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On the significance of reflection coefficients produced by active
surfaces bounding one-dimensional sound fields
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Active boundary surfaces intended to control reverberation or other characteristics of enclosed
sound fields have often been investigated using plane wave tubes. This paper presents an analysis
of actively terminated semi-infinite and finite-length plane wave tubes to provide needed
clarification of the effects of these surfaces. By considering relationships between complex
pressure-amplitude reflection coefficients and acoustic energy quantities, the investigation reveals
that increases in reflection coefficient moduli at terminations do not always produce corresponding
increases in total energy or energy flux in adjacent fields. These relationships are shown to depend
upon physical properties of the acoustic spaces, sources, and source positions. The investigation also
demonstrates how the impact of reflection coefficients with moduli exceeding unity may be easily
misinterpreted. ©2003 Acoustical Society of America.@DOI: 10.1121/1.1550924#

PACS numbers: 43.50.Ki, 43.20.Tb, 43.20.Mv@MRS#
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I. INTRODUCTION

The concept of utilizing active devices~e.g., electroa-
coustic transducers driven by electronic controllers! as
acoustically responsive elements of enclosure boundaries
been investigated by many authors.1–14 In contrast to ele-
ments of artificial reverberation systems, which attempt
recreate or synthesize desired acoustical signatures in ro
these elements are intended to directly alter acoustical p
erties of enclosure boundaries or interact with primary so
sources to control specific sound field quantities.

Individual active boundary elements have frequen
been evaluated as terminations to plane wave tubes.3,5–9,11,14

Unfortunately, certain physical characteristics of these s
tems have been overlooked and capabilities of active bou
ary surfaces have consequently been misconstrued. In
ticular, complex pressure-amplitude reflection coefficie
produced by active terminations and their relationships
acoustic energy quantities have been misunderstood, and
plications of reflection coefficients with moduli exceedin
unity (uRu.1) have largely been left to supposition. Becau
their characteristics are germane to extended enclosures
active boundary surfaces and fully three-dimensional fie
a concrete exploration of basic plane wave systems is im
tant as a basis for further investigation.

One interpretation ofuRu.1, from an exploration of ac-
tive boundary elements, indicates that it connotes an incre
in intensity in the adjacent field.5 Another interpretation,
from a study involving adaptive control of acoustic impe
ance, indicates that it connotes a supply of energy to
field.8 ~This notion agrees in part with the thinking of Mors
and Ingard, who inauspiciously suggest that an active bou
ary surface ‘‘feeds’’ energy into an adjacent medium conta
ing sources, independent of its reflection coefficient.15! A
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third interpretation, from a study of active surfaces intend
for use in reverberant rooms, suggests that it connote
super-reflection that increases reverberation in the field.11 On
the surface these interpretations may appear unobjection
However, further analysis reveals that they either ina
equately or inaccurately characterize this attribute of ac
boundary surfaces—in both the plane wave tube arran
ments used by their authors and in more general applicati
They may have been based upon extrapolations from p
erties of passive materials, a hypothetical condition of c
stant incident pressure, or other preconceptions.

The problem of establishing effects of active bounda
surfaces involves three interrelated facets. First, motion o
active boundary in the presence of impinging sound wa
can produce a wide range of reflection coefficients,
greater than that of passive materials. Second, if ano
source exists in an adjacent finite space, vibration of an
tive boundary surface causes interactions with this sou
and consequently affects the field in a way that influen
acoustic pressure incident upon itself—and its own reflect
coefficient. Third, active boundary surfaces have acou
impedances and reflection coefficients that are functions
only of their own vibrations, but vibrations of other sourc
within the adjacent space. Because these characteristic
not generally considered in the evaluation of common p
sive boundary materials, they are easily overlooked or m
understood. Clearly, active boundary surfaces cannot
judged in the same context as passive boundary surfac
particularly when their reflection coefficient moduli exce
unity.

To explore these matters further, this paper presents
analysis of two actively terminated plane wave tubes: a se
infinite tube and a finite-length tube. Each incorporate
uniformly vibrating cross-sectional piston as an acti
1475475/8/$19.00 © 2003 Acoustical Society of America
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boundary surface. Various sound field quantities are deri
and relationships between their reflection coefficients
certain energy-related acoustic quantities are carefully ex
ined. A few previously investigated aspects of the syste
are briefly summarized in the analysis because of their
tinence.

II. ACTIVE PISTON TERMINATING A SEMI-INFINITE
PLANE WAVE TUBE

Figure 1 depicts a lossless semi-infinite plane wave t
of cross-sectional areaS terminated by an active uniformly
vibrating piston. The piston vibrates freely but snugly w
velocity up(t)5Re$ûp exp(j vt)%ex inside the end of the
tube.16 This arrangement yields a convenient condition
constant incident pressure on the piston while precluding
need to address acoustic interaction with a primary sou
The piston oscillates at the same angular frequencyv
52p f ) as the plane wave incident from the left, which
lower than the cutoff frequency of the first tube cross mo
The characteristic fluid impedance in the tube isr0c, where
r0 is the ambient fluid density andc is the speed of sound.

The specific acoustic impedance and pressu
amplitude reflection coefficient posed to the sound field
the vibrating piston may be represented as

ZS5
p̂B

ûp

2r0c ~1!

and

R512r0c
ûp

p̂i

, ~2!

wherep̂B52p̂i is the blocked surface pressure on the pis
face. The piston velocity accordingly controls both the i
pedance and the degree of sound reflection, easily produ
values ofuRu.1.

Active acoustic intensityI in the tube may be expresse
in terms of incident and reflected intensities or equivalen
in terms of the incident intensity and the reflectio
coefficient:17

I 5I i2I r5I i~12uRu2!. ~3!

Total time-averaged energy densityw, with potential and ki-
netic energy density components, may likewise be expres
using the reflection coefficient:

FIG. 1. Active vibrating piston terminating a semi-infinite plane wave tu
Constant incident pressure plane waves impinge upon the piston fro
hypothetical source located at infinite distance to the left.
1476 J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003
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w5wp1wk5
u p̂i u2

2r0c2
~11uRu2!5

I i

c
~11uRu2!. ~4!

The intensity, the related sound power, and the energy d
sity are all independent of distance from the piston.

III. ACTIVE PISTON TERMINATING A FINITE-LENGTH
PLANE WAVE TUBE

A lossless finite-length tube with uniformly vibratin
pistons at either end extends the analysis of the active bo
ary surface to include its interaction with another source a
a completely enclosed sound field. Although this model h
been used elsewhere for analytical studies,18–23 it is used
here with a different emphasis. Figure 2 depicts the syst
which involves a tube of lengthL and cross-sectional areaS.
The termination is controlled to respond in various ways
the primary source. If the velocities of the two pistons a
known, several interesting aspects of the system may be
sidered, including basic acoustic quantities and sound fi
control.

A. Basic acoustic quantities

If pistons 1 ~left! and 2 ~right! vibrate with velocities
u1(t)5Re$û1 exp(j vt)%ex and u2(t)52Re$û2

3exp(j vt)%ex , respectively,24 the boundary conditions yield
the following relationships for acoustic pressure and part
velocity:

p̂~x!52 j r0cû1Fsin kx1S cot kL1
û2

û1

csckLD coskxG ,

~5!

û~x!5û1Fcoskx2S cot kL1
û2

û1

csckLD sin kxGex ~6!

or

p̂~x!5
2 j r0c

2 sin kL
@~ û1ejkL1û2!e2 jkx1~ û1e2 jkL1û2!ejkx#,

~7!

û~x!5
2 j

2 sin kL
@~ û1ejkL1û2!e2 jkx

2~ û1e2 jkL1û2!ejkx#ex , ~8!

.
a
FIG. 2. Finite-length plane wave tube with active vibrating pistons at eit
end. The system behaves as an impedance tube driven by a primary s
~piston 1! and terminated by an active boundary surface~piston 2!.
Leishman and Tichy: Active boundary surfaces
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where k5v/c is the acoustic wave number. These resu
may be used to show that the specific acoustic impeda
posed to the field by the active termination~piston 2! de-
pends not only upon its own velocity, but upon the veloc
of the primary source~piston 1!:

ZS,25 j r0cS cot kL1
û1

û2

csckLD ~9!

~compare Ref. 22!.
The reflection coefficient atx5L may be obtained in a

straightforward manner from this impedance or by using
~7! with the relationshipR5 p̂r / p̂i :

Rux5L5
û11û2ejkL

û11û2e2 jkL
. ~10!

BecauseR also depends upon bothû1 and û2 , one may
modify its value to achieve a desired degree of reflection
absorption at the termination by adjustingeither piston ve-
locity. For example, if total absorption (R501 j 0) is re-
quired, the velocity condition is simply û252û1

3exp(2 jkL).20,21 If R is constrained in this fashion, th
condition eliminates steady-state pressure reflected from
termination. Steady-state pressureincidentupon the termina-
tion is eliminated if the velocities satisfy the conditionû2

52û1 exp(jkL).
Equations~5!–~8! also lead to a relationship for inten

sity. The components incident upon and reflected from
active termination are

I i5
r0c

8 sin2 kL
uû11û2e2 jkLu2, ~11!

I r5
r0c

8 sin2 kL
uû11û2ejkLu2 ~12!

which satisfy the relationshipI r /I i5uRux5L
2 . The total inten-

sity is

I 5I i2I r5
r0c

2 sin kL
uû1u2 ImH û2

û1
J

5
r0c

2 sin kL
~u1,Iu2,R2u1,Ru2,I !, ~13!

where the subscriptsR andI denote real and imaginary com
ponents, respectively. Notably, each of these intensity
pressions depends upon both piston velocities and is in
pendent of positionx. However, total intensity is nonzer
only if both piston velocities are nonzero and the veloc
ratio û2 /û1 has an imaginary component. The correspond
sound power quantities, related by the tube cross-secti
areaS, behave similarly.

Energy density in the tube is given by the expression
J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003
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u p̂~x!u2

4r0c2
1

r0uû~x!u2

4

5
r0

4 sin2 kL
@ uû1u21uû2u212~u1,Ru2,R

1u1,Iu2,I !coskL#. ~14!

Because of its spatial uniformity, total acoustic energy in
tube is simply

E5Ep1Ek5
r0SL

4 sin2 kL
@ uû1u21uû2u2

12~u1,Ru2,R1u1,Iu2,I !coskL#. ~15!

Another quantity of special interest is the potential ene
component of total energy

Ep5SE
0

L u p̂~x!u2

4r0c2
dx

5
r0SL

8 sin2 kL
F ~ uû1u21uû2u2!

3S coskL
sin kL

kL
11D12~u1,Ru2,R1u1,Iu2,I !

3S coskL1
sin kL

kL D G . ~16!

B. Sound field control

Because active boundary surfaces may be used to
trol specific sound field quantities,21,25 a few pertinent ex-
amples are discussed here as a basis for later discussio
how these control schemes relate to termination reflec
coefficients. To minimize total pressure at a positionx in the
tube, the required relationship betweenû1 and û2 may be
determined by settingp̂(x)50 in Eq. ~5!:

û252û1~ tan kx sin kL1coskL!. ~17!

At very low frequencies, this relationship produces subst
tial pressure reduction throughout the entire tube, but
higher frequencies it can lead to pressure increases at o
positions. A more useful objective might then be to achie
consistentglobal control of the field. A common approach t
this problem for enclosed fields involves the minimization
total potential energyEp .21 Another advantageous approac
is to minimize total energy densityw at discrete
positions.26,27

Given a fixed velocityû1 , the total potential energy in
the enclosure is minimized by the termination piston veloc

û252û1S coskL1sin kL/kL

coskLsin kL/kL11
D ~18!

~compare Ref. 20!. The velocity required to minimize tota
energy density at any point within the enclosure is
1477Leishman and Tichy: Active boundary surfaces
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û252û1 coskL ~19!

which is the same as that required to control total energE
within the tube.20,21 The solutions to controlEp andw con-
verge whenkL→np, wheren is a non-negative integer, an
more generally whenkL@p. Several other energy contro
schemes could also be investigated using the model.14

IV. ENERGY-RELATED EFFECTS OF REFLECTION
COEFFICIENTS PRODUCED BY ACTIVE
TERMINATIONS

Having considered several fundamental characteris
of active terminations and adjacent plane wave tube so
fields, the discussion now turns to the central focus of
paper: the significance of reflection coefficients generated
these active surfaces. The preceding sections have de
strated that reflection coefficient moduli of active bounda
surfaces can easily exceed unity~i.e., uRu.1), the common
upper bound for passive materials. On the other hand,
can easily replicate moduli of passive materials~i.e., 0
<uRu<1). This section interprets this wide range of refle
tion coefficients and its relationships to acoustic ene
quantities in adjacent fields. It also reviews the past interp
tations of uRu.1, demonstrating how their seemingly intu
tive descriptions can be misleading.

A. Semi-infinite tube

When a piston terminating a semi-infinite tube~Fig. 1! is
controlled to produce a reflection coefficient modulus
uRu50, it produces no reflected intensity. From Eq.~3!, it is
clear that the total intensity becomesI 5I i and from Eq.~4!,
the energy density becomesw5I i /c. In contrast, when the
piston is controlled to produce a reflection coefficient mod
lus of uRu51, the reflected intensity magnitude equals t
incident intensity magnitude (I r5I i), so from Eq.~3! the
total intensity vanishes. From Eq.~4!, the total energy den
sity becomes double that present under the prior condit
i.e.,w52I i /c. Thus, in comparison to an anechoic conditi
(R501 j 0), the imposition of a rigid termination (R51
1 j 0) increases energy in the field. Yet it simultaneou
eliminates total sound-energy flux. This simple exam
demonstrates an important point: when one discusses bo
ary surfaces and their energy-related effects in an adja
space, one must explicitly state both the specific ene
quantity being considered and a comparative boundary c
dition. Because the two extreme passive conditions m
tioned here provide useful benchmarks to compare ac
boundary surfaces, energyratios that involve them are quite
useful. Specifically, ratios of total intensity, reflected inte
sity, and total energy density~with arbitraryR) to the respec-
tive quantities determined under anechoic or rigid termi
tion conditions merit consideration.

The useful intensity ratios for the semi-infinite tube a
total intensity to that present under the anechoic condi
and reflected intensity to that present under the rigid con
tion

I

I an

512uRu2, ~20!
1478 J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003

ibution subject to ASA license or copyright; see http://acousticalsociety.org/
s
d

e
y

on-
y

ey

-
y
e-

f

-
e

n,

y
e
d-
nt
y
n-
n-
e

-

-

n
i-

I r

I r ,rg

5uRu2. ~21!

The ratios involving total energy density are

w

wan

511uRu2, ~22!

w

wrg

5
1

2
~11uRu2!. ~23!

A number of conclusions may be drawn from these sim
expressions and the related expressions of Sec. II. F
when 0,uRu,1, total intensity remains positive. Sound
energy flux is directed toward the termination so that
piston absorbs at least a portion of the incident energy.
ergy density in the field is greater than in the purely anech
case, but less than in the purely rigid case. WhenuRu.1, the
reflected intensity magnitude exceeds the fixed incident
tensity magnitude and therefore the reflected intensity m
nitude encountered under the rigid boundary condition. To
intensity becomes negative so sound-energy flux is direc
away from the piston into the adjacent space. Both the ve
magnitude of the total intensity and the energy density
come greater than in either the anechoic or rigid case, gr
ing in proportion touRu2. The active boundary withuRu.1
thereforeincreasesboth energy flow back to the field an
total energy per unit tube length.

The past interpretations foruRu.1 mentioned in the in-
troduction coincide well with this model and follow trends
passive materials. The first interpretation suggests that l
reflection coefficient moduli create an increase in intens
Its authors specifically indicate thatuRu.1.5 provides ‘‘more
than@a# doubling@of# acoustic intensity.’’5 Significantly, this
assertion appears plausible only if the indicated intensity
fers to reflected intensity relative to that present under a r
boundary condition@see Eq.~21!# or relative to incident in-
tensity~from I r /I i5uRux5L

2 ). The second and third interpre
tations are also plausible. Nevertheless, the following sec
reveals deficiencies of the interpretations under more gen
conditions.

B. Finite-length plane wave tube

Energy-related quantities and ratios for the two-pist
plane wave tube model~Fig. 2! may also be expressed i
terms of the active termination reflection coefficient. Ho
ever, a few general characteristics of the reflection coeffic
modulus uRux5L should first be considered.28 As shown in
Eq. ~10!, the complex reflection coefficient is a function o
both the primary and secondary piston velocities. Its mo
lus may be expressed in terms of the complex velocity ra
û2 /û1 :

uRux5L5S 11~ û2* /û1* !e2 jkL1~ û2 /û1!ejkL1uû2 /û1u2

11~ û2* /û1* !ejkL1~ û2 /û1!e2 jkL1uû2 /û1u2D
1/2

.

~24!

From this relationship, it can be demonstrated thatû2 /û1

must have an imaginary component as a necessary cond
for uRux5LÞ1. This result is reminiscent of the condition fo
Leishman and Tichy: Active boundary surfaces
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nonzero active intensity discussed in Sec. III A. Interesting
as demonstrated in Sec. III B, there are many control co
tions that simply do not satisfy this requirement. For e
ample, whether one controls acoustic pressure at a p
energy density, total energy, or total potential energy,
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resulting reflection coefficient modulus remains the sam
uRux5L51.

Total intensity in the tube, expressed in terms of t
termination reflection coefficient, is obtained from Eqs.~10!
and ~13!:
I 5
r0c

2
uû1u2H 12uRux5L

2

uRux5L
2 1122@~RRux5L!cos 2kL1~RI ux5L!sin 2kL#

J . ~25!
tor
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cre-
th
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g

to
e.
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-
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the
As with the semi-infinite tube, the useful intensity ratios a
total intensity to that present under the anechoic condi
and reflected intensity to that present under the rigid con
tion:

I

I an

5
12uRux5L

2

uRux5L
2 1122@~RRux5L!cos 2kL1~RI ux5L!sin 2kL#

,

~26!

I r

I r ,rg

5
4uRux5L

2 sin2 kL

uRux5L
2 1122@~RRux5L!cos 2kL1~RI ux5L!sin 2kL#

.

~27!

These expressions demonstrate that in the limit of la
Rux5L , i.e., uRux5L@1, the ratioI /I an→21 while the ratio
I r /I r ,rg→4 sin2 kL. These results are important departur
from the analogous results for the semi-infinite plane wa
tube. Total intensity magnitude approaches that encount
under theanechoicboundary condition, but its sense is r
versed~i.e., sound-energy flux is directed away from the t
mination and toward the enclosure and primary piston!. Re-

FIG. 3. Surface plot showing the ratio of total intensity in the two-pist
plane wave tube to that present under an anechoic termination cond
The ratio is plotted as a function of the real and imaginary parts of
termination reflection coefficient,RRux5L and RI ux5L , for the frequencyf
59c/16L. Contour lines are shown at increments of 0.1. The superpo
mesh represents theI /I an521 plane.
n
i-

e

s
e
ed

-

flected intensity differs by a frequency-dependent fac
4 sin2 kL when compared to that present under the rig
boundary condition.

Figure 3 shows a surface plot ofI /I an as a function of
RRux5L and RI ux5L for the frequencyf 59c/16L. The rise
between consecutive contour lines represents a ratio in
ment of 0.1. As the plot indicates, the ratio diverges bo
positively and negatively on either side of a single point
the complexRux5L plane. At several other points, includin
those for whichuRux5L@1, it approaches a value of21, as
evidenced by the superposed mesh representing theI /I an

521 plane.~The divergences are truncated in the figure
focus attention on the behavior of the ratio near this plan!
Figure 4 provides additional insight through a closer ov
head view of the contours. The heavy dashed circle indica
the values for whichuRux5L51. Notably, the eccentric con
tour rings become progressively smaller and closer toge
in the divergent regions with centers gradually approachin

n.
e

d

FIG. 4. Contour plot showing the ratio of total intensity in the two-pist
plane wave tube to that present under an anechoic termination cond
The ratio is plotted as a function of the real and imaginary parts of
termination reflection coefficient,RRux5L andRI ux5L , for f 59c/16L. Con-
tour lines are shown at increments of 0.1 with truncation atI /I an51 and23
~see Fig. 3!. The heavy dashed circle delineatesuRux5L51.
1479Leishman and Tichy: Active boundary surfaces
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single point on this unit circle. Rings accumulating inside t
circle correspond to the positive divergence, whereas th
accumulating outside the circle correspond to the nega
divergence. The series of rings are truncated atI /I an51 and
I /I an523, respectively, corresponding to the surface p
truncations of Fig. 3. Otherwise, they would become p
gressively smaller and closer together until they converge
the point Rux5L5A2/21 jA2/2. This point and the diver
gence pair rotate counterclockwise around the unit cir
with increasing frequency.

Further inspection of these figures and Eqs.~25! and
~26! reveals that as long asuRux5L,1, any value ofRux5L

yields a value ofI /I an.0; net sound-energy flux is directe
toward the termination for all values ofkL so that the vibrat-
ing piston consistently absorbs at least a portion of
steady-state incident intensity. Interestingly, ifRux5L is held
constant in this range, the frequency-averaged total inten
~averaged over integer multiples ofkL/p or over an intermi-
nably wide bandwidth! remains identical to that encountere
under the anechoic boundary condition. In contrast,
n
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uRux5L.1, total sound-energy flux is consistently direct
away from the termination, toward the enclosed sound fi
and the primary piston. IfRux5L is held constant in this
range, the frequency-averaged total intensity is equal in m
nitude, but opposite in direction to that present under
anechoic boundary condition.

As uRux5L→1, the total intensity ratio in Eq.~26! con-
verges to zero for mostkL, but periodically diverges with
dependence upon complexRux5L . WhenRux5L is held con-
stant with a modulus of unity, the frequency-averaged int
sity ratio tends to zero. The behavior of the reflected int
sity ratio in Eq.~27! also depends upon complexRux5L as
uRux5L→1. If the coefficient contains an imaginary comp
nent, the ratio diverges periodically overkL. However, if the
coefficient is purely real, it coincides with a rigid surfac
which must produce a ratio of unity.

An examination of total acoustic energy within the e
closure reveals further differences between the two-pis
and semi-infinite plane wave tube models. Equations~10!
and ~15! yield the following relationship for total energy:
E5
r0SL

2
uû1u2H uRux5L

2 11

uRux5L
2 1122@~RRux5L!cos 2kL1~RI ux5L!sin 2kL#

J . ~28!
are

in

on
ition.
the

sents
The ratios of total energy with arbitraryRux5L to the total
energies present under anechoic and rigid boundary co
tions are then

E

Ean

5
uRux5L

2 11

uRux5L
2 1122@~RRux5L!cos 2kL1~RI ux5L!sin 2kL#

,

~29!

E

Erg

5
2 sin2 kL~ uRux5L

2 11!

uRux5L
2 1122@~RRux5L!cos 2kL1~RI ux5L!sin 2kL#

.

~30!

In the limit of largeRux5L , i.e., for uRux5L@1, the ratio
in Eq. ~29! tends to unity. Thus, the total acoustic energy
the enclosure approaches that present under the ane
boundary condition; there is no significant increase. One
ample of such behavior is mentioned in Sec. III A, where
the termination is controlled to eliminate steady-state pr
sure incident upon it. Under this condition, the reflecti
coefficient modulus at the termination tends to infinity for
values ofkL, except askL→np. The termination velocity is
adjusted relative to the primary source velocity in a man
that effectively causes the primary source to behave as
anechoic absorber. The total energy is therefore equal to
of the complementary condition in which the terminati
acts as the anechoic absorber. In addition, it is clear from
~29! that for uRux5L!1, total energy in the enclosure consi
tently approaches that present under the anechoic condi
Hence, large relative changes~either increases or decrease!
in total enclosed energy occur only when the terminat
reflection coefficient modulus roughly approaches un
di-

oic
x-

s-

l

r
an
at

q.

n.

n
.

Some of the control examples discussed in Sec. III B
representative of this behavior for energy decreases.

Enclosed energy characteristics are further clarified
Fig. 5. A surface plot of the energy ratioE/Ean is shown for

FIG. 5. Surface plot showing the ratio of total energy in the two-pist
plane wave tube to that present under an anechoic termination cond
The ratio is plotted as a function of the real and imaginary parts of
termination reflection coefficient,RRux5L andRI ux5L , for f 59c/16L. Con-
tour lines are shown at increments of 0.1. The superposed mesh repre
the E/Ean51 plane.
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the frequencyf 59c/16L with a superposed mesh represe
ing theE/Ean51 plane. The rise between consecutive co
tour lines again represents a ratio increment of 0.1. The
shows that the ratio diverges around one point on the c
plex Rux5L plane and converges to a minimum value of 0
at another. At several other points, including those for wh
uRux5L@1, it approaches a value of 1. Figure 6 provid
additional insight through a closer overhead view of the c
tours. The eccentric rings accumulating in the divergent
gion of the upper-right quadrant are truncated atE/Ean53 to
correspond to the surface plot truncation of Fig. 5. Oth
wise, they would become progressively smaller and clo
together until they converged to a single point encircled
the small ring on the unit circle:Rux5L5A2/21 jA2/2. The
eccentric rings accumulating less conspicuously in the low
left quadrant correspond to the ratio minimum of 0.5. T
inner-most contour ring shown for the region has a value
E/Ean50.6. With finer contour increments, additional ring
would become apparent that converge to the minimum p
indicated by the black dot on the unit circle:Rux5L5
2A2/22 jA2/2. Accordingly, both the point of divergenc
and the ratio minimum fall on theuRux5L51 circle, 180
degrees from each other. This pair rotates counterclockw
around the circle with increasing frequency.

It is important to recognize that under some conditio
reflection coefficients with moduli less than unity, i.e
uRux5L,1, can relatively increase total energy in the e
closed field. Purely real reflection coefficients in the ran
0,RRux5L,1 increase energy relative to that encounte
under the anechoic boundary condition but not relative

FIG. 6. Contour plot showing the ratio of total energy in the two-pist
plane wave tube to that present under an anechoic termination cond
The ratio is plotted as a function of the real and imaginary parts of
termination reflection coefficient,RRux5L andRI ux5L , for f 59c/16L. Con-
tour lines are shown at increments of 0.1 with truncation atE/Ean53 ~see
Fig. 5!. The heavy dashed circle delineatesuRux5L51. The small ring on the
unit circle marks the point of maximum divergence, whereas the small b
dot marks the point of the ratio minimum (E/Ean50.5).
J. Acoust. Soc. Am., Vol. 113, No. 3, March 2003
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that encountered under the rigid boundary condition. Ho
ever, purely imaginary or complex reflection coefficien
even with very small imaginary components in the range
,RI ux5L,1, can produce significant increases to total e
ergy in comparison to that encountered undereither bench-
mark condition. As these imaginary components beco
larger within this range, the increases may become part
larly dramatic, even when averaged over frequency.

With these developments in mind, it is instructive
revisit the past interpretations foruRu.1 mentioned in the
introduction—each coming from studies involving physic
arrangements similar to the two-piston plane wave tu
model.29 It is clear from the present results that such lar
reflection coefficient moduli donot necessarily connote~1!
an increase in an intensity quantity or~2! an addition of
energy to the field in comparison to that encountered un
anechoic or rigid benchmark conditions. While it is true th
sound-energy flux is directed toward the adjacent field
uRu.1, energy is not supplied to the field in the sense tha
necessarilyaugments or maintainsthe field energy relative to
a benchmark condition. In essence, direction of flux is ex
neous to the total enclosed energy. In some cases, valu
uRu.1 relativelydiminish total enclosed energy, whereas
other cases, values ofuRu,1 relatively increase total en-
closed energy. Furthermore, neither sound-energy flux
total enclosed energy is generally proportional touRu or uRu2.
In fact, the analysis indicates that the most dramatic swi
in these quantities occur asuRu→1. Thus, the concept o
uRu.1 connoting a supply of energy to the adjacent fie
loses relevance. The interpretation thatuRu.1 connotes a
super-reflection that increases reverberation within the a
cent sound field does not generally hold if the term ‘‘sup
reflection’’ describes reflected intensity magnitude exceed
that reflected from a rigid termination. However, if it de
scribes reflected intensity magnitude exceeding incident
tensity magnitude, the discussion in Sec. III A suggests
the concept does hold. Nevertheless, the total steady-
energy in the enclosure, which involves reflected energy,
tainly doesnot always increase for values ofuRu.1.

V. CONCLUSIONS

This work has demonstrated that reflection coefficie
of active boundary surfaces and their effects on adjacent o
dimensional sound fields may be misinterpreted when imp
tant physical properties of the systems are overlooked. In
past, conclusions about these surfaces have coincided o
sibly with constant incident pressure models and behav
of passive materials. This analysis has demonstrated se
distinctions that broaden understanding of the surfaces
their potentially large reflection coefficients~i.e., uRu.1).

Investigation of a finite-length plane wave tube with
primary piston source and an active piston termination
produced several important results that clarify relationsh
between reflection coefficients and pertinent time-avera
energy quantities. First, for the active termination to creat
value ofuRu greater or less than unity, or to allow a net flo
of sound energy, its velocity must have an imaginary co
ponent relative to that of the primary source. Second, to
derstand the impact of reflection coefficients upon ene

n.
e

k
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 Redistr
flux or total enclosed energy in the tube, one must not o
know the reflection coefficient modulus at the terminatio
but its real and imaginary components. Third, increases
reflection coefficient moduli at the terminationdo notneces-
sarily indicate corresponding increases in sound-energy
back toward the enclosed space or total enclosed ene
Fourth, energy-related effects of reflection coefficient mod
at the termination are frequency-dependent functions of
adjacent space and vibration of the primary source. Fi
while reflection coefficient moduli exceeding unity may n
produceabsorptionof energy at the termination, they ca
relatively reducethe vector magnitude of total intensity an
total energy within the enclosed space. Sixth, very large
flection coefficients~i.e., uRu@1), produce both a vecto
magnitude of total intensity and total enclosed energy
proaching those present under an anechoic boundary co
tion ~i.e., uRu50). Seventh, large relative changes~either
increases or decreases! in total intensity and total enclose
energy occur only as active termination reflection coeffici
moduli roughly approach unity.

From these findings one may conclude that sou
energy-related effects of active boundary surfaces
frequency-dependent functions of the spaces they bound
the acoustic field generated by one or more additio
sources operating within the same spaces. One may not
erally conclude that active boundary surfaces operating w
given reflection coefficient moduli in one space or with c
tain interacting sources necessarily produce the same en
related effects in another space or with dissimilar interact
sources or source positions. Because active boundary
faces are secondary sources that interact with other sou
relationships between their reflection coefficient moduli a
energy-related effects in adjacent fields are not necess
straightforward. Further analysis is required to develop ad
tional relationships and more extensive understanding
three-dimensional systems.
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