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We propose a new direct mechanism for the pressure driven  ! ! martensitic transformation in
pure titanium. A systematic algorithm enumerates all possible pathways whose energy barriers are
evaluated. A new, homogeneous pathway emerges with a barrier at least 4 times lower than other
pathways. The pathway is shown to be favorable in any nucleation model.
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Martensitic transformations are abundant in nature and
are commonly used in engineering technologies [1].
Materials from steel to shape-memory alloys are governed by their underlying martensitic transformations
[2]. The pressure driven hcp ! !hexagonal transformation in pure titanium [3] has significant technological implications in the aerospace industry because !
phase formation lowers toughness and ductility. This
transformation, first observed by Jamieson [4], has been
extensively studied using static high-pressure [5] and
shock-wave methods [6]. Because of experimental difficulties in directly observing martensitic transformation
pathways, they are inferred from the orientation relationships between the initial and final phases. Such an approach may result in multiple transformation pathways
for a given set of orientation relations, requiring one to
guess the appropriate transformation pathway. Thus, despite several attempts, the pathway for this transformation is still unclear.
We calculate the energy barrier for homogeneous transformation for different titanium  ! ! transformation
pathways. We systematically generate and sort possible
 ! ! pathways by their energy barriers. A new direct
pathway emerges whose barrier is lower than any other
pathway, remaining favorable in any nucleation model.
Figure 1 shows our new low energy barrier pathway for
the titanium  ! ! transformation, called TAO-1 (‘‘titanium alpha to omega’’). This direct six-atom transformation proceeds without a metastable intermediate
phase and has small shuffles and strains. The six atoms

divide into a group of four atoms that shuffle by 0:63 A

and two atoms by 0:42 A. Combining these shuffles
with strains of exx  0:09, eyy  0:12, and ezz 
0:02 produces a final ! cell from our  cell. The
original  matrix is oriented relative to the ! matrix
such that 0001 k 0111! and 1120 k 0111! .
These orientation relations are seen in some experiments,
but not in others [5,6,8].
Our pathway identification method matches (i) possible supercells of  and ! to determine the lattice strain
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and (ii) atom positions to determine the necessary internal relaxations, similar to [9]; details will be published
elsewhere. While there are infinitely many possible supercells, we consider only 6 and 12 atom supercells with
principal strains less than 0.33 and greater than 0:25.
For each supercell, there is an infinite number of ways to
shuffle the atom positions from  to !; we restrict the
search to the finite set of pathways where, relative to the
 We
center of mass, no atom moves more than 2:0 A.
eliminate possible pathways that require atoms to come
too close during the transformation: For a given supercell, we study the pathway with the largest closest approach distance and all pathways for that supercell with a
 of that value.
closest approach distance within 0:1 A
To efficiently compare the enthalpy barriers of the
possible pathways, we use three methods of increasing
computational sophistication and accuracy. (i) For each
pathway, we calculate an approximate barrier based only
on the strain, using the elastic and harmonic approximations. The ‘‘elastic barrier’’ calculation relies only on the
elastic constants for each phase and the supercell geometry; it can be derived using a biquadratic approximation of
the energy over the transformation range [10]. (ii) For
pathways with a low elastic barrier, we calculate an
energy landscape E";  using a linear interpolation for
both the cell shape and atomic positions, represented by
the strain variable " and the concerted-shuffle variable ,
respectively. The energies are calculated using a tightbinding (TB) model [11] on a grid between  at E0; 0
and ! at E1; 1. The energy at the transition state in this
reduced space gives a ‘‘landscape barrier.’’ (iii) For pathways with the lowest landscape barriers, we calculate the
exact barrier using the nudged elastic band (NEB)
method [12] together with our TB model [11] or ab initio
VASP (Vienna ab initio simulation package) simulations
[13], or both. During the NEB calculation, the cell shape
and size are allowed to change in response to the applied
pressure. In addition, all of the atomic degrees of freedom
are allowed to relax in the pathway, thus determining the
exact energy barrier. The TB-NEB barrier is bounded
 2003 The American Physical Society

025701-1

(a) hcp cell (

) and shuffled pos (

hcp

c

1

3

5

5

1

3

3

5

3

5

1

1

3

5
1

5

ahcp
1

εx

5

εy

3

1

2

5

3

1

cω
5

1

5

aω2

1

aω1

3

1

2

6

3
2

4

2

6

4

2
6

32

1

1
4
1

4

2

6

4

2

6

2
1

3

2

4

6

1

4

3

1

5

3

1
1

41

6

2

2

4
2

ahcp
2

4

6

2

3

1

5

3

1

1
2

4

3

3

3
1

(d) omega cell (after shearing hcp)

3

5

1

2

4

(c) shuffled hcp cell

1

3

1

3
1

X

(b) hcp cell with omega bonds

3

5

1
Y

)

1

3

Z

week ending
11 JULY 2003

PHYSICA L R EVIEW LET T ERS

VOLUME 91, N UMBER 2

3

1

5
5

1

1

FIG. 1. Our proposed  ! ! transformation pathway (TAO-1). The direct six-atom transformation is visualized (i) as a two-step
process and (ii) with 21 additional atoms outside the heavy gray parallelepiped supercell. In , atoms 1; 3; 5 and 2; 4; 6 are in the A
and B stacking planes, respectively; whereas in !, atoms 1– 4 are in the Wyckoff d position of space group P6=mmm, and atoms 5–6
are in the Wyckoff a position [7]. (a) The gray atoms in the  cell shuffle to new positions (white atoms), with atoms 1– 4 shuffling
 and atoms 5–6 shuffling 0:42 A.
 (b) The  cell is redrawn with the ‘‘bonds’’ of the ! structure. Step 1: shuffling the gray
0:63 A,
atoms to the white positions, the  cell (b) produces a strained ! cell (c), contained in the same supercell. Step 2: straining the
supercell (c) exx  0:09, eyy  0:12, and ezz  0:02 produces the final ! supercell (d). The orientation relations connecting the
 and ! supercells are 0001 k 0111! and 1120 k 0111! .
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Figure 3 illustrates the Silcock pathway [19]. Her pathway, deduced from observed orientation relations, involves significant atomic shuffle, relatively small
strains, and is a direct transformation pathway with no
intermediate state. In each  stacking plane, three of
 along 1120 , while the
six atoms shuffle by 0:74 A
other three shuffle in the opposite direction 1120 . This
shuffle is accompanied by a strain exx  0:05 along
1100 and eyy  0:05 along 1120 to produce a
200

Elastic barrier ∆E

above by the TB landscape barrier — due to the neglect of
relaxations— and below by the elastic barrier — due to
the missing shuffle contribution. The most probable pathway should have the smallest ab initio NEB barrier.
We calculate total energies using a TB model and carefully converged ab initio calculations. The TB calculations are performed using the molecular dynamics code
OHMMS (object-oriented high-performance multiscale
material simulator) [14] and use Mehl and Papaconstantopoulos’s functional form [11] with parameters refit to
reproduce full-potential density-functional total energies
for hcp, bcc, fcc, omega, and simple cubic to within
0:5 meV=atom. For each pathway, we use a k-point
mesh equivalent to 12 12 8 in hcp with a 63 meV
thermal smearing to give an energy convergence of
1 meV=atom. For our ab initio calculations [15] we include 3p electrons in the valence band and use a planewave kinetic-energy cutoff of 400 eV and a 7 7 7
k-point mesh to ensure energy convergence to within
1 meV=atom. We relax the atomic positions and the unit
cell shape and volume until the total electronic energy
changes by less than 1 meV and the atomic forces are less

than 20 meV=A.
The elastic and landscape energy barrier calculations reduce our initial set of 977 candidate pathways
to the three lowest barrier pathways. From the initial
list of 134 supercells, we reject all but 57 because their
elastic barriers are large (greater than 100 meV=atom).
For the remaining 57 supercells, we generate 977 pathways (6 6-atom pathways and 971 12-atom pathways)
and compute TB landscape barriers. Figure 2 shows
that the elastic barrier underestimates the landscape barrier. Here we study the three pathways with the smallest
landscape barriers: TAO-1, TAO-2, and Silcock [10].

TAO−1 (6 atom)
TAO−2 (6 atom)
Silcock (12 atom)
Other (6 atom)
Other (12 atom)

150
100
50
0

0

50

100

150

Landscape barrier ∆E
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FIG. 2. Approximate elastic energy barrier (meV=atom)
versus landscape energy barrier (meV=atom) for 359 pathways whose landscape barrier is below 200 meV=atom. Of
the 134 supercells generated, 57 had low (less than
100 meV=atom) elastic barriers. From those 57 supercells,
977 pathways were generated; for those 977 pathways, we calculate a shear/shuffle energy landscape using our tight-binding
parameters. Of those 977, 359 pathways had an elastic barrier
below 200 meV=atom. We select the three pathways in the
bottom left corner — TAO-1, TAO-2, and Silcock — and calculate their true barrier using the ab initio NEB method.
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FIG. 3. Silcock pathway for  to ! transformation (single 
stacking plane shown). (a) In each stacking plane, three out of
 along 1120 , while the
every six atoms shuffle by 0:74 A
other three shuffle in the opposite direction 1120 . (b) This
creates the 1120! plane from 0001 . The a and d Wyckoff
positions of P6=mmm are also shown. This shuffle is accompanied by a strain exx  0:05 along 1100 and eyy  0:05
along 1120 to produce a hexagonal ! cell with the correct
c=a ratio. The orientation relations connecting the  and !
supercells are 0001 k 1120! and 1120 k 0001! .

hexagonal ! cell with the correct c=a ratio. Despite the
lack of direct evidence for the Silcock pathway, it is still
widely invoked to describe the  ! ! transformation
because it is a direct pathway [20].
The remaining two pathways, TAO-1 and TAO-2, are
related to Usikov and Zilbershtein’s [8] proposed composite pathway involving the thermodynamically unstable bcc intermediary phase, and proceeding as
 !  ! !. Using the -! orientation relations, they
proposed an  !  transformation via an inverse Burgers
pathway [21] followed by a  ! ! transformation via the
collapse of two out of three 111 planes. This produced
two unique pathways, called variant I and variant II,
depending on the direction of f111g planes to collapse.

TABLE I. Comparison of TAO-1, TAO-2, and Silcock pathways. Energy barriers: Four different methods for calculating
the energy barrier for the three pathways are shown, from least
accurate to most accurate. The elastic barrier accounts only for
the strain in each pathway. The landscape barrier uses a simple
combined shuffle for each, and a tight-binding total energy.
Finally, the NEB calculation is done with the tight-binding
method and ab initio to accurately determine the barrier.
Orientation relations: the relative orientation of  to ! is
shown for each pathway. NB: Silcock and TAO-2 pathways
have the same orientation relations.
TAO-1

TAO-2

Homogeneous barriers (in meV=atom)
Elastic:
18
21
Landscape:
41
59
TB-NEB:
24
52
Ab initio NEB:
9
58
Orientation
relations:
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Silcock
3.7
59
54
31

Transformation information
0001 1120!
0001 k 0111!
1120 k 0111!
1120 k 0001!

week ending
11 JULY 2003

The TAO-1 and TAO-2 pathways could have been constructed from variants I and II, respectively, by using the
 intermediate system to construct a six atom supercell.
Allowing variants I and II to relax away from the  phase
would have resulted in direct transformation pathways.
Table I summarizes the energy barriers for the three
pathways of interest; TAO-1 has the lowest energy barrier
that best trades off between shuffle and strain. During the
transformation, the closest nearest-neighbor distance is
 value for TAO-2
2.63 Å, which is larger than the 2:55 A
 for Silcock. Because the nearest-neighbor
and 2:57 A
 and 2:65 A,
 respectively,
distances in  and ! are 2:95 A
it is not surprising that TAO-1 has the lowest barrier. The
Usikov and Zilbershtein pathway [8], passing through the
intermediate  phase, has a 108 meV=atom barrier.
Figure 4 shows the enthalpy along the  ! ! transformation path for the three pathways as a function of
pressure. Our calculation shows ! slightly lower in energy than  at 0 GPa. The crystal structure at 0 K has not
been determined experimentally; however, extrapolation
of the -! phase boundary indicates ! as the ground
state [3]. As pressure increases, the enthalpy of ! relative
to  drops, and all three pathways decrease their enthalpy
barrier. For the next four lowest landscape barrier pathways in Fig. 2, we find 0 GPa ab initio NEB barriers of 32,
37, 68, and 69 meV=atom. The barrier of the TAO-1
pathway is lowest, even up to 40 GPa.
The TAO-1 pathway remains favorable in any nucleation model because the formation energy of the critical
nucleus per atom is too small to affect the energy ordering; hence, our pathway prediction will not change in the
real material. Nuclei of new material grow only if they
are larger than a critical size, i.e., where the nucleation
energy is a maximum. In any nucleation model, the
nucleus formation energy as a function of nucleus size
EN consists of an interface and a volume term: E 
N 2=3  N. A reasonable assumption is that the interfacial energy  is similar (within a factor of 1.5) for all
three pathways in Table I. The volume term  is given by
the enthalpy difference and lattice mismatch between the
phases. All three pathways possess a plane with no lattice
shear during the transformation, so the nuclei can grow
with only a volume mismatch. Thus,  and the critical
nucleus size are the same for all three pathways. The
formation energy of the critical nucleus per atom,
Ec =Nc , is given by =2, which we compare to the energy
barrier per atom of our pathways. We use the enthalpy
difference at the experimental shock transition pressure
of 10 GPa (20 meV=atom), and the elastic stress from
the volume difference (3 meV=atom), giving  
17 meV=atom and Ec =Nc  8:5 meV=atom. The only
pathway with a comparable barrier is TAO-1, and all
others are a factor of 4 or more larger. Even if we consider
a  for TAO-1 that is greater by 1.5 over the other pathways, Ec and Nc would change only by a factor of 3.4, still
favoring TAO-1.
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FIG. 4. Enthalpy barrier vs pressure for the three lowest
energy pathways, using ab initio NEB with 16 intermediate
states. The ab initio NEB gives the T  0 energy along the
homogeneous  ! ! pathway for each pathway. The enthalpy
barriers decrease with increasing pressure. (a) The TAO-1
pathway gives the smallest barrier by a factor of 4 at 0 GPa.
The TAO-2 pathway (b) and Silcock pathway (c) have larger
barriers at 0 GPa, an ordering which continues even at 40 GPa.

Our systematic search, involving both tight-binding
and ab initio calculations, combined with a nucleation
analysis leads to the direct TAO-1 pathway as the preferred  ! ! pathway in pure titanium. By generating
and comparing all relevant possible pathways, our approach finds the lowest barrier pathway for any martensitic phase transformation, providing a starting point for
subsequent studies.
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