Phys 451 — sec 1, Fall 2010
Quantum Mechanics CID
Instructor: Karine Chesnel

Exam I
Th Oct 28- Sat Oct 30, 2010

This test is time limited to 3 hours. The test is closed book asédInotes, but useful formulae
are provided below. Please write your CID on each sheet of yol: Wdren you are done,
make sure to put your work in order and staple it. This test includetdems equally
weighted. Each problem will count toward your final score. | encowageo first read through
all questions in order to have a general idea of the test. Edloh fite problems is focusing on
specific topic of the course. You may answer the questions in theymdevish. Explain your
reasoning as much as possible. Good luck!

Useful formulae

Schrédinger equation: Operators
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The hemitian conjugat®' of an operatof verifies: ( f |(§g> = <Q* f‘ 9)

Generalized uncertainty principle Heisenberg equation of motion
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Constants# =1.05x 10*'Js; m, =9.1x 10%'kg; 1eV =1.6x 10" J

1. Delta function potential

Let’s consider a particle in a delta-function bari (xX) = ad(X) wherea>0

a) How many bound states and how many scatteratgsstan be found in such potential?
(Justify your answer)

b) Let’s consider a particle in a scattering st&te- 0). Solve the Schrodinger equation on both
sides of the barrier, to find out the general shafbe particle’s wave functiogy(x) (stationary

state) in terms ok =+/2mE/#
c) Use the conditions at boundary (x = 0) fioband ford¢/dx, to determine the transmission

coefficient T = |Wyamied /W nocen i terms of ma, o andE.
d) PlotT as a function oE. What is the probability of tunneling for an elect (m= m) with
energyE = 400eV if the barrier strength ig=10°eV.m?



2. Finite square potential
Let's consider a particle in a finite square w¥ll= -V, for—a<x<a, V= 0 elsewhere.
The particle is in a bound stateV, < E<O0

a) Use the Schrddinger equation to find out theegdrshape of the wave functiqxn(x) in the

three regions<-a, -a<x<a andx>a, in terms ofk =+-2mE/# andl = /2n(E+V,) /A
b) Given the symmetry of the potential, what cansag about the symmetry of stationary
states? Refine your solutiqln(x) assuming it is an even solution.

c) Write the conditions at boundaries={a andx=a) for ¢ and for d//dx.

d) Use the conditions at boundaries to find an ggudor the energ¥, you may express your
eguation in terms of = la instead oE.

e) What are the approximate values for the firsrgy levelsE if the well is very deep\, >>1)

and wide @>1)? To what type of well known potential these egpdeyels correspond?

3. Bras, kets and hermitian operators
Let's consider two wave vectors f and g in theokit space

a) What kind of quantities arg| f) and f )(g|?
b) Write the Schwarz inequality for f and g in terof integrals
c) Assuming we can span the space with othonorasiistnn> , how would you write the

projection operator ont®,) ? What is) |e,)(e,| equal to?
d) An operator Q is hermitian ®" = Q. Are the operator&and p hermitian? Justify

4. Eigenvalues and eigenstates

2 0 -2
Let's consider the operatafs= | -2i i 4
1 0 -1

a) Find the eigenvalues Af

b) Find the eigenvectors &f

c) IsA diagonalizable? If so writ& in its diagonal form

d) IsA hermitian? Explain.

e) Calculate the determinantAfand the trace oA. Show the relationship between these
guantities and the eigenvaluesfof

5. Generalized uncertainty principle
a) Using the generalized uncertainty principle jted, derive the Heisenberg’s uncertainty
principle for the operatorgand p

b) Calculate the commutat[oi, I:|] and derive the uncertainty principle f&and H

c) Write the Heisenberg’'s equation of motion (pdad) foré = X.What does it tell you?

Use this expression to derive the time — energeuainty principle. What are the definitions for
At andAE here?

d) Apply the Heisenberg equation of motion (prody® the case o@ = p. Show how your
result is connected to the Ehrenfest’s theorem.



