
Physi
s 222 CIDLab 7 - Band Theory S
ore / 10We saw in the last lab that when I had a double well potential I ended up with energy eigenstates that 
ame inpairs. For example, the ground state and the �rst ex
ited state di�ered only by a zero 
rossing between the twowells. This zero 
rossing o

urred where the wave fun
tion was small and therefore didn't 
hange the energy of thestate mu
h, resulting in a ground and �rst ex
ited state whi
h were nearly the same energy. Likewise the se
ond andthird ex
ited states had nearly the same energy, di�ering again only by a zero 
rossing between the wells.So what happens when I have many wells whi
h are regularly spa
ed? This turns out to be of signi�
ant importan
e,be
ause that's exa
tly what 
rystalline solids are. Ea
h ion in the 
rystal generates a potential well for the valan
eele
trons. Sin
e the ions are regularly spa
ed, the ele
trons see a periodi
 potential of regularly spa
ed potentialwells. As you might expe
t, if we have N su
h potential wells in a row, we get energy eigenstates whi
h 
ome in
lusters of N !Open the program (if it is not already open), and lets generate a periodi
 potential with 2 wells. Enter the potential1-sin(pi*x)^2, set �mass/hbar^2� to 500, and 
li
k �re
al
ulate.� Sket
h the n = 0 and n = 1 wave fun
tions andthe energies of the �rst 10 eigenstates below.
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2 4 6 8 10xNow lets see what happens when we in
rease the number of wells. Change the potential to 1-sin(a*pi*x)^2, wherea is an integer, with the values of a in the table below. After entering ea
h value of a , 
li
k on �re
al
ulate� and �llin the number wells and the number of energy levels per energy �band� in the table below ea
h value of a.a = 2 3 4 5# of wellslevels per bandNow set a to 20 and take a look at the wave fun
tions for various values of n. It should look an awful lot like thestationary states for a parti
le in an in�nite square well. In other words, an ele
tron moving around in the periodi
potential of a pie
e of metal has energy eigenstate wave fun
tions whi
h look almost like the wave fun
tions for afree parti
le in a box the same size as the pie
e of metal! So is there any e�e
t of having the metal there at all? Yes!Although the wave fun
tions have the same shape as a free parti
le, the energies of the di�erent states are not thesame as they would be for a parti
le in a box. In the following part of this lab we will see what e�e
t this has.While you look at these wave fun
tions, answer the following questions. Remember that in the program everythingis in S.I. units. For example, the x axis of the upper plot runs from -1 to 1 meters.What is the wavelength and wavenumber of the n = 0 state?What is the wavelength and wavenumber of the n = 2 state?



What is the wavelength and wavenumber of an arbitrary state as a fun
tion of n?
With this relation we 
an see an interesting e�e
t of the periodi
 potential. Look at the plot of energy vs. n. If thiswere a free parti
le, the total energy would just be the potential in the well (whi
h depends on what we de�ne zeropotential to be) plus the kineti
 energy, whi
h ought to in
rease as p2/2m = ~

2k2/2m. In a periodi
 potential, itturns out that the energy does go as U + A · p2 (where U and A are a 
onstants) as long as we are 
lose to the topor bottom of a band. But A is not equal to 1/2m. As su
h we often de�ne an �e�e
tive� mass m∗ for the parti
lewhi
h is equal to 1/2A. To �nd the e�e
tive mass, simply take the energy and wavenumber for two di�erent states,write down the relation En = U + ~
2k2

n
/2m∗ for the two states, and solve the two equation for the two unknowns(U and m∗). Do this in the spa
e below using the n = 0 and n = 5 states. Instead of solving for m∗, however, solvefor m∗/~

2, sin
e that is what we entered into the 
omputer simulation.

m∗/~
2 =

U =Now to ensure that the parti
le's dispersion relation (ω(k) whi
h is really the same thing as E(p)) really looks likea free parti
le by doing the same 
al
ulation but using the energy and wavenumber for the n = 5 and n = 10 states.Enter the values you get below:
m∗/~

2 =

U =Be
ause the zero-point energy is fairly high 
ompared to the top of the periodi
 potential, you should get an e�e
tivemass whi
h is 
lose to the real mass. For this problem we were near the bottom of the lowest band. If you are nearthe top of the band, the dispersion relation has the opposite 
urvature, and you a
tually get a negative e�e
tivemass!.If you are 
urious, you 
ould enter a square well potential ( 1-squarepulse(x) ) and see that the energy levelsappear to be quadrati
 in n whi
h is just proportional to k.


