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Visual introduction to Gaussian beams using a single lens
as an interferometer

J. Peatross and M. V. Pack
Department of Physics and Astronomy, Brigham Young University, Provo, Utah 84602-4604

~Received 26 October 2000; accepted 8 May 2001!

Weak surface reflections from a simple lens can be used to observe interferences between collimated
and focusing laser beams. The superimposed beams~one resulting from a double reflection within
the lens! can be made to have similar intensities near the focus of the weaker beam by choosing the
lens prescription and the divergence of the incident laser. An advantage to this inexpensive setup is
its stability against vibrations. The relative phase between the two beams can be easily controlled
through small adjustments to the lens alignment. Students using this setup with a CCD camera can
explore the amplitude and phase properties of a Gaussian laser beam in the vicinity of the focus.
This article also includes a brief review of Gaussian beams in the context of the Fresnel diffraction.
© 2001 American Association of Physics Teachers.
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I. INTRODUCTION

In this article, we present an experimental setup for int
ducing students to Gaussian laser beams. We also review
Gaussian laser field in the context of Fresnel diffract
theory.1–4Although the expression for the laser field is som
what complicated, each component of the expression h
clear physical interpretation and can be explored by stud
using a simple interferometric setup. Others5,6 have previ-
ously discussed the educational benefits of analyzing a
cusing laser beam, especially when interferometrically su
imposed with a collimated beam. Such a superposition
be realized with a Michelson or Mach–Zehnder-type int
ferometer setup.5 The interference between the two beam
reveals the form of the field. However, the interference p
tern can suffer from vibrational jitter in these types of setu
especially if mechanical components are subject to string
cost restraints.

In this article, we show how a single lens can be used
produce a superposition of a collimated and a focusing la
beam. This simple and inexpensive ‘‘interferometer’’ has
sentially no path-delay jitter, while the phase between
two beams can be controlled easily through subtle adj
ments to the tilt of the lens. The lens is positioned in
diverging beam such that after passing through the lens
beam is collimated. A reflection from the back lens surfa
followed by a reflection from the front surface produces
weak second beam which also travels in the forward dir
tion ~referred to as a ghost beam!. Since this double reflec
tion in the lens involves only a small fraction of the bea
power, it is possible to make the two beams have the s
intensity in the region where the ghost beam is focused~with
appropriately chosen parameters!. This results in an interfer-
ence pattern with optimal visibility. A CCD camera can
used to view this interference pattern created by the
beams.

II. FRESNEL DIFFRACTION OF A GAUSSIAN
PROFILE

Physics undergraduates often study scalar diffrac
theory as part of a traditional upper-division optics cour
Most diffraction problems~e.g., typical homework problems!
1169 Am. J. Phys.69 ~11!, November 2001 http://ojps.aip.or
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are executed in the Fraunhofer limit since there are few
erture geometries for which the full Fresnel–Kirchhoff int
gral can be performed analytically. The Fresnel approxim
tion to the diffraction integral is appropriate over a mu
wider range of distances including the Fraunhofer limit, b
again there are few problems for which the Fresnel integ
can be performed analytically with a finite aperture. For e
ample, Fresnel diffraction from a circular or rectangular a
erture can only be solved numerically or with the help
arcane tools such as the Cornu spiral.

A Gaussian field profilecan be solved analytically within
the Fresnel approximation. This problem is pedagogica
important not only because it can be carried out to comp
tion, but also because it describes the profile of comm
single-mode laser beams. This is of practical benefit sinc
significant fraction of students will at some point require
understanding of laser beam focusing characteristics for
search or engineering applications. Of course a good tr
ment of Gaussian laser beams is available in some op
textbooks,3,7 as well as in books on laser physics.1,2,4,8,9

However, the treatment is traditionally presented in the c
text of finding solutions to the scalar Helmholtz equati
under the paraxial approximation. The fact that the Fres
diffraction integral satisfies the scalar paraxial Helmho
equation is only occasionally emphasized,1,2,4 and students
can miss the connection between Gaussian optics
Fresnel diffraction, namely, the fact that they are one and
same. Many optics text books,10–12 which introduce Fresne
diffraction, do not consider the Gaussian aperture.

In a course that addresses a large variety of optical to
within a semester, Gaussian beams can be introduced n
rally as a straightforward Fresnel diffraction integral pro
lem. This economizes topics since Fresnel diffraction
seemingly obligatory in a standard optics course, whereas
generation of solutions to the paraxial wave equation mi
be appropriately addressed in a separate laser course. A
ment of higher-order modes or the ABCD law for Gauss
beams might also be left to a separate course in laser phy
Nevertheless, for the majority of students, a basic und
standing of a lowest-order-mode Gaussian beam is an
sightful ~and perhaps essential! part of an undergraduate edu
cation.

We will briefly summarize the well-known Fresnel diffrac
1169g/ajp/ © 2001 American Association of Physics Teachers
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 This ar
tion integral applied to a Gaussian field profile. Although t
resulting expression is somewhat cumbersome, we find
students are able to arrive at the result when the form of
answer is specified and if a suitable ‘‘integral table’’ is pr
vided. While it is important for students to appreciate t
result theoretically as an application of Fresnel diffractio
an experimental analysis of the formula makes it much m
meaningful.

Let a monochromatic field distribution in the planez50
be specified by

E~x8,y8!5E0e2~x821y82!/w0
2
, ~1!

wherew0 represents the size of the beam waist. We assu
that the field propagates in the1z direction. The Fresne
diffraction integral for finding the field in any location i
given by

E~x,y,z!52 i
eikz1 i ~k/2z!~x21y2!

lz E
2`

`

dx8E
2`

`

dy8

3E~x8,y8!ei ~k/2z!~x821y82!e2 i ~k/z!~xx81yy8!.

~2!

The integrals in thex andy dimensions are performed wit
the aid of

E
2`

`

e2Ax21Bx1C dx5Ap

A
e~B2/4A!1C, Re$A%.0. ~3!

Alternatively, the integrals can be executed in cylindrical c
ordinates resulting in the following Hankel transform:13

E
0

`

re2ar2
J0~br!dr5

e2b2/4a

2a
, Re$a%.0. ~4!

The algebra involved in arriving at the final form can
intimidating for some students~and time consuming!. It may
therefore be appropriate to provide some steps in the alg
along with the necessary integral formula. In any case,
mechanics of performing the operations is of secondary
portance compared to an appreciation of Eq.~2! and an in-
tuitive grasp of the result. The standard form of the res
is1,4

E~r,z!5E0

w0

w~z!
e2@r2/w2~z!#eikz1 i @kr2/2R~z!#2 i tan21~z/z0!,

~5!

where

w~z![w0A11z2/z0
2, R~z![z1z0

2/z, z0[kw0
2/2.

Herer is the usual radiusAx21y2 given in cylindrical co-
ordinates.

III. USING A LENS TO CREATE BEAM
SUPERPOSITION

To appreciate Eq.~5!, ideally students should study a las
beam with a CCD camera. If a single beam is analyzed,
rich phase structure of the field is not seen, but rather only
intensity:

I 1~r,z!5I 0

w0
2

w2~z!
e2@2r2/w2~z!#. ~6!
1170 Am. J. Phys., Vol. 69, No. 11, November 2001
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However, if the beam is superimposed with a plane wa
E2eikz2 if, wheref is a constant relative phase term, th
the intensity for the combined fields is

I t~r,z!5F I 21I 1~r,z!12AI 2I 1~r,z!

3cosS kr2

2R~z!
2tan21

z

z0
1f D G . ~7!

(I 2 is the intensity of the reference plane wave alone.! In this
case, the effects of the wave front radius of curvatureR(z)
and the Gouy shift2tan21 z/z0 are seen in the interferenc
pattern.

The arrangement of two collinear fields, one collimat
and one converging, constitutes the classic Gouy experim
The main emphasis of the present article is to presen
simple idea for creating this superposition using a sin
lens. The overall experimental setup that we have use
shown in Fig. 1. A relatively wide collimated beam is creat
using a telescope. This provides an adequate represent
for the plane wave field. Internal reflections within the fin
lens provide the superimposed converging field~ghost
beam!. A long focal length lens is ideal for the second end
the telescope so that the ghost beam does not focus
sharply. In our case, the light was collimated using a pla
convex lens with a 150 cm focal length. We placed a 1 mm
pinhole in the telescope to clean some of the spurious ligh
our laser beam; the use of the pinhole is not critical. A la
with good mode quality and a significant coherence length~a
few centimeters or greater! is necessary, a HeNe laser bein
a good choice, which is what we used.

Figure 2 illustrates how a ghost beam is formed in the e
lens of the telescope. The effective focal length of the fi
lens in the case of the light undergoing the double reflect
may be found~within the thin-lens approximation! by mul-
tiplying the ABCD matrices for entry into the flat lens su
face followed by reflection from the curves surface and
nally transmission through the curved surface:

Fig. 1. Experimental setup for creating a superposition of a collimated
a focusing beam.

Fig. 2. Focusing beam created from a weak reflection from the sec
surface followed by a weak reflection from the first surface.
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 This ar
S 1 0

2~n21!/R nD S 1 0

22/R 1D S 1 0

0 1/nD
5S 1 0

2~3n21!/R 1D . ~8!

The effective focal length of this system is seen to be

f eff5
R

3n21
5

n21

3n21
f , ~9!

wheref is the focal length of the lens in the usual sense.
the above example, we assumed a plano-convex lens, bu
~9! is in fact valid for the double-reflection ghost beam tran
mitted through any thin lens.

In our setup, we used an uncoated lens which refle
about 4% of incident power at each surface. Thus, after
reflections, the ratio of the power carried by the ghost be
to that carried by the collimated beam is aboutr power

50.16%. However, near its focus the power in the gh
beam is concentrated, which compensates for this fac
making the intensities of the two beams similar. To comp
the strength of the two fields in the vicinity of the gho
beam focus, it is necessary to compute the relative size
the two beams. Let the distance from the lens to the gh
beam focus bedi , as depicted in Fig. 2. The ghost bea
waist atz50 ~at a distancedi after the lens! may be viewed
as an image of the beam waist inside the telescope locat
a distanced05 f before the lens. This distance is connect
to the~effective! focal length of the lens via the usual ima
ing relation

1

f eff
5

1

d0
1

1

di
⇒di5

n21

2n
f . ~10!

~In our case, this imaging relation agrees with the ABCD l
for Gaussian beams to within 4%, and so it is quite adequ
for obtaining the approximate location of the ghost be
waist; one finds the exact location with the CCD camer!
For our setup, and taking the refractive index to be appro
matelyn51.5, the distance to the ghost beam focus turns
to be approximatelydi525 cm.

The radius of the ghost beam at its focus is

w05
2l f #

p
, ~11!

where thef number is the ratiodi to the diameter of the beam
at the lens@i.e., 2w(2di)] which is the same as the diamet
of the collimated beam over a long range after the lens
our case, the diameter of the collimated beam was chose
be 2w(di)52.5 mm, measured with the CCD camera as s
in Fig. 3. This is adjustable through an appropriate choice
focal length and position of the lens on the front end of
telescope. Thef number for the ghost beam in our case
f #5100, corresponding to a beam waist radius ofw0540
mm ~with the wavelengthl5633 nm!. This tiny spot is also
visible in Fig. 3. To find the relative intensity between t
two beams atz50 ~i.e., the ghost beam focus!, we must
compare the squares ofw(6d) and w0 , which are propor-
tional to the respective beam areas. For our setup, the
ratio isr area5w0

2/w(6d)250.10%. This means that the rat
of intensities in the vicinity of the ghost beam focus
I 1((0,0)/I 25r power/r area51.6, which leads to reasonab
1171 Am. J. Phys., Vol. 69, No. 11, November 2001
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good fringe visibility in the interference pattern. While th
larger collimated beam does vary in intensity as a function
radius~as seen in Fig. 3!, we can treat it as a plane wave
Eq. ~7! since the interference with the ghost beam takes pl
in a relatively localized region over which the collimate
beam is nearly uniform.

IV. MEASUREMENTS AND ANALYSIS

This stable interferometer setup allowed us to study
amplitude and phase properties of the ghost beam dire
with a CCD camera. To adjust exposure to the CCD cam
filters were placed in the beam before the telescope. Figu
shows the intensity on the camera as a function of radiu
various values ofz. With subtle adjustments to the tilt of th
lens, it is possible to control the relative phases of the t
beams. For these curves, the phase has been set app

Fig. 3. Intensity profile of the ghost beam at its focus inside the collima
beam.

Fig. 4. Intensity curves showing the interference between the ghost
collimated beams both measured~solid! and theoretical~dotted!.
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 This ar
mately tof5p/2. In this case the interference term in E
~7! vanishes at the focal plane, and the total intensity at
plane is the sum of the intensities of the individual beam
Therefore, the curve forz50 is roughly that of a focused
beam on top of a uniform background. The dotted curves
each case are the theoretical predictions of Eq.~7!. We fit the
formula to the measurement atz50; we held the para-
meters fixed for other frames. Some discrepancy neaz
56z0 may be due tof being slightly out of adjustmen
from p/2; f was not adjusted as a parameter in the fit.

The radius of curvatureR(z) is responsible for the inter
ference fringes as a function of radiusr. The distribution of
these ring patterns is in agreement with the predictions of
~7!. At the focus, the radius of curvatureR(0) is infinite so
that no ring pattern is present. The smallest radius of cu
ture and therefore the tightest ring pattern occurs az
56z0 . However, at this distance (z058 mm in our case!
the beam is contained mostly within the ring pattern, mak

Fig. 5. Images showing the interference between the ghost and collim
beams in the region of the focus. The pixel size on the camera is 9.6mm
39.6 mm.
1172 Am. J. Phys., Vol. 69, No. 11, November 2001
ticle is copyrighted as indicated in the article. Reuse of AAPT content is su

128.187.97.22 On: Mon, 
at
.

in

q.

a-

g

fringes difficult to see unless the intensity of the ghost be
is much greater. This makes it difficult to accurately extra
z0 from the radii of the fringes. The Gouy shift2tan21 z/z0
gives rise to an interference which enhances the on-axis
tensity after the focus and diminishes the on-axis inten
before the focus.

Figure 5 shows a sequence of images similar to the o
used to generate Fig. 4. However, for theses images tf
number in the telescope~and hence also in the ghost beam!
was adjusted slightly to increase the relative intensity of
ghost beam at its focus to roughly 4 times the intensity of
collimated beam. This improved the fringe visibility of th
rings well away from the focus. Each frame shows an a
640 mm3640 mm. The fact that the ring patterns before a
after the focus are inverted is a direct manifestation of
Gouy shift.14

V. SUMMARY

We have used this new single-lens interferometer in
classroom setting. Our experience with using it as an instr
tional tool has been very positive. Previously, we had use
more traditional interferometer setup~modified Michelson
configuration! to create a superposition of two laser beam
but the jitter and drift in the fringe pattern made quantitati
study very difficult for students~using our hardware!. For
example, when viewing evidence of the Gouy shift, t
fringe pattern might reverse~drift in phase byp) in the time
it takes to make observations before and after the focus. W
the single-lens interferometer, however, this problem
been completely eliminated; the fringe pattern remains sta
for hours.
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