
Phys 451 – sec 1, Fall 2010 
Quantum Mechanics                                CID______________ 
Instructor: Karine Chesnel 
 

Final test 
Th Dec 16, 11am-2pm 

 

This test is time limited to 3 hours. The test is closed book and closed notes, but useful 
formulae and integrals are provided below. Please write your CID on each sheet of your work. 
When you are done, make sure to put your work in order and staple it. This test includes 5 
problems equally weighted. Each problem will count toward your final score. I encourage you 
to first read through all questions in order to have a general idea of the test. Each of the five 
problems is focusing on specific topic of the course. You may answer the questions in the order 
you wish. Explain your reasoning as much as possible. Good luck!   
 
Useful formulae and integrals              
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Angular momentum 
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Electron spin 

Pauli matrices: 
0 1

1 02xS
 

=  
 

ℏ
 

0

02y

i
S

i

− 
=  

 

ℏ
 

1 0

0 12zS
 

=  − 

ℏ
 

Hydrogen atom: 
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Solids: Fermi energy ( )
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Constants: 341.05 10 .J s−= ×ℏ ; 319.11 10em kg−= × ; 236.02 10AN = × ; 231.38 10 /Bk J K−= ×  
 
 

Potentially useful integrals:   
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1. Schrödinger equation, wave function, expectation values  

Consider the wave function:( , ) x i tx t Ae eλ ω− −Ψ =  

where A, λ and ω are positive real constants. 
a) Normalize Ψ. 
b) Does Ψ correspond to a stationary state? If so, what is its associated energy E? 

c) Calculate the expectation valuesx , 2x  and the standard deviation xσ  

d) Calculate p , 2p and pσ . Check the uncertainty principle. 

 
 
2. The infinite square well 
Let’s consider an infinite square well of sizea : V= 0 for 0 < x < a and V = ∞  outside 
a) Solve the Schrödinger equation for this potential and find out the stationary statesnψ , with  

their corresponding energiesnE  

b) Α particle, in this infinite square well, has the initial wave function: 

( ),0 ( )x Ax a xΨ = −  for 0 < x < a and ( ),0 0xΨ =  elsewhere 

Sketch ( ),0xΨ . Can we express ( ),0xΨ as a linear combination of the eigenstatesnψ ?  

If so, find the corresponding coefficientsnc  

c) When measuring the energy of this particle, what is the probability of finding nE ? 

d) What is the expectation valueH  of the Hamiltonian for this particle? 

e) What is the wave function( ),x tΨ at later times? 

 
 
3. Harmonic oscillator  

Let’s consider a particle in the harmonic oscillator: 2 21
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where nψ are the eigenstates of the Hamiltonian 

a) What is the wave function ( , )x tΨ at later time? 

b) Calculatex and p  a time t. Do they depend on time? 

c) Check the Ehrenfest theorem for this particle: 
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d) Show that in general  [ ]( ),
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e) Use the equation of motion for the operator p to confirm the Ehrenfest theorem. 
 
 
 
 



4. Hydrogen atom: spherical harmonics, energy, and angular momentum 
 
The stationary states of the electron in the hydrogen atom are described by the wave function 

( ), ,nlm rψ θ φ  in spherical coordinates. 

a) What are the respective names of the quantum numbers n, l, and m? 
b) ( ), ,nlm rψ θ φ is an eigenstate for three different operators. What are these operators and the 

corresponding eigenvalues, in terms of n, l, m and the ground state energy E1? 
c) Using table 4.3 and 4.7 write the wave function ( )421 , ,rψ θ φ  

d) What is the energy of the particle and what is its associated degeneracy? (explain) 
e) If the electron would transit from the energy level 4E to ground state1E , what would be the 

wavelength of the light emitted? Where in the electromagnetic spectrum would it fall?  
f) What do we get when applying2L , zL , L+ , L− , xL and yL on 421ψ ? 

(Express your result in terms of nlmψ ) 

 
 
5. Electron’s spin angular momentum, atoms and solids  

An electron is in the spin state 
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 in the basis( ),χ χ+ −  (eigenspinors of zS ) 

a) Using Pauli matrices, find the expectation values xS , yS  and zS . When measuring the 

spin xS along x, what is the probability of measuring ( / 2+ℏ )? 
 

b) If the electron is brought in the presence of a uniform field applied in the z-direction, the 

Hamiltonian becomes 0
ˆˆ

zH B Sγ= − . What are the possible values for the energy of the particle? 

What are the probabilities of finding the respective energies? 
 

c) Explain the three Hund’s rules for finding the electronic configuration of the elements.  
The Oxygen atom has 8 electrons. Find its electronic configuration. What is the value of global 

angular momentum L and global spin S? What are the possible values for J L S= +
�� �

? What is 
the corresponding spectroscopic symbol2 1S

JL+ ? 
 

d) In a solid, what are the “valence electrons”? What does the Fermi energy represent?  
Using the free electron gas model, calculate the Fermi energy for copper, in eV.  
Data: for Cu, use q = 1.2 free electrons per atom,  
 density 8.96 g/cm3 and atomic weight 63.5 g/mol. 
 
 


