
Physi
s 222 CIDHomework 20 S
ore / 301. (6 pts) In the quantum model of 
ondu
tivity, the atoms a

elerate in the ele
tri
 �eld for an average time τ before
olliding with an ion and loosing kineti
 energy.(a) The �random� 
omponent of a typi
al ele
tron's velo
ity (whi
h is equal to the Fermi velo
ity vF ) is mu
hmu
h greater than the drift velo
ity. As su
h, this is the velo
ity whi
h determines how often an ele
tron
ollides with an ion. Assuming that when an ele
tron hits something it looses all of its kineti
 energy, showthat the maximum drift velo
ity that an ele
tron obtains is, on average, equal to
vd =

eEλ

mvF

,where e is the 
harge of an ele
tron, m is the mass of an ele
tron, and λ is the mean free path that anele
tron travels before 
olliding with something. In fa
t the ele
tron doesn't always 
ome to a 
omplete stopat ea
h 
ollision. Be
ause of this, without further proof I will state that the value that you found above ispre
isely equal to the average drift velo
ity of the ele
trons vd.(b) If I pla
e a voltage V a
ross a re
tangular pie
e of 
opper whi
h is a length L long, what is the ele
tri
 �eld
E inside the 
opper?(
) Remembering Ohm's law: V = IR, and remembering that for a re
tangular 
ondu
tor of length L witha 
ross se
tional area A the resistan
e is R = ρL/A, use the drift velo
ity you found to show that theresistivity of a metal should be equal to

ρ =
mvF

ne2λ
,where n is the number of ele
trons per unit volume in the metal.Now lets use this equation to 
al
ulate the resistivity of 
opper at room temperature (300 K). The only empiri
al datathat we will use is the mass of a 
opper atom (63.546 amu), the density of solid 
opper (8.96× 103 kg/m3) , the Debyetemperature of 
opper (309 K, as dedu
ed from measurements of the heat 
apa
ity of 
opper), and the assumptionthat ea
h 
opper atom 
ontributes one 
ondu
tion ele
tron. (The Debye temperature is found by �tting the measuredheat 
apa
ity as a fun
tion on temperature to the Debye theory of the heat 
apa
ity of solids, and is roughly speakingthe temperature at whi
h the heat 
apa
ity of a solid begins to drop below 3R.)2. (4 pts) The �rst thing that we need to �nd is n, the number density of 
ondu
tion ele
trons (the number of
ondu
tion ele
trons per unit volume). Use the density and atomi
 weight of 
opper to 
al
ulate the number oflatti
e ions per unit volume. We'll 
all this nion. If we assume that one 
ondu
tion ele
tron is donated by ea
h
opper atom, then this is also the density of 
ondu
tion ele
trons.3. (4 pts) The next thing that we need is the Fermi velo
ity vF for 
opper. Well, what are you waiting for? Find it!The �nal pie
e to �nd is λ. This will take a little more work. To do this we �rst need to �nd the e�e
tive �
rossse
tion� of the s
atterers. The 
ross se
tion is the �e�e
tive� area of the s
atterer. In other words, if we think ofthe ions as little targets, the 
ross se
tion is the area of the target. If the area is big, the ele
trons will 
ollide withthem more often. Remember, the ele
trons di�ra
t around the ions and wouldn't s
atter if it weren't for the fa
t thatthermal �u
tuations move the ions from their equilibrium positions and destroy the perfe
t periodi
ity of the latti
e.4. (7 pts) A solid whi
h is at temperatures well above the Einstein temperature (the temperature at whi
h the heat
apa
ity starts to drop) has 6 degrees of freedom � 3 translational and 3 potential energy degrees of freedom.Ea
h degree of freedom 
ontains an average energy equal to kBT/2, where kB is Boltzmann's 
onstant. This



is why the molar heat 
apa
ity of a solid is just 3R. This means that the average potential energy due todispla
ement of an ion from it's equilibrium position in the x dire
tion is just
1

2
Kx̄2 =

1

2
kBTwhere K is the �spring 
onstant� whi
h tells us the for
e on the ion as a fun
tion of displa
ement, and x̄2 is theaverage value for x2. The equations for the y and z dire
tions are the same. If we de�ne the z axis to be thedire
tion in whi
h a parti
ular 
ondu
tion ele
tron is moving, then the size of the �target� that the ele
tron 
anhit just depends on the x and y 
omponents of displa
ement. In other words, ea
h ion a
ts like a little s
atteringtarget with an area equal to σ = πr̄2 = π(x̄2 + ȳ2). This area is known as the s
attering 
ross se
tion. If wethen assume that the ion moves just as mu
h in the y dire
tion as the x dire
tion, then ȳ2 = x̄2, and r̄2 = 2x̄2.To �nd the 
ondu
tivity we need to know this 
ross se
tion, and to �nd the 
ross se
tion we need to know K.(a) We 
an get K from the Einstein temperature TE, whi
h is just, as it turns out, always equal to 0.774 timesthe Debye temperature. In Einstein's model of the spe
i�
 heat of solids the atoms move in a harmoni
potential, and the Einstein temperature is the temperature at whi
h ea
h degree of freedom has about onequanta of ex
itation: kBTE = ~ω where ω is the natural os
illation frequen
y for the ion's motion. For a
lassi
al harmoni
 os
illator, ω is just equal to √

K/M where M is the mass of the thing that is os
illating(an ion in this 
ase). So from TE we should be able to get ω, and from that we should be able to get K.What is K for 
opper?(b) Using your answer from part (a), �nd the s
attering 
ross se
tion σ = πr̄2 at room temperature (300 K).5. (5 pts) Using the s
attering 
ross se
tion you have found, we 
an now �nd the mean free path, λ. This is thedistan
e that an ele
tron travels, on average, before it s
atters. Sometimes an ele
tron won't travel very farbefore s
attering. Other times it will �slip through the 
ra
ks� and travel a long distan
e. On average, however,the ele
tron travels a distan
e su
h that if we add together the 
ross se
tions of all of the ions it has past, it willadd up to the total 
ross se
tional area of the pie
e of metal the ele
tron is traveling through. The number ofions that the ele
tron passes as it travels a distan
e λ is just equal to Npassed = nionAλ where A is the 
rossse
tional area of the metal. But if λ is the mean free path, then the sum of the 
ross se
tion areas of all of theions in that volume must equal the total 
ross se
tion of the tube of ions we are 
onsidering: Npassedσ = A.(a) Find an equation for the mean free path λ as a fun
tion of σ and nion.(b) What is the mean free path for 
ondu
tion ele
trons in a pie
e of 
opper.6. (4 pts) Now put it all together and �nd the resistivity of 
opper. The measured value is 1.72 × 10−8Ω · m. Youshould get something within 20% of that. How'd you do?


