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Physics 452 Sect. 1   Exam I 
Wed., Feb. 4 Ð Mon., Feb. 9      Class Identification number: __________ 
Instructor:  Justin Peatross 
Time limit: 3 hours Ð 1% penalty per minute over; Closed book____________________ 
Instructions:  Write your I.D. number above and on each sheet of your work.  Please donÕt write 
on the testing-centerÕs cover page; it will be discarded before returning your test.  Make sure to 
put your work in order.  Staple it well.  Your best 5 problems of the 6 will be scored; your lowest 
problem will be automatically dropped.  Each complete problem, including the collection of true 
and false, is equally weighted.  Good luck! 

 

See attached formulas at the back of test. 

 

1. (a) Using the free-electron-gas model, calculate the Fermi energy (in eV) for copper 
( ! " qN V = 8.50 #1022cm$3  , where q  is the number of free electrons per atom). 

(b) How does kBT  compare with EF  at room temperature (300K)?  In a few words, what 

does that mean? 

(c) Compute the bulk modulus (in N m2 ) for copper.  NOTE: B = −V dP
dV

, where P  is the 

quantum pressure. 
HINT: me = 9.11 ! 10" 31kg , 1eV = 1.60 ! 10" 19 J ,  ! = 1.054×10−34J ⋅ s , kB = 1.38 ×10−23 J K . 

 
2. Consider three non-interacting particles with positions xA , xB , and xC  in an infinite 

potential square well of width a .  The normalized eigen functions for a single particle in 

the well is given by ! n x( ) =
2
a

sin n" x
a

#
$%

&
'(

   n=1,2,3...( ) . 

(a) Construct a normalized antisymmetric wave function ! xA, xB, xC( )  for three identical 

fermions in states ! 1 , ! 2 , and ψ3 .  HINT: Remember, Slater determinant.  If you wish, 

you can write your answers in terms of ! 1 , ! 2 , and ! 3 , rather than the explicit functions. 
(b) Construct a normalized symmetric wave function ψ xA , xB , xC( )  for three identical 

bosons, if two are in state ψ1  and one in ! 2 . 

 

3. Consider the Hamiltonian matrixH = Vo

1 ε 0

ε 1 −ε
0 −ε 1

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ , where !  is a small perturbation. 

(a) Using perturbation theory, find the first-order corrections to the three-fold degenerate 
eigen-state energyE0 = Vo . 

(b) Find the ÒgoodÓ quantum states associated with each of the energy corrections. 
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4. Consider states in hydrogen 
 
nmms .  The unperturbed energies for the states are 

E0 = ! 13.6eV n2 .  A very strong magnetic field B is applied in the z direction. 

(a) Give the first-order corrections to the energy for all of the n = 2  states, in terms of the 

Bohr magneton µB  and applied field B.  How many distinct energy levels are there for 

the n = 2  states?  

(b) Now consider transitions from the n = 2  level to the n = 1 level in a large collection of 

hydrogen atoms in the B-field.  Under the rule that only  ! = 1→ ! = 0  transitions occur and 
that ms  does not change during transitions, determine how many spectral lines are 

emitted.  Determine the spacing between the different emitted photon energies. 

HI NT:  You must consider possible splitting of the levels in the ground state too. 

 

 
5. Consider the 1-D harmonic oscillator potential V x( ) = m! 2x2 2 , which has bound states 

 
! 0 x( ) =

m"
#!

$
%&

'
()

1 4

e
*
m"
2!

x2

, 
 

! 1 x( ) =
m"
#

$
%&

'
()

1 4 m"
2

xe
*

m"
2

x2

, 

 

! 2 x( ) =
m"
#

$
%&

'
()
1 4 2m"


x2 *

1
2

+

,
-

.

/
0e

*
m"
2

x2

, 
 

! 3 x( ) =
m"
#

$
%&

'
()
1 4 2

3
m"


$
%&

'
()
3 2

x3 * 3 m"


x
+

,
-
-

.

/
0
0
e

*
m"
2

x2

, 

with energies 
 
E0 = ! 2 , 

 
E1 = 3! 2 , 

 
E2 = 5ω 2,  E3 = 7! ! 2  É  

(a) Find the first-order correction to the ground state energy in the presence of a 
perturbation !V = " x4 . 

(b) Find the second-order correction to the ground state energy, under the (dubious) 
assumption that the bound states not listed (i.e., ! n>3 x( ) ) do not contribute significantly 

to the answer.  HINT: Ignore right from the start anything that leads to odd functions 

integrated over even limits Ð really important.  See attached Gaussian integrals. 
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6. You start with two points.  Each correct response adds a point up to ten points; the first 
incorrect response is free (to help cover instructorÕs ambiguity); additional incorrect 
responses subtract a point.  Unanswered questions are neutral.  Please circle your answers 
on this page. 
 
T or F  The conductivities of insulators, semiconductors, and conductors can all be understood in 
the context of quantum band structures. 
 
T or F Fermi-Dirac statistics or Bose-Einstein statistics can be applied to particles in arbitrary 
potentials, for example a harmonic oscillator. 
 
T or F As the temperature of a blackbody source increases, the peak frequency shifts, but the 
overall area under the spectral curve remains fixed. 
 
T or F For a blackbody radiator, the peak frequency defined through ! " peak( ) = ! max  and the peak 

wavelength defined through 
 
ρ λ peak( ) = ρmax , where the total energy per volume is 

 

u = ! "( )d"
0

#

$ = ! %( )d%
0

#

$ , are related through ! peak = 2" c # peak . 

 
T or F The fine-structure splitting of hydrogen arises in part because of the need to consider the 
reduced mass, since the nucleus is not infinitely massive. 
 
T or F The relativistic correction to the electronÕs kinetic energy is generally more important 
than the correction due to spin-orbit coupling. 
 
T or F The ÒgoodÓ quantum states in hydrogen are the same whether we consider the weak-field 
Zeeman effect or the strong-field Zeeman effect. 
 
T or F The famous ! = 21cm  spectral line that pervades the universe arises from the hyperfine 
structure of hydrogen. 
 
T or F The famous ! = 21cm spectral line that pervades the universe is emitted when electrons 
flip their spin relative to the spin of the nucleus. 
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SOLUTIONS 
1. (a)  

 

EF =


2

2m
3! 2"( )2 3

=
1.054#10$34 J %s( )2

2 9.11#10$31kg( )
3! 28.50#1022cm$3( )2 3 100cm

m
&
'(

)
*+

2 eV

1.60#10$19J
= 7.0eV  

(b) kBT = 1.38 ! 10" 23 J K( ) 300K( ) eV
1.60 ! 10" 19 J

= 0.026eV  Room temperature is very cold 

compared to the Fermi energy of copper.  Essentially, no electrons will be in an excited 
state. 

(c) 
 

P =


2

5m
3! 2( )2 3 eN

V
"
#$

%
&'

5 3

( P =
2
5
EF)  

 

B = −V
dP
dV

= 5
3

P = ! 2

3m
3π2( )2 3

ρ5 3 =
1.054×10−34 J ⋅ s( )2
3 9.11×10−31kg( ) 3π2( )2 3

8.50×1022cm−3( )5 3 100cm
m

⎛
⎝⎜

⎞
⎠⎟

5

= 6.4×1010 N

m2
 

 
2. (a) Slater Determinant: 

ψ xA, xB, xC( ) = 1

6

ψ1 xA( ) ψ2 xA( ) ψ3 xA( )
ψ1 xB( ) ψ2 xB( ) ψ3 xB( )
ψ1 xC( ) ψ2 xC( ) ψ3 xC( )

= 1

6
ψ1 xA( ) ψ2 xB( )ψ3 xC( ) − ψ2 xC( )ψ3 xB( )⎡⎣ ⎤⎦

− 1

6
ψ2 xA( ) ψ1 xB( )ψ3 xC( ) − ψ1 xC( )ψ3 xB( )⎡⎣ ⎤⎦ +

1

6
ψ3 xA( ) ψ1 xB( )ψ2 xC( ) − ψ1 xC( )ψ2 xB( )⎡⎣ ⎤⎦

 

The normalizing factor is chosen for the number of states 

(b)! xA, xB, xC( ) =
1
3

! 1 xA( ) ! 1 xB( ) ! 2 xC( ) + ! 1 xA( ) ! 1 xC( ) ! 2 xB( ) + ! 1 xB( ) ! 1 xC( ) ! 2 xA( )"# $% 

Can also be generated from the Slater determinant (with all plus signs), but the six terms 
collapse into three, requiring a different normalizing factor. 
 

3. (a) H 0 =
Vo 0 0
0 Vo 0
0 0 Vo

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ with ! 1

0 =

1

0

0

"

#

$
$

%

&

'
'
, ψ2

0 =
0

1

0

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟ , ! 3

0 =

0

0

1

"

#

$
$

%

&

'
'
.   !H =

0 "Vo 0

"Vo 0 #"Vo

0 #"Vo 0

$

%

&
&

'

(

)
)

 

W11 = ! 1
0 "H ! 1

0 = 1 0 0( )
0 #Vo 0

#Vo 0 $#Vo
0 $#Vo 0

%

&

'
'

(

)

*
*

1

0

0

%

&

'
'

(

)

*
*

= 1 0 0( )
0

#Vo
0

%

&

'
'

(

)

*
*

= 0  

W12 = W21
* = ! 1

0 "H ! 2
0 = #Vo , W13 = W31

* = ! 1
0 "H ! 3

0 = 0 , W22 = ! 2
0 "H ! 2

0 = 0, 

W33 = ! 3
0 "H ! 3

0 = 0 , W23 = W32
* = ! 2

0 "H ! 3
0 = #$Vo  

W − E1 =

−E1 εVo 0

εVo −E1 −εVo

0 −εVo −E1

= −E1 −E1( )2 − −εVo( )2⎡
⎣⎢

⎤
⎦⎥
− εVo −E1εVo( ) = 0

⇒ E1 E1( )2 − 2 εVo( )2⎡
⎣⎢

⎤
⎦⎥
= 0⇒ E1 = 0,± 2εVo

 

(b) 
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E1 = 0 :   

0 !Vo 0

!Vo 0 " !Vo
0 " !Vo 0

#

$

%
%

&

'

(
(

)

*

+

#

$

%
%

&

'

(
(

= 0 , * = 0,  ) = + , - Good =
1

2

1

0

1

#

$

%
%

&

'

(
(

=
1

2
- 1

0 + - 3
0( )  

 

E1 = ± 2! Vo :   

! 2! Vo ! Vo 0

! Vo ! 2! Vo " ! Vo

0 " ! Vo ! 2! Vo

#

$

%
%
%

&

'

(
(
(

)

*

+

#

$

%
%

&

'

(
(

= 0 , * = ± 2) ,  ) " + = ± 2* ,  * = ! 2+

, - Good =
1
2

1

± 2

" 1

#

$

%
%
%

&

'

(
(
(

=
1
2

- 1
0 ± 2- 2

0 " - 3
0( )

 

 
4. (a) 

 
E1 = µBB m! + 2ms( )  

2, 0, 0,1 2   E1 = µBB 0 + 2 1 2( )( ) = µBB  

2,0,0,−1 2   E1 = µBB 0 + 2 ! 1 2( )( ) = ! µBB  

2,1,0,1 2   E1 = µBB 0+ 2 1 2( )( ) = µBB  

2,1, 0, ! 1 2   E1 = µBB 0 + 2 ! 1 2( )( ) = ! µBB  

2,1,1,1 2   E1 = µBB 1+ 2 1 2( )( ) = 2µBB 

2,1,1,−1 2   E1 = µBB 1+ 2 ! 1 2( )( ) = 0  

2,1, ! 1,+1 2   E1 = µBB ! 1+ 2 1 2( )( ) = 0  

2,1,−1,−1 2   E1 = µBB −1+ 2 −1 2( )( ) = −2µBB         Five distinct energy levels. 

 (b) 
1, 0, 0,1 2   E1 = µBB 0 + 2 1 2( )( ) = µBB  

1,0,0,1 2   E1 = µBB 0 + 2 −1 2( )( ) = −µBB  

 
2,1,0,1 2 ! 1,0,0,1 2   ΔE1 = 0  

2,1, 0, ! 1 2 " 1, 0, 0, ! 1 2  ! E1 = 0  

2,1,1,1 2 ! 1,0,0,1 2   ! E1 = µBB  

2,1,1, ! 1 2 " 1,0,0, ! 1 2  ! E1 = µBB  

2,1, ! 1,+1 2 " 1,0,0,1 2  ! E1 = " µBB  

2,1,−1,−1 2 → 1, 0, 0,−1 2  ! E1 = " µBB              Three distinct spectral lines. 
 
5. (a) 

 

E1 = ! 0 "H ! 0 = #
m$
%!

x4e
&

m$
!

x2

dx
&'

'

( = #
m$
%!

2 %
4!
2!

1

2
m$
!

)

*+
,

-.

5 =
3#! 2

4m2$ 2  

(b) 

 

E2 =
! 2 " x4! 0

2

E0 # E2
=

! 2 " x4! 0

2

$ 2 # 5$ 2
= #

! 2 " x4! 0

2

2$
 



 6 

All other terms in the expansion (except for higher orders that we are neglecting) 
evaporate because of integrating odd functions across even limits. 
 

 

ψ2 αx4ψ0 = α mω
π!

2mω
!

x6 − x4

2

⎡

⎣
⎢

⎤

⎦
⎥e

−
mω
!

x2

dx
−∞

∞

∫

= α mω
π!

2mω
!

2 π 6!
3!

1

2
mω
!

⎛

⎝⎜
⎞

⎠⎟

7 − 1

2
2 π 4!

2!
1

2
mω
!

⎛

⎝⎜
⎞

⎠⎟

5

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

= α 5 ⋅3
4 2

1

mω
!

⎛
⎝⎜

⎞
⎠⎟

2 − 3

4 2

1

mω
!

⎛
⎝⎜

⎞
⎠⎟

2

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
= 3α

2

!
mω

⎛
⎝⎜

⎞
⎠⎟

2

 

! E2 = "
1

2! #
3$

2

!
m#

%
&'

(
)*

2+

,
-
-

.

/
0
0

2

= "
9! 3$ 2

4m4# 5  


