
Testing non-
lassi
al theories of ele
tromagnetism with ion interferometryB. Neyenhuis, D. Christensen, and D. S. DurfeeBrigham Young University, Department of Physi
s and Astronomy, Provo, UT 84602(Dated: 15 February 2007)We dis
uss using a table-top ion interferometer to sear
h for deviations from Coulomb's inverse-square law. Su
h deviations would result from non-
lassi
al e�e
ts su
h at a non-zero photonrest mass. We dis
uss the theory behind the proposed measurement, explain whi
h fundamental,experimentally 
ontrollable parameters are the relevant �gures of merit, and 
al
ulate the expe
tedperforman
e of su
h a devi
e in terms of these parameters. Su
h a devi
e would be sensitive todeviations of a few times 10
−22 in the exponent of the inverse-square law, an improvement by �veorders of magnitude over 
urrent experiments. It 
ould measure a non-zero photon rest mass smallerthan 9× 10

−50 grams, nearly 100 times smaller than 
urrent laboratory experiments.The experimental sear
h for deviations from 
urrenttheories will eventually lead to the next, more fundamen-tal theory of physi
s. Su
h studies 
hallenge the Stan-dard Model and give insight into the form of the under-lying, more elemental theory. Coulomb's inverse-squarelaw is the foundational law in ele
trostati
s. Gauss's Lawand Maxwell's equations are built upon this law and theprin
iple of superposition. Pre
ision tests of this law areessential to push forward our understanding of ele
tro-magnetism and its relation to the other for
es.Dete
tion of any deviation from the inverse-square lawwould have far-rea
hing impli
ations. Maxwell's equa-tions would have to be modi�ed along with mu
h of theStandard Model. The notion that absolute ele
trostati
potential is arbitrary would have to be abandoned, alongwith many other ideas stemming from 
lassi
al ele
tro-magnetism. Inverse square law violation would suggesta �nite range for the ele
tromagneti
 for
e, implying anon-zero photon rest mass [1�3℄. Consequen
es of a �-nite photon rest mass in
lude frequen
y dependen
e ofthe velo
ity of ele
tromagneti
 waves in free spa
e and alongitudinal polarization of photons [4℄. Several grand-uni�
ation theories in
lude massive photons [5, 6℄ andfurther measurement of the inverse square law 
an help
on�rm or disprove these theories.Several studies have sear
hed for 
onsequen
es of amassive photon rather than testing the inverse-squarelaw dire
tly [2℄. These studies involve many assumptionsabout the nature of interstellar spa
e and the sour
es ofthe measured light waves. It is therefore ne
essary toverify these results with laboratory experiments wherevariables 
an be better 
ontrolled [19℄. Furthermore,while the possibility of a massive photon supplies ad-ditional motivation to test Coulomb's law (and providesa 
ommon parameter by whi
h experiments 
an be 
om-pared) it is possible that Coulomb's law is violated forreasons unrelated to photon rest mass. Only an experi-ment whi
h spe
i�
ally measures the inverse-square lawwould be sensitive to these e�e
ts.Although the inverse square law has been measuredmany times over the last two and a half 
enturies [3, 7�11℄, this subje
t has seen little progress in the last threede
ades. The smallest laboratory-based limit on the pho-ton rest mass was reported nearly 24 years ago [11℄. In

Figure 1: (Color online) A 
ut-away 
artoon of the proposedexperiment. The diagram is not to s
ale, and some dimensionshave been greatly exaggerated for visibility.this experiment an alternating voltage was applied be-tween two 
ondu
ting shells, and the indu
ed voltage be-tween the outer shell and a third shell surrounding theother two was measured with solid-state ele
troni
s. Thismeasurement improved upon the best previous measure-ment, 12 years old at the time [10℄, by only a fa
tor of2.5. In this paper we show that it should be possible torevitalize this key �eld of study and improve sensitivityby orders of magnitude using a new approa
h � 
hargedparti
le matter-wave interferometry.In the proposed experiment a possible Coulomb's-lawviolating ele
tri
 �eld inside of a 
ondu
ting shell is mea-sured with an ion interferometer. As shown in Fig. 1, ionstravel through a 
ondu
ting 
ylinder nested inside of ase
ond 
ylinder. The outer 
ondu
tor is grounded, and atime-varying voltage is applied to the inner 
ondu
tor. Abeam of 
old atoms passes through small holes in the 
on-du
tors. The atoms are ionized with a laser beam, shownas an arrow in the �gure, and pass through three gratingsto form a Ma
h-Zehnder interferometer. If an ele
tri
�eld is present in the inner 
ondu
tor, the two interfer-ometer arms will pass through di�erent potentials, result-ing in a relative phase shift. Although physi
al gratings
ould be used [12℄, opti
al gratings would avoid seriousproblems in
luding 
harge build-up and image 
hargesindu
ed in the gratings. With an appropriate 
hoi
e ofion, Raman transitions 
ould be used [13℄, making pre-
ise 
ontrol of grating phases and state-sele
tive readoutof the interferometer phase possible.To 
al
ulate the limit on the photon rest mass that
ould be a
hieved in su
h an apparatus, we start with a
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Figure 2: Cal
ulations of potentials in a 2.6 m long, 27 
mradius tube held at 200 kV. The 
al
ulation assumes mγ=

1×10
−50 grams. Potentials are plotted vs. the radial distan
efrom the tube axis. The bla
k lines are the deviation from the
lassi
al potential at axial distan
es of zero (lower line) andone meter (upper line) from the middle of the tube, plottedon top of a thi
k gray line representing the deviation for anin�nite tube. The dotted lines show the 
al
ulated 
lassi
alfringing-�eld potentials at the same lo
ations multiplied by

10
35 to make them visible on this s
ale.modi�ed version of Lapla
e's equation:

▽2φ − µ2
γφ = 0. (1)This equation is derived from the modi�ed version ofMaxwell's equations generated by the Pro
a a
tion formassive photons. In this equation φ is the s
alar ele
-trostati
 potential, and the small 
onstant µγ is relatedto the photon rest mass mγ by the relation mγ = µγ~/cwhere ~ is Plan
k's 
onstant divided by 2π, and c is the
anoni
al speed of light in va
uum.In the limit as µγ → 0, Eq. 1 be
omes Lapla
e'sequation. For the simple 
ase of a spheri
ally symmet-ri
 system, Lapla
e's equation has the familiar solutions

φ(r) = A/r and φ(r) = B, where A and B are 
onstants.The A/r solution is the 
lassi
al point-
harge potential.The 
onstant B solution allows us to arbitrarily de�ne apoint to be at zero potential without 
hanging the �eldsdes
ribed by the potential. If µγ 6= 0, the solutions fora spheri
ally symmetri
 system are a Yukawa potential
φ(r) = (A/r) exp(−µγr), and an exponentially growingsolution φ(r) = (B/r) exp(µγr). The Yukawa potentialsolution lets us interpret 1/µγ as an e�e
tive range of theCoulomb for
e. Without a 
onstant solution, absolutepotential has physi
al signi�
an
e and we are no longerfree to arbitrarily 
hoose where φ equals zero.Due to the elongated geometry of the proposed experi-ment, we will approximate the �nite inner 
ondu
tor withan in�nitely long tube. Numeri
al and analyti
al studieshave veri�ed that this is a good approximation for reason-ably long tubes (see Fig. 2 and [14℄). For a system withno angular or longitudinal dependen
e, solutions to Eq. 1are the zeroth-order modi�ed Bessel fun
tions. Applyingthe 
onditions that φ(r) must equal the applied voltagewhen r = R (the radius of the tube), and given the fa
tthat µγ is known to be small, we 
an approximate the po-

tential inside the inner tube with a lowest-order Taylorseries in µγ :
φ(r) ≈ (V + Vg)

[

1 +
µ2

γ

4
(r2 − R2)

]

, (2)where V is the voltage applied to the inner tube relativeto the outer tube, and Vg is the unknown voltage of theouter, grounded tube.Rather than absolute potential, the interferometer willmeasure the potential di�eren
e between the two arms.Ea
h of the arms in Fig. 1 
onsists of one horizontaland one diagonal segment. Both diagonal segments passthrough identi
al potentials whi
h indu
e equal phaseshifts on the upper and lower arms. As su
h, the diago-nal segments 
an be negle
ted. The horizontal segments,however, are at two di�erent radii and travel throughdi�erent potentials. Assuming that the two horizontalsegments are a distan
e r0 and r0 + s from the 
enter ofthe tube, the potential di�eren
e between them is
∆φ = φ(r0 + s)− φ(r0) ≈

µ2
γ

4
(V + Vg)

(

s2 + 2r0s
)

. (3)If τ is the time that it takes the ions to travel the lengthof the horizontal segments, and e is the ion 
harge, theinterferometer phase Φ is given by
Φ ≈

eµ2
γ

4
(V + Vg)

(

s2 + 2r0s
) τ

~
. (4)Be
ause we don't know Vg, and be
ause many fa
tors 
ano�set the absolute phase of an interferometer, we wouldapply a time-varying potential V and look for a 
orre-lated 
hange in the interferometer phase. For example,imagine that the applied potential V is periodi
ally re-versed. Be
ause the ∼ 700 µF 
apa
itan
e of the Earth isvery large 
ompared to the ∼ 1.6 nF 
apa
itan
e of theproposed 
ondu
tors, Vg will remain roughly 
onstant,and the di�eren
e in phase when V is reversed will be

∆Φ ≈
eV µ2

γ

2

(

s2 + 2r0s
) τ

~
. (5)Solving Eq. 5 for µγ we 
an determine the rest mass ofthe photon from the measured interferometer phase shift:

mγ ≈
~

c

[

2~∆Φ

eV (s2 + 2r0s) τ

]1/2

. (6)To estimate the smallest dete
table mγ , it is useful torewrite Eq. 6 in terms of the parameters whi
h 
an bedire
tly set experimentally. One important parameteris the velo
ity of the ions v. A smaller velo
ity resultsin larger di�ra
tion angles. But if v is too small, strayele
tri
 �elds 
an have a signi�
ant e�e
t on ion velo
itiesand traje
tories. These �elds will be extremely smallinside the tube at the lo
ations of the gratings (see Fig.



32), but they 
ould be mu
h larger in the region wherethe ions are generated. We 
an write the velo
ity as
v = (2eVs/m)1/2 where m is the mass of the ions and Vsis the voltage whi
h would just bring the ions to a stop.Then we 
an set Vs to be several times the level of theexpe
ted stray �elds to be sure that the traje
tory of theions is not greatly perturbed by them.Two other important parameters are the maximum ex-
ursion of the ions from the 
enter of the tube, a = r0+s,and the distan
e between gratings, L. A larger tube ra-dius a

ommodates a larger separation s and o�set r0.A larger grating separation L means that the ions willintera
t with the �eld longer (τ = L/v) and results in agreater separation of the two arms of the interferometer(s ≈ Lh/mvd, where where h is Plan
k's 
onstant and dis the grating period). With these parameters in mind,we 
an rewrite Eq. 6 as

mγ ≈
~

cL

[

∆ΦdVs

πV a (1 − Q)

]1/2 (7)where the parameter Q = s/2a = πL~/(2emVsa
2d2)1/2shows very weak dependen
e on ion mass and 
harge �although higher 
harge and lower mass results in morepre
ision for a given ion velo
ity, this is o�set by thegreater velo
ity needed to over
ome de�e
tions by stray�elds. For arbitrary experimental parameters, 0 < Q ≤

1/2. For the parameters sele
ted below, Q is small forall possible ion masses, ranging from 1×10−2 for 1H+ to
1× 10−3 for 133Cs+, and the pre
ision of the experimentwill not 
hange mu
h with the mass or 
harge of the ion.There are pra
ti
al limits on L and a for a table-topapparatus. We 
hose L to be one meter, and limited ato be a 
onservative 25 
m. For our numeri
al 
al
ula-tions (Fig. 2) we assumed a total length for the innertube plus end-
aps of 3 m, and a tube radius of 27 
m.This gives su�
ient spa
e to limit fringing �elds, to besure that the in�nite-tube 
al
ulation is a good approxi-mation in the region of the interferometer, and keeps theions in the interferometer from traveling 
lose to the tubesurfa
e. Only a, and not the outer radius of the tube, af-fe
t the pre
ision predi
ted in Eq. 7. So a tube with alarger radius 
ould be used to further limit ion-surfa
eintera
tions without 
hanging the predi
ted pre
ision.We assumed a grating period of 200 nm, about halfthe wavelength of a readily-available uv diode laser. Wesele
ted a value of 200 kV for V be
ause it is within therange of what is possible with o�-the-shelf power suppliesand va
uum feed-throughs. Higher voltages 
ould possi-bly be obtained by using the two tubes as a 
apa
itor in aresonant 
ir
uit. Based on work done with atom interfer-ometers [15℄, it should be possible to dete
t phase-shiftsas small as 10−4 radians. We set the �nal parameter, Vs,to 0.5 mV assuming that voltages due to stray �elds 
anbe 
ontrolled well below this level.With these parameters we predi
t a sensitivity to pho-ton rest mass of 9 × 10−50 grams, nearly two orders ofmagnitude smaller than the limit reported in [11℄. The

largest errors are expe
ted to be due to inertial-for
eshifts [15℄ and ion-ion intera
tions. The ion-ion inter-a
tions 
an be redu
ed by limiting the number of ionsinside the 
ondu
tor at any given time � in the limit ofa single ion at a time, this e�e
t disappears while stilla�ording a 
ount rate of tens to hundreds of ions perse
ond. This drift 
an also be redu
ed by using non-
lassi
al, anti-bun
hed ion beams.We performed numeri
al 
al
ulations to verify thatfringing �elds from holes in the 
ondu
tor 
ould be madenegligibly small [14℄. In these 
al
ulations the inner 
on-du
tor was 
apped with 20 
m long end 
aps to redu
efringing �elds. Be
ause the 
al
ulation assumed axialsymmetry, the e�e
t of the holes in the end 
ap were sim-ulated with ring-shaped apertures. As su
h, the 
al
ula-tion greatly overestimates the size of the fringing �elds.The results of the 
al
ulations were veri�ed with pie
e-wise analyti
al solutions to the 
ondu
tor geometry. The
al
ulations show that fringing �elds will be tens of or-ders of magnitude below the dete
tion limit (see Fig. 2),and should not be an issue. Any small drifts in pat
h
harges or similar e�e
ts should not be 
orrelated withthe applied voltage di�eren
e, espe
ially 
onsidering theextremely small level of the fringing �elds. As su
h, thesedrifts 
ould be averaged out if they are not too large. Thesus
eptibility of the proposed experiment to stray ele
tri
�elds should be no greater than in other re
ent labora-tory tests of Coulomb's law, and in [11℄ is was impliedthat these e�e
ts were not a limitation.Care will have to be taken to magneti
ally shield theinner 
ondu
tor (possibly by using a type-I super
ondu
-tor for the outer 
ondu
tor). In addition, the magneti
�elds 
reated by the 
harging and dis
harging of the 
on-du
tors will have to be taken into a

ount. The e�e
tof these time-varying �elds 
ould be removed by 
al
u-lating what the �elds would be or by measuring themdire
tly, or they 
ould be redu
ed exponentially by in-
reasing the time between voltage reversals. Also, in ad-dition to small 
hanges in ele
tri
 and magneti
 �elds,the presen
e of larger stati
 �elds 
ould also signi�
antlyredu
e 
ontrast in the interferometer. Nevertheless, itwould seem that these di�
ulties are surmountable in areasonable experiment.Given the assumed parameters the separation s wouldrange from 6.4 mm (for 1H+) to 0.56 mm (for 133Cs+),and the ion beam would enter the apparatus at a ra-dius r0 ranging from 24.4 
m (1H+) to 24.9 
m (133Cs+).These parameters yield an s for ele
trons whi
h is greaterthan the radius of the tube, so for these experimental pa-rameters ele
trons are not an ideal 
hoi
e. For a horizon-tal apparatus in gravity, assuming that the ions undergoa paraboli
 traje
tory with the peak at the lo
ation ofthe 
enter grating, the ions will fall a verti
al distan
eranging from 51 µm (1H+) to 6.8 mm (133Cs+), giv-ing them a verti
al velo
ity of only 1.0 × 10−4 (1H+) to
1.4×10−2 (133Cs+) times their longitudinal velo
ity. Thephase shift due to gravity will be 
onstant as the appliedvoltage is reversed, and will not a�e
t the measurement.



4Obtaining a pre
ision of 9 × 10−50 grams requires theuse of slow ions. These ions 
ould be generated from aslow neutral atom beam. The velo
ity, determined by Vsand the mass of the ion, ranges from 311 m/s (1H+) to27 m/s (133Cs+). The latter is a reasonable velo
ity fora beam of atoms from an LVIS sour
e [16℄. Higher ve-lo
ities are easily obtained by a

elerating the ions witha small potential. As su
h, any atom that 
an be laser
ooled 
ould be used to obtain the above stated sensitiv-ity. However, lighter ions have the advantage of fastertransit, whi
h would make it possible to modulate thevoltage applied to the tube at a higher frequen
y, redu
-ing the e�e
tive bandwidth of systemati
 drifts.The predi
ted pre
ision is 
onsiderably better thanthat reported previously for laboratory experiments.Furthermore, a potential pitfall is avoided. In the mostre
ent experiments [10, 11℄ a voltage between two 
on-du
ting shells was measured ele
troni
ally. Any non-zeroele
tri
 �eld would tend to draw a 
harge through theele
troni
s to 
an
el the �eld. If 0.001 times the 
harge ofan ele
tron passed through the probe ele
troni
s, it would
an
el the �eld due to a photon mass larger than the re-ported pre
ision. In our s
heme the only in�uen
e theions have on the system under test is the well-understoodindu
tion of an image 
harge in the 
ondu
tor.In addition to limits on the photon rest mass, follow-ing the tradition of Cavendish [8℄ it is also 
ommon toparametrize inverse-square law violations with a smallparameter δ by assuming that the potential of a point
harge falls o� as r−(1+δ). Be
ause the Pro
a treatmentisn't ne
essarily 
orre
t, this additional �gure of merit isvaluable. Unfortunately the r−(1+δ) potential does not
ome from an underlying theory. If su
h a theory existed,
r−(1+δ) would enter naturally as a solution to a modi�ed

version of Lapla
e's equation. At least one more solution,one whi
h is �nite at r = 0, must exist. Knowing justone of the solutions is not su�
ient to determine 
hargedistributions.It appears that previous experiments 
al
ulated limitson δ by integrating the point-
harge potential over the
lassi
al 
harge distribution. But the unmodelled devi-ation of the true 
harge distribution from the 
lassi
aldistribution 
ould have a big impa
t on the implied mag-nitude of δ. Furthermore, if the unknown equation isnonlinear, the potential 
annot be related to an integralof point 
harges. It is also somewhat disturbing that inthis formalism the units of the permittivity ǫ0 dependon δ. Ignoring these 
on
erns, we integrated the point-
harge potential over the 
lassi
al 
harge distribution andpredi
t that a limit on δ of a few times 10−22 would bepossible in the proposed apparatus. This would repre-sent an improvement of �ve orders of magnitude over thevalue of 6 × 10−17 reported in [11℄.In 
on
lusion, we have dis
ussed the potential of ion in-terferometry in sear
hes for violations of Coulomb's law.Cal
ulations using reasonable parameters suggest that atable-top devi
e should be able to measure photon restmass at the level of 9× 10−50 grams, and measure devia-tion in the exponent of Coulomb's inverse square law atthe level of a few times 10−22, both representing an im-provement of several orders of magnitude over 
urrentlaboratory measurements. In addition, the apparatuswould be immune to e�e
ts related to the modi�
ationof the �eld by the instrument used to measure it.We would like to a
knowledge Ross Spen
er for his as-sistan
e with numeri
al 
al
ulations and S
ott Bergesonfor helpful dis
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