Physics 452 Sect. 1 Exam I

Wed., Feb. H&Mon., Feb. 9 Class ldentification number:

Instructor: Justin Peatross

Time limit: 3 hoursD 1% penalty per minute over; Closed book

Instructions: Write your 1.D. number abovand on each sheet of your work. Please donOt write
on the testingenterOs cover page; it will be discarded before returning your test. Make sure to
put your work in order. Staple it well. Your best 5 problarhthe 6 will be scored; your lowest
probdem will be automatically dropped. Each complete problem, including the collection of true
and false, is equally weighted. Good luck!

See attached formulas at the back of test.

1. (a) Using the freelectrongas model, calculate the Fermi energy (i) &V copper
(1" gN/V =850#102cm® |, wheregq is the number of free electrons per atom

(b) How doesk,T compare withe: at room temperature (300K)? In a few words, what
does that mean?
(c) Compute the bulk modulus (in/m?) for copper. NOTEB:—VZ—‘[;, whereP is the

quantumpressure.
tm, =9.11! 10" g, 1leV=1.60! ’ , =1 x 10" -5, =138x107" J/K .
HINT: m, =9.111 10 kg, 1&V =1.60! 10?3, | =1.054x10°%J -5, ky =1.38x107%

2. Consider three nemteracting particles with positions , xs, andx. in an infinite

potential square well of width. The normalized eigen functions for a single particle in

the well is given by (x) :\Esm@[%f‘ (n=123..) .

(a) Construct a normalized antisymmetric wave functigr,, xg, x;) for three identical
fermions in states ;, ! ,, andy,. HINT: Remember, Slater determinant. If you wish,
you can write your answers in terms!af, ! ,, and! ;, rather than the explicit functions.
(b) Construct a normalized symmetric wave functig,, x;,x-) for three identical

bosons, if two are in statg, and one in .

1 ¢ O
3. Consider the Hailtonian matrixd =V,| ¢ 1 -¢ |, where! is a small perturbation.
0 - 1

(a) Using perturbation theoryind the firstorder corrections to the thréeld degenerate
eigenstate energg’ =V, .

(b) Find theOgoodO quantum states associated with each of the energy corrections.



4. Consider states in hydrogéiim,m,) . The unperturbed energies for the states are
E° =113.6V/n?. A verystrongmagnetic fieldB is applied in the z direction.

(a) Give the firstorder corrections to the energy for all of the2 states, in terms of the

Bohr magnetornu, and applied field8. How manydistinct energy levels are there for

the n=2 states?

(b) Now consider transitions from the-2 level to then=1 level in a large collection of
hydrogen atoms in the-BBeld. Under be rule that only =1 —! =0 transitions occur and
that m; does not change during transitions, determine how many spectral lines are
emitted. Determine the spacing between the different emitted photon energies.
HINT: You must consider possible splitting of the levels in the ground state too.

5. Consider the D harmonic oscillator potential(x) = m! 2x?/2, which has bound states

"o 1/4 *ig 1/4 m m e
| —3m_ 21 2
o) ;u#! ! ¢ gb#h Vzh e,

M, Lo SO o gm 2 s o
()= %#hZ T Ry RECAt = 3% J—\/ixoe

with energiesg, =#! /2, E, =3h! /2, E,=5hw/2, E;=7!1 /2 E
(a) Find the firstorder correction to the ground state energy in the preserce of
perturbationvi="x*.

(b) Find the secondrder correction to the ground state energy, under the (dubious)
assumption that the bound states not listed (i.g4(x)) do not contribute significantly

to the answerHINT: Ignore right from the start anything that leads to odd functions
integrated over even limiBreally important. See attached Gaussian integrals.



6. You start with two points. Each correct response adds a point up to ten points; the first
incorrect response is free (to help cover instructorOs ambiguity); additional incorrect
responses subtract a point. Unanswered questions are neutral. Please circle your answers
on this page.

T or F The conductivities of insulators, semiconductors, and cdarkican all be understood in
the context of quantum band structures.

T or F FermiDirac statistics or BosEinstein statistics can be applied to particles in arbitrary
potentials, for example a harmonic oscillator.

T or F As the temperature of a blackdysource increases, the peak frequency shifts, but the
overall area under the spectral curve remains fixed.

T or F For a blackbody radiator, the peak frequency defined thro(lg,!;;ak) =1 . and the peak

wavelength defined throughﬁ(xpmk)=§max, where the total energy per volume is

# #
u=g (")d" =g (%9d%, are related through, e = 2" ¢/# e -
0 0

T or F The finestructure splitting of hydrogen arises in part because of the need to consider the
reduced mass, sinceetihucleus is not infinitely massive.

T or F The relativistic correction to the electronOs kinetic energy is generally more important
than the correction due to spimbit coupling.

T or F The OgoodO quantum states in hydrogen are the same whetheridee ttansveakield
Zeeman effect or the stroiiigld Zeeman effect.

T or F The famous! =21cm spectral line that pervades the universe arises from the hyperfine
structure of hydrogen.

T or F The famous! =2icm spetral line that pervades the universe is emitted when electrons
flip their spin relative to the spin of the nucleus.



SOLUTIONS
1. (a)
_ ﬁ(3, 20 )2/3 _ (1.054# 10%34 3 %)2

B = om 2(9.11#10%kg)

7.0eV

2/3 :(&1000m) 2 ey

31 28.50#10%°cm® =
( ) m * 1.60#10°°7

eV
160! 10"
compared to the Fermi energf/copper. Essentially, no electrons will be in an excited
state.

(b) &,7 = (1381 10" J/K)(300K) =0.026eV Room temperature is very cold

"2 ,\23" eN o 2
= — | — 1 = —
(c)p 5m(3. ) vs ( P=gER)

dP 5 12 2/3 (1.054>< 107347. s)z
B= =2P=—(3n%)" p?*= —
3(9.11x 10 *kg)

o=aP=— (3n2)2/3(8.50><10220m’3)

5/3(1oocm]5—64><101°ﬁ
m ' m?

2. (a) Slater Determinant:

L Wi(Xa) W2(Xa) Wa(xa) 1
W(XA!XB'XC)=ﬁ Wl(xs) WZ(XB) ‘l’a(xs) =ﬁ‘yl(xA)[WZ(XB)WB(XC)_\VZ(XC)WS(XB)]
vilxc) Wwalxc) wa(x)

—%Wz(XA)[Wl(XB)\h(XC)_Wl(xc)Ws(XB)]+%\M(XA)[\M(XB)‘I&(Xc)_\lfl(xc)‘lfz (XB)]

The normalizing factor is chosen for the number of states
1

(b)! (XA’XB’XC):_3# L)t ()t o () + i (xa)t ()t 2 (xe) +! i (Xe)! 1 (X))t 5 (Xa)8

Can also be generated from the Slater determinant (with all plus signs), but the six terms
collapse into three, requiring a different normalizing factor.

V, 0 0 " 19 0 " 0% $0 "V, 0"
3.(@H=[0 Vv, o |with! ‘fzgoi ,yd=l1 ,!gzgoj. Hi=&v, o #v,
0 0V, #08& 0 #18& %0 #'V, 0 (
%0 #, 0 (%( %0 (
Wy =(1 91 9)=(1 0 o).#, 0 $w,,.0,=(1 0 0).#,,=0
&0 $#, 0 )&0) &0)

W12:W2*1:<! (1)|H"! g>:#\/o’ W13:W3*1:<! ?|H"! (3)>:07 W22:<! 8|H"! g>:0,

We =(1 3[H1 9)=0, Woy =W, =(1 §[H" §) =#9V,

-E' &, O
W-EY=|eV, -E' —eV,= —El[(—El)z - (—EVO)Z]— eV, (—E'eV,) =0
0 -ev, -E!

= El[(El)z - 2(£Vo)2}= 0= E = 0,42V,

(b)



#0 1V, 0 & & #1&

ood — _L 1
E'=0: %V, 0 'v§%§:o, *=0,) =+, -© ":32{,%3(-?*-3)
$0 "1V, 0 '8+ $1

i;!\/ilvo AVA 0 &g
El=+J21V,: o 1V, 121V, "!vogfﬁg:o, *=42) ) "= £2F, x =12+

%/" 0 AR INGIAVARS 2y
#1&
- Goos 1‘M§ Soevz -9
$r1

4. (a) E' = pgB(m +2m,)
2,0,0,1/2) E' =ugB(0+2(1/2))=pgB
|2,0,0,-1/2) E'=pugB(0+2(1 /2)) =1 pgB
21,0Y2) E'=ugB(0+2(1/2))=pgB
2,1,0,! 1/2) E' =pugB(0+2(11/2)) = pgB
2112) E"=pgB(1+2(Y/2)) = 215B
|2,1,1,-1/2) E'=pgB(1+2(1 1/2)) =0
2,1,1 1,+1/2) E' = pgB(! 1+2(Y/2)) =
|2,1,~1,-1/2) E'=ugB(-1+2(-1/2)) = —2ugB Five distinct energy levels.
(b)
|1,0,0,1/2) E'=p,B(0+2(1/2))=pzB
10,0Y2) E'=pgB(0+2(-1/2))=-1gB
|2,1,0,/2)! |1,0,0,1/2) AE'=0
|2,1,0,1 1/2)" |1,0,0,! 1/2) lE'=0
|2,4,11/2)! |1,0,0,1/2) | E' = ugB
12,411 2)" |10,0,! 1/2) lE' =p,B
12,11 1,+1/2)" |1,0,0,3/2) | EY =" p,B
|2,1,-1,-1/2) —|1,0,0,— 1/2) lE'="pgB Three distinct spectral lines.
5. (a)

m$

! ms o, 2
&

) |’T’$ ,5 4m2$2
2\

(b) 2 2 2
po el ol ol st o) Kol o)

E #E, 1$/2#5n$ /2 2n$




All other terms in the expansion (except for higher orders that we are neglecting)
evaporate because ofagtrating odd functions across even limits.

<‘lf2 |0cx4\llo> = oc\/?]i {_«/Elmm x® — XT;}e”!mxz dx

mo | v2mo 6 1 1 4! 1 53 1 3 1 3ol
mo| ! J_sl[z mj7 JE*/_zl[ m]S a4x/§(mw)2 4ﬁ(mm)2 V2
i | o i
| proe L ol (P, 0%
21# _J28&m#) o Am'#®



