtain an expression for the ground-state energy when 

Vo < E .  Give your answer in terms of Vo  and 
 

E1 =
π 2


2

2ma2 , which happens to be the 

ground-state energy when Vo = 0 . 
 

3. Calculate the lifetime of an electron in a 2p m = 0  state of hydrogen.  You are not 

asked to evaluate your final expression with a calculator, but please simplify.  Note: 

 En = ! ! 2 2ma2n2 ,Y0
0 = 1

4π
, Y1

0 =
3
4!
cos " , 

 
Y1

±1 = !
3

8!
sin" e±i# , drr 3R10 r( )R21 r( )

0

∞

∫ = a
27 2

34 3
 

 
!r = xx̂ + yŷ + zẑ = r x̂ sin ! cos " + ŷ sin ! sin " + ẑ cos !( ) ,  

HINT:  A related problem for the case m = ±1 is worked out in the attached material in 

connection with problem 4. 

 

4. The solution to the two-level atom within the rotating-wave approximation (RWA) is 
attached for a linear polarized laser,  !H = e

!
r "

!
E t( )  where  

!
E t( ) = özEo cos! t .  In this case, the 

external laser couples the 1s state and the 2p m = 0  state for hydrogen. 

(a) Revise the analysis for the case of left-circularly polarized light 

 
!
E t( ) = Eo öxcos! t + öysin! t( ) . You should find 

 
!ca = ±

iV
"

e±i! te" i! otcb  and 
 
!cb = ±

iV
"
e#i! t ei! ot ca , 

where V ! 27eEoa 35 . Argue that one of the states m = ±1 does not become populated in 

the spirit of RWA.  Which is it?  For the other state, no RWA needs to be made. 

HINT:  Take advantage the attached material including the relevant matrix element, 

which you do not need to calculate. 
(b) Assuming ! = ! o , obtain an expression for the probability cb

2  in terms of V , 

assuming cb 0( ) = 0 .  How long until a collection of atoms becomes completely inverted? 

HINT:  This is much simpler than the corresponding expression in the attached material, 
which allows for ! " ! o . 
 
5. (a) Compute the scattering amplitude f !( )  in the first Born approximation for a 

truncated 3D parabolic potential defined by V r( ) =
1! r 2 a2( )Vo     if  r < a

0                      elsewhere

"
#
$

%$
 

Note: u3 sinudu! = 3u2 " 6( )sinu + 6u " u3( )cosu  and usinudu! = sinu " ucosu . 

(b) Give the low-energy limit of this formula and compute the cross section f θ( )  at low 
energy. HINT:  You can effectively check your answer in part (a) by taking the 
appropriate limit both before and after integration, and making sure to get the same thing. 
Note: sinu = u ! u3 3! + u5 5! ! ... and cosu = 1− u2 2!+ u4 4!− ...  
(ContinuedÉ)  
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(c) In the high-energy regime, decide whether !  is infinite or finite.  Note that for 

Rutherford scattering, ! = f "( )d#$  has infinite range; 
 

f !( ) = "
2mq1q2

4#$o
2%2 , ! " 2ksin # 2( ) . 

 
6. You start with two points.  Each correct response adds a point up to ten points; the first 
incorrect response is free (to help cover instructorÕs ambiguity); additional incorrect 
responses subtract a point.  Unanswered questions are neutral.  Please circle your answers 
on this page. 
 
T or F Using the variational principle, one can minimize the bound on the ground-state energy 
by varying a parameter either in the trial wave function or in the trial Hamiltonian. 
 
T or F Coulomb screening effectively reduces the repulsion between the two electrons in helium. 
 
T or F In the tunneling region of the WKB approximation, the momentum p  is imaginary. 
 
T or F The Rotating Wave Approximation slightly violates c1

2
+ c2

2
= 1. 

 
T or F When the electromagnetic field is treated classically (with no quantum EM fluctuations), 
the Schršdinger equation can explain spontaneous emission. 
 
T or F When an external light source interacts with a two-state system, the rate of transition from 
the upper state to the lower state equals the rate of transition from the lower state to the upper 
state. 
 
T or F The rate of spontaneous emission and stimulated emission are proportional, aside from 
the strength of a stimulating field. 
 
T or F The dipole selection rule says that for a transition to occur in hydrogen, we must have 
 !  = ±1. 
 
T or F The integral form of the Schršdinger equation, 

 

!

r( ) = ! o


r( ) "

m

2#2

eik

r "

$r


r "

$r

V

$r( ) !


$r( )d3 $r%  where  k = 2mE !  and 

 
! 2 + k2( ) " o

!
r( ) = 0 , 

is exact in the same sense that 
 
!

! 2

2m
" 2#

"
r( ) +V

"
r( )#

"
r( ) = E#

"
r( )  is exact. 
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Supplemental Material 
Prob. 4 
Two-Level Atom for Linearly Polarized Light  

 !
!
r , t( ) = ca t( ) " a

!
r( )e#i Eat " + cb t( ) " b

!
r( )e#i Ebt "  

The coefficients obey 

 
!ca = !

i
"

"Habe
! i# otcb  ,     !cb = !

i
"

"Hbae
i# otca ,  where  ′Hba = ′Hab

∗ ≡ ψb ′H ψa  and 
 
! o " Eb # Ea( ) ! . 

We have 
 

′Hab == ψa e
!
r ⋅

!
E t( )ψb = eEo ψa

!
r ⋅ özψb cosωt = Vab cosωt , where Vab ! eEo " a z" b . 

 
! !ca = "

iVab

2"
ei#t + e" i#t( )e" i# otcb  ,     !cb = "

iVab
$

2"
ei#t + e" i#t( )ei# otca  

We must solve these coupled differential equations.  Let 
 
cb ≡ cbeiωt .  Then 

 

! ca = "
iVab
2

ei# t + e" i# t( )e" i# ot cbe
" i# t  ,     cb " i# cb( )e" i# t = "

iVab
$

2
ei# t + e" i# t( )ei# ot ca  

 
! !ca = "

iVab

2"
1+ e" 2i#t( )e" i# ot #cb  ,     #!cb = i# #cb "

iVab
$

2"
e2i#t +1( )ei# otca  

The terms e±2iωt  oscillate rapidly, so that 1+ e±2iωt → 1 , which is known as the rotating 
wave approximation (RWA). 

 

! ca = "
iVab

2
e" i# ot

cb  ,     cb = i# cb "
iVab

$

2
ei# otca  

The solutions to these coupled differential equations (now linear and solvable since the RWA) 
are 

ca t( ) = cos ωr t( ) − i
ω − ωo( )
2ωr

cos ωr t( )⎡

⎣
⎢

⎤

⎦
⎥e

i
ω+ωo( )t
2   and  

 
cb t( ) ! !cb t( )e" i# t = " i Vab

$

2" # r
sin # rt( )e

" i
# " # o( )t

2  , 

where 
 
! r "

1
2

! # ! o( )2 + Vab
2

! 2  is the Rabi frequency. 

 
Matrix Element  (in the case of m = ±1) 

 

! 100
r ! 21±1 = a 27 2

34 3

1

4"

3
8"

d#
0

2"

$ e±i# d%sin2 % öx sin%cos# + öysin%sin# + öz cos%( )
0

"

$

= a 25

34 "
d#

0

2"

$ e±i# öx cos# + öysin#( ) d%sin3 %
0

"

$
 

Now dθsin3 θ
0

π

∫ = dθsinθ 1− cos2 θ( )
0

π

∫ = − cosθ + cos
3 θ
3

⎡

⎣
⎢

⎤

⎦
⎥
0

π

= 2 − 2
3
= 4
3

 

 

! " 100
!
r " 21±1 = " a

27

35#
d$

0

2#

% cos$ ± i sin$( ) öxcos$ + öysin$( )

= " a
27

35#
d$

0

2#

% öxcos2 $ + öy ± i öx( )sin$cos$ ± iöysin2 $&' ()

= " a
27

35#
öx# + öy ± i öx( ) sin2 $

2
0

2#

± iöy#
&

'

*
*

(

)

+
+

= " a
27

35
öx ± iöy( ) = a

27

35 " öx , i öy( )
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SOLUTIONS 

1. (a) ! trial ! trial = A2 e" 2bx2 dx
" #

#

$ = A2
%
2b

= 1& A =
2b
%

'
()

*
+,
1 4

 

ψ trial V x( )ψ trial = 2b
π

mω2

2
x2 + αx4⎛

⎝⎜
⎞

⎠⎟
e−2bx2

dx
−∞

∞

∫

= 2b
π

mω2

2
2 π 2!

1!
1

2 2b( )3
+ α2 π 4!

2!
1

2 2b( )5
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
= mω2

8b
+ 3α

16b2

 

 

! trial T! trial =
2b
"

e#bx2 #

2

2m
$2

$x2
%

&'
(

)*
e#bx2 dx

#+

+

, = #

2

2m
2b
"

#2b + 4b2x2( )e#2bx2 dx
#+

+

,

= #

2

2m
2b
"

#2b "

2b
+ 4b2 2 "

2!
1!

1

2 2b( )3
%

&

'
'

(

)

*
*

=

2b
2m

 

 

! " trial H " trial =

2b
2m

+
m# 2

8b
+
3$
16b2

 

(b) Let 
 
b =

m!
2!

1+ "( ) . 

 

! trial H ! trial =
! 2

2m
m"
2!

#
$%

&
'(

1+ )( ) +
m" 2

8
m"
2!

#
$%

&
'(

1+ )( )
+

3*

16
m"
2!

#
$%

&
'(

2

1+ )( )2

=
! "
4

1+ )( ) +
! "

4 1+ )( )
+

3! 2*

4m2" 2 1+ )( )2
 

Also use 1
1+ !

= 1" ! + ! 2 " ... and !

1+ "( )2 = ! 1# 2" + ...( ) . 

 
! " trial H" trial #

! $
2

+
3! %

4m2$ 2
&
'(

)
*+

+
! $
4

, 2 +
3! %

2m2$ 2 ,  

Minimizing function: 
 

d
d!

= 2
! "
4

#
$%

&
'(

! +
3! )

2m2" 2 = 0 * ! = +
3)

m2" 3  

 
! trial H ! trial =

! "
2

+
3! #

4m2" 2 +
! "
4

$
3#

m2" 3
%
&'

(
)*

2

+
3! #

2m2" 2 $
3#

m2" 3
%
&'

(
)*

=
! "
2

+
3! #

4m2" 2 $
9! # 2

4m4" 5  

 

2. 

 

ψ x( ) = 1

2mE( )1 4 Acos
1
!

2m E −V ′x( )( )d ′x
0

x

∫
⎛

⎝
⎜

⎞

⎠
⎟ + Bsins

1
!

2m E −V ′x( )( )d ′x
0

x

∫
⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

 

 

ψ a( ) = 1

2mE( )1 4 A cos
2m E −Vo( )


a
2
+ 2mE


a
2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
+ Bsin

2m E −Vo( )


a
2
+ 2mE


a
2

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= 0

⇒ B = 0   and   
2m E −Vo( )


a
2
+ 2mE


a
2
= π ⇒ E −Vo + E = 2π

ma
= 2 E1

⇒ E −Vo = 2 E1 − E ⇒ E −Vo = 4E1 − 4 E1E + E

⇒ 4 E1E = 4E1 +Vo ⇒ E = E1 + Vo
4 E1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

2

 

 
3. 
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! 100

r ! 210 = a

27 2

34 3

1

4"

3
4"

d#
0

2"

$ d%sin%cos% öxsin%cos# + öysin%sin# + özcos%( )
0

"

$

= öza
26 2

34 d%sin%cos2 %
0

"

$ = öza
26 2

34 &
cos3 %

3

'

(
)

*

+
,

0

"

= öza
27 2

35

 

 
A = 215

311

ωo
3e2a2

πεo! c3 , 
 

ωo =
3 E1

4
= 3

4


2

2ma2

⎛

⎝⎜
⎞

⎠⎟
= 3

8ma2 ,   
 

! " =
1
A

=
38#$oa4 mc( )3

26e2


2  

 
4. 

 

′Hab = ψa e
!r ⋅

!
E t( )ψb = eEo ψa

!rψb ⋅ öx cosωt + öysinωt( )

= eEoa
27

35 " öx − iöy( ) ⋅ öx cosωt + öysinωt( ) = eEoa
27

35 " cosωt − i sinωt( )

= eEoa
27

35

" eiωt " e−iωt

2
− e

iωt − e−iωt

2

⎛

⎝⎜
⎞

⎠⎟
= " eEoa

27

35 e
±iωt = "Ve±iωt

 

where V ! eEoa
27

35 . 

 

! ca = ±
iV


e±i" te#i" otcb  ,     cb = ±
iV


ei" tei" otca

! ca =
iV


cb  ,   cb =
iV


ca     m = +1( )     or        ca = #
iV


e#2i" otcb  ,     cb = #
iV


e2i" otca     m = #1( )
 

The RWA kills the m = ! 1  case. 

(b) 
 
⇒ !!cb = −V2

" 2 cb ⇒ cb = sin
V
"

t⎛
⎝⎜

⎞
⎠⎟ ,   

 
cb

2
= sin2 V

!
t!

"#
$
%&

.   Inverted when 
 

V
!

! =
"
2

# ! =
" !
2V

. 

5. (a) 

 

f !( ) = "
2m


2#

r 1" r 2 a2( )Vo sin #r( )dr
0

a

$ = "
2mVo


2#3 #r( )sin #r( )#dr

0

a

$ "
1

#a( )2 #r( )3 sin #r( )#dr
0

a

$
%

&
'
'

(

)
*
*

= "
2mVo


2#3 usinudu

0

#a

$ "
1

#a( )2 u3 sinudu
0

#a

$
%

&
'
'

(

)
*
*

= "
2mVo


2#3 sin#a " #acos#a[ ] "

1

#a( )2 3 #a( )2 " 6( )sin#a + 6#a " #a( )3( )cos#a%
&

(
)

+

,
-

.

/
0

= "
4mVo


2#3

3

#a( )2 " 1
+

,
-

.

/
0sin#a "

3
#a

cos#a
%

&
'
'

(

)
*
*

 

(b) 

 

f !( ) " #
4mVo


2$3

3

$a( )2 #1
%

&
'

(

)
* $a( ) #

$a( )3

3!
+

$a( )5

5!
# ...

%

&
'

(

)
* #

3
$a

1#
$a( )2

2!
+

$a( )4

4!
# ...

%

&
'

(

)
*

+

,
-
-

.

/
0
0

" #
4mVo


2$3 # $a( ) +

$a( )3

6
+

3
$a( )

#
$a( )
2

+
$a( )3

40

%

&
'

(

)
* #

3
$a( )

#
3 $a( )

2
+

$a( )3

8

%

&
'

(

)
*

+

,
-
-

.

/
0
0

" #
4mVo


2$3 $a( )3 1

6
+

1
40

#
1
8

%
&'

(
)*

" #
4mVoa3


2

20
120

+
3

120
#

15
120

%
&'

(
)*

" #
4mVoa3

152

 

or 
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f θ( ) = − 2m
! 2 r2 1− r2 a2( )Vodr

0

a

∫ = − 2mVo
! 2 r3 3− r5 5a2⎡⎣ ⎤⎦0

a
= − 2mVo

! 2 a3 3− a3 5⎡⎣ ⎤⎦

= − 2mVoa
3

! 2 5 15− 3 15[ ] = − 4mVoa
3

15! 2

 

(c) From the expansion in part (b), we see that 
 
f !( ) = "

4mVo

! 2 a3 1
15

+ O #a( )2{ }$
%&

'
()
, where 

O ! a( )2{ }  represent higher-order terms that were neglected, starting with ! a( )2 .  These all 

integrate to finite values, so σ  is finite. 


