Example: Adding three sine waves together using complex exponentials

Imagine that three boats turn on their engines, creating sine waves on the
surface of the water. If boat #1 were making waves alone, the displacement
of the water where I am swimming would be given by y;(t) = A; sin(wt + ¢1),
where 417 = 2.5 mm and ¢; = 0.7 rad. If boat #2 were making waves alone,
the displacement of the water where I am swimming would be given by y2(t) =
Ay sin(wt + ¢2), where Ay = 3.3 mm and ¢ = 1.7 rad. If boat #3 were making
waves alone, the displacement of the water where I am swimming would be given
by y3(t) = Assin(wt + ¢3), where A3 = 1.9 mm and ¢3 = —1.1 rad. Together
they make a sine wave Yiota1(t) = Atotar Sin(wt + Gtotar). What are Aiprq; and
¢total?

To do this, lets first write down the three functions we are adding together:

Y1 (t) = Al sin(wt + ¢1)
yo2(t) = Agsin(wt + ¢a)
Y3 (t) = Ag sin(wt + ¢3)

We get yiotq; simply by adding these three functions together. But finding
the amplitude and phase of the resulting sine wave is difficult unless we use
complex exponentials. So lets do that. First, we write down three complex
functions which are not equal to, but represent the functions above:

nt) = Ay ei@tten)
Ga(t) = Ay ei(wi+e2)
g3(t) = A3ei(wt+¢3)

These functions are not the same as the ones above, but Euler’s formula tells
us that the imaginary part of each of these functions is equal to each of the real
functions above that represent the real waves on the water. So if I add these
functions together, the imaginary part of the sum will be equal to the real sum
of the real functions. In other words:m

Yiotal = Y1 + Y2 +y3 = (1) + S(F2) + S(¥3) = (71 + 2 + U3)-

So far, this sum doesn’t look any simpler to work with than the sum of sine
waves we started with. But the great part about exponentials is that we can
separate the wt and the ¢ parts:

Aei(ut+¢) — Aei¢>eiwt'

We can rewrite this as
Aeiwt



using the definition that A = Ae®. Applying this to my complex functions, I
get

gl (t) — Aleiwt
g2(t) — Azezwt
gg(t) — Agezwt
where
A = Aqcos(¢1) + isin(¢q)] = 1.91211 mm + ¢ - 1.61054 mm
Ay = A, [cos(d2) + isin(ga)] = —0.42519 mm + i - 3.27249 mm
As = As[cos(¢s) + isin(¢s)] = 0.86183 mm — 7 - 1.69329 mm

and my sum is now just

Yiotal = S(J14+72+73) = S([A14+As+A3]e™?) = S(Asprare™?) = I([2.3487544-3.18974]e™).

So /Lotal = 2.34875 + i - 3.18974. But remember, /Lotal = Asprare*®total . So

Asotat = VAtotatl = /R Atota)? + 18 Arotat)P = /A yyos Atorer = [3.96 mm .

The phase is just the angle that fltoml makes relative to the real axis in the
complex plane. So

%(Atotal)

total

Dtotal = arctan ( ) = 0.936 rad.

Now, before I make that my final answer, I have to remember that the arctan
of 6 is equal to the arctan of § + m. So I think for a minute and realize that
since both the real and imaginary parts of A are positive, the phase angle
must be between 0 and 7/2 radians. This answer fits the bill, so it is correct.
Otherwise, I'd have to add or subtract . Therefore

(btotal = -

I plotted this on the computer, and it looks like I did everything right, because
it works!



