Laplace’s Equation in 2-d using Complex
Variable

We start by identifying a 2-d physical space with a complex plane
and taking a one-to-one correspondence between vectors (z,y) and complex
numbers x + 7 y.

A complex function w = w(z) of a complex variable z maps the com-
plex z-plane onto the complex w-plane. Separating z and w into real and
imaginary parts:

z=x+1Yy (1)
w=u+1iv (2)

gives u and v as functions of z and y:

w=ulz;y) (3)
= 2.y (4)

The very existence of the derivative dw/dz imposes strict relations be-
tween the partial derivatives of u and v with respect to z and y, called the
Cauchy-Riemann relations. These, in turn, imply a very important property
of the real and imaginary parts of w: they are both solutions of Laplace’s
equation in two dimensions.

Lemma: The existence of a well-defined complex derivative dw/dz implies
the Cauchy-Riemann conditions:

Ou  Ov

B (5)
ou  Ov
0 (6)

The proof follows from the fact that the derivative must have the same
value for any direction in the complex plane as we take the limit in the
derivative. So let us write the complex derivative as:

dﬂ“du+ﬁdv_gf+g_;%+'i(g%+g_;%) (7)
dz  dz+idy 1+i%




Equating dw/dz for the case dy/dz = 0 and for the case dz/dy = 0:
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from which we obtain the Cauchy-Riemann conditions.

(8)

Theorem: The functions u = u(z,y) and v = v(z,y) obeying Cauchy-
Riemann relations are solutions to Laplace’s equation in two dimensions.
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with a similar derivation for v(z,y).

One more theorem proves to be important for the physical interpreta-
tion of the contours corresponding to u = const. and v = const., namely,

Theorem: Vu-Vov = 0.

This follows again from the Cauchy-Riemann conditions, as can be easily
verified. |

EXAMPLES
1.- Ideal Capacitor.

Choose w(z) = 2.

We can take V(z,y) = Im w = y as a solution to Laplace’s equation.
The contours corresponding to equipotential lines are vertical lines in the
x — y plane equally spaced. We could now place a conductor along any
equipotential line with a fixed value of the potential V. Or two of them to
form a 2-d ideal capacitor. The contours u = Re w = const. are orthogonal
to the equipotential contours and hence follow the electric field lines.
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