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Structural phase transitions in crystals of 8 3c symmetry
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A systematic classification of phase transitions corresponding to.a variety of points in the Bril-

louin zone is made for the R3c(D3&) structure. The Landau group-theoretical description of
continuous transitions as formulated by Birman and Jaric is the framework for the classification.

Only order parameters corresponding to the I' and F points satisfy the necessary conditions.

The resulting subgroups are indicated together with their. translational subgroups as expressed in

terms of the original trigonal primitive translations. Nonprimitive as well as primitive subgroups

are included.

I. INTRODUCTION

The classification of transitions taking place con-
sistent with the Landau description of second-order
phase transitions has been approached in a more sys-
tematic way in the last few years. Using the Landau
theory in its classical form the possible symmetry
changes compatible with the Landau conditions were
classified in classes D4 and C4I„' in a selection of D2d
structures, ' and in T (P2~3) structures. Birman in-

troduced a set of symmetry conditions which were to
replace the "lengthy and . . . unnecessary process".
of minimization contained within this classical formu-
lation. The equivalence of the set of symmetry con-
ditions to the classical formulation raised some con-
troversy5 which led to multiple stages of strengthen-
ing of the symmetry conditions. 6 Only recently Jaric7
has proven the equivalence of the chain criterion to
the restriction on the subgroup which arises in the
classical formulation from the invariance of the linear
form of the order parameter. As a result, the usage
of the complete s8t of symmetry conditions has been
placed on a footing equal to that of the classical for-
mulation. The Birman-Jaric set of symmetry condi-
tions was used to classify the phase transitions result-

ing from an Oq'(Pm3n) structure. 8 That work was

later clarified with the additional consideration of
nonprimitive lower-symmetry structures. 9

There are several rhombohedral structures in

which phase transitions have been observed or indi-
cated. ' '2 In the references cited the continuous or
discontinuous nature obtained from the Landau
description played a significant role, The transition
characteristic either pointed to the need for greater
experimental precession or w'as motivational in the
modeling of the transition. Recently the Landau for-
malism was used to describe the transition of the cal-
cite —CaC03(II) transition. " Calcite is a R3c(D36d)
structure which can go continuously to a P2, /c (C2q)
structure by a zone-boundary wave vector. The Lan-

dau formalism was also used to classify invariant con-
tributions to the free energy in calcite and resulted in
a formalism similar to that of the stressed perovkite
structures. '"

In the present paper a systematic classification of
transitions corresponding to a variety of points of the
Brillouin zone is reported for the R 3c(D3d) struc-
ture. The Birman-Jaric set of symmetry conditions is
used. Lower-symmetry space groups consistent with
the symmetry conditions are indicated and two transi-
tions are given as examples of the resulting classifica-
tion.

II. METHOD

The context in which the question of phase transi-
tions and their nature is considered is within the Lan-
dau formalism. The formalism is a phenomenologi-
cal thermodynamic description which neglects fluc-
tuations. The classical formulation has been re-
viewed'5 in many places and will not be reviewed
here.

The equivalent set of Birman-Jaric conditions
selecting possible continuous transitions are to be ap-
plied to a single irreducible representation (irrep. )
and take the following form:

(A) G~ is a subgroup of G'.
(B) The symmetrized triple Kronecker product of

the (irrep. ) D of Go shall not contain the identity
representation I"+~ of 6'0, i.e.,

(C) The antisymmetrized double Kronecker pro-
duct of D shall not contain the representation of a
polar vector, i.e.,

KAID)'Il (G') j =O.

(D) D of Go must subduce into I'~+ of G~ (subduc-
tion criterion)
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(D') If Go & G~ & G{, and D of Go subduces into
I'~ of G&, i (G~) times, and D of Go subduces into I'+~

of G~', i (G{) =i (G~) times, then the transition
Go G{ is eliminated as being second order (chain
criterion) .

(E) D of Go corresponds to a physical tensor field.
If an irrep. does not satisfy condition (8) then we

predict a first-order transition arising from a third-
order invariant term in the free-energy expansion.
Condition (C) expresses the stability against spatial
inhomogeneities of the less symmetric phase. A defi-
ciency in the derivation of this condition has been
pointed out. '6 Goshen et al. " subsequently divided
continuous transitions into two categories relative to
condition (C): (i) The occurring ordered structure
arises from a k vector which is not "due to sym-
metry, " i.e., it need not satisfy condition (C). The
transition may then give rise to a spatially inhomo-
geneous structure. (ii) The symmetry breaking is
"due to symmetry, " i.e., it necessarily satisfies condi-
tion (C). The transition then gives rise to a spatially
homogeneous crystalline phase. In addition Dvorak'
and Bak et al. ' have indicated that a transition to a
homogeneous state contradicting condition (C) must
then be first order. Therefore in order that the new
phase be achievable by a continuous transition and be
homogeneous, it is necessary that condition (C) be
satisfied. In the present work it is assumed that (C)
is strictly valid.

In the application of the above conditions we will

work directly from the symmetry of the order param-
eter which is taken as spanning an irrep. of 6 .
Thus condition (E) is assumed satisfied. The process
of classification is to first select an irrep. D '" ' of
Go and to apply condition (8). Only those irreps.
satisfying (8) give transitions consistent with our
classification. Condition (C) is next applied and only
those irreps. are kept which also satisfy this condi-
tion. From a Dt'" ~ which has satisfied both (8)
and (C) we look for subgroups of Go which are sub-
duced from D('"™with subduction frequency
i (G~}~1. The subduction condition imposes restric-
tions on the set of possible translational subgroups as
well as imposing point-group compatibility restric-
tions. Such a subgroup satisfies conditions (A) and
(D). The chain criterion is then applied to the result-
ing set of subgroups. Those subgroups which remain
are then compared for compatibility with the space
groups of Ref. 20 by translation and/or rotation of
origin.

III. APPLICATION TO 8 3c STRUCTURE

The prototypic symmetry group 6 for considera-
tion here is R3c(D36d}. R3c is a nonsymmorphic
space group so appropriate consideration must be
given to nonprimitive contributions from the coset
representatives as the irrep. is constructed. The coset

sum with respect to the translations (T) of R 3c takes
the form

12

Go(R3c) - X{R;{000]T+X{R;{—--)T .

The numbering of point-group operations R;
correspond to the ordering of the International
Tables. %e take the forms

t1 = —aj+ck,
t2= (a&3/2)i + (a/2)j +ck,
t3= (a J3/—2)i+ (a/2)j + ck

for the primitive translation vectors and

g~ = 2m[ —(2/3a}k» + (1/3c) k, ],
gq = 2m [ (1/J3a) k„+ (1/2a) k» + (1/3c) k, ],
g3 = 2m [—I/J3a) k„+ ( I/3a) k» + (1/3c) k, ]

are the resulting forms for the reciprocal-lattice vectors.
To construct representations of R 3c we must have

a specific k vector in mind. Use is made of the label-
ing of symmetry points in the Brillouin zone as indi-
cated by Bradley and Cracknell. " As indicated in
Ref. 22, condition (C) disallows all k vectors whose
point group does not contain a central point. Con-
siderations then reduce to the points I" = (000),
Z=(-,', —,', —,'), L=(0,—,', 0), and F=(0,-', -').'2'2

Corresponding to the I point there are six irreduci-
ble representations of R 3c. For the I point k =0 so
considerations reduce to checking conditions
(A) —(D') on irreps. of that point group D3d(3M).
All of the representations D 0 ' satisfy (C) and
representations D+, '

m = 2, 3, 4, 6 satisfy condition
(8). (The labeling of the representations are as given
in Bradley and Cracknell. ) Thus there are four
representations arising from I to which conditions
(A), (D), and (D') must be applied.

Corresponding to Z there are two physically irredu-
cible representations of R3c. Since R3c is nonsym-
morphic and Z a zone-boundary point both a transla-
tion and a coset condition must be satisfied for condi-
tions (8) and (C). The method is shown for the F
point in Ref. 11. Both irreps. are found to satisfy
condition (8) while neither satisfies the antisym-
metric square condition (C). Thus no representa-
tions corresponding to the 2 point can lead to transi-
tions consistent with our classification.

Corresponding to L there is one irrep. of R 3c. It
satisfies the symmetric cube condition (8) but does
not satisfy the antisymmetric square condition (C).
Therefore no representation for L can give rise to a
continuous (or nearly continuous) transition.

Corresponding to the F point there are four
representations of R 3c. All four representations
satisfy condition (C) while irreps. D '"' D'"'
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TABLE I. Basis vectors for the translational subgroups arising from an R 3c structure. For the
nonprimitive subgroups the equivalent translation vectors are also given. All vectors and cell
volumes are given in terms of the original trigonal primitive translations.

Irrep.
Translational

subgroup Basis: e ), e2, e3
Equivalent
translations

Unit-cell
volume

a (trigonal)
b {monoclinic) -a
a (monoclinic)
b (trigonal)
c (monoclinic) —b

(1,0,0);(0,1,0);(0,0,1)
(1,0,1);(1,0,-1);{1,1,1)

(0,0,1);(—1, 1,0);(—1, —1, 1)
(1,—1, 1);(1,1, —1);(—1, 1, 1)
(0,0,2);(2,-2,0);(1,1,1)

(1,0,0)

(1,-1, 1)

and Dt'" "~ satisfy condition (B). There are then
three irreps. to which conditions (A), (D), and (D')
must be applied.

The subgroup condition (A) and subduction condi-
tions (D) and (D') are contained within the following
group-theoretical character sum;

X'"""'(g' t')=n =—1(G,), (1)
Gt

t EG g E cosetsof
1 p

T in G&

where n is a positive integer. In the above equation
we use the following notation: IG&l is the number of
group elements in subgroup 6 ~. t' represents a prim-
itive translation in G~. g' is a coset representative of
the translations in G~ and in general may contain a
nonprimitive translation. X'"" '(g' t') is the character
of the group element g't' in irrep. D('k™'.The gen-
eral form of the characters for the I and F points is

x" '=x

and

X( F, m) ( 1)"I 2X + ( 1) 2 3X +( 1)"1 "3X

9 +7l
respectively. Each term, e.g. , (—1) ' 'X~, is the
contribution to the character from one arm of the +F
with X~ arising from the coset representation in R 3c
and (—1) ' ' arising from the translation of the
form

t g}tj + g2t2 + g3t3

The forms of these characters when used in Eq. (1)
yield translational subgroups among those given in
Table I. Both primitive and nonprimitive lattices are
shown. In addition the character forms when used in
Eq. (1) demand a compatibility of coset representa-
tives in G~ with coset representatives and primitive
translations in G . A translation and/or rotation of
origin is often necessary in the correspondence. Fi-
nally the chain criterion (D') was applied.

TABLE II. Phase transitions in R3c structure which are consistent with Landau conditions.

Irrep.
Subduction
frequency Allowed subgroup (translational subgroup')

D(~0, 2)

D(~0, 3)

~(~0,4)

D(+0, 6)

D(~F, &)

D(~F, 2)

D(+F, 4)

'See Table I.

R3(C3j) (a)
R32(D,') (a)
R3c(C3„) (a)
Cc(C, ) (b); C2(C2 ) (b);
P(1)(C') (a)

P2&/c(C21, ) (a); R3{C3j) (b); C2(C2) (c)
P1(C, ') (b)
P1(C& ) (b)

P2)/c(C2&) (a); R3c(C3„) (b); C2(C2 ) {c)
Ce(C,4) (c); Pl(C; ) {b)
P1(C } (b)

P2/c (C2I, ) (a); R 32(D3 ) (b)
C2(C23) (c); P1(C ) (b).
I 1(C,') (b)
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Table II shows the allowed symmetry groups aris-
ing'from the I and F order parameters as obtained
by the above process. Only these two k vectors can
satisfy the complete set of symmetry conditions con-
sistent with the Landau conditions. All of the al-

lowed symmetry groups including nonprimitive as
well as primitive structures arising from an 8 3c
structure are included. The subgroups together with

the forms of their translational subgroups are includ-
ed for completeness.

IV. CONCLUSIONS

A systematic classification of phase transitions
from the prototype R 3e phase corresponding to a
variety of points of the Brillouin zone has been
developed. The Landau group-theoretical description
of continuous transitions as formulated by Birman
and Jaric allows only irreducible representations aris-
ing from the I' and F points and the corresponding
subgroups have been listed in Table II,

Transitions driven by the 1 point reduce to compa-
tibility conditions of the point group Dqq(3m) The.
resulting allowed subgroups will be the same for any
structure of the class D3& if the transition can be as-
sociated with the k=o point. There are several such

structures which can then be classified from Table II.
For example sodium azide exists in a high-
temperature P phase with R 3m (Dqd) symmetry. It
undergoes a phase transition near 293 K to a mono-
cllfllc a pllasc wftll syllllllctfy C2/m (Cjg). 80th
phases are symmorphic and can therefore be classi-
fied by point-group considerations. From our results
C2/m is not an allowed subgroup so the transition
cannot be continuous. Experiment indicates that as a
first-order transition it is only weakly so." A similar
description of the phase transition in sym-triazine in-
dicates the R 3c to C2/c must be first. order (although
weakly so)."

Only one transition from the R 3e structure which
is driven by the F point is known to the author. The
transition is calcite from R 3c(Dld) to P2l/c(CI'„) is
allowed to be continuous by our classification. Some
evidence of cfltlcal (colltllluous) pllcflolllclla llas
been indicated2' although the continuous nature of
that transition is not definite.

ACKNOWLEDGMENT

I should like to thank Professor Marko V. Jaric for
helpful conversations and for reports of his work
prior to publication.

*Permanent address.
%. Marzec, %. J. Cieslewicz, and J. R, Zielinski, J. Phys. C

10, 3527 (1977).
J. R. Zielinski, %'. J. Cieslewicz, and %. Marzec, J. Phys. C

12, 4721 (i979); i3, 3835 (1980).
3V. Dvorak, Phys. Status Solidi B S2, 93 (1972).
4J. L. Birman, Phys. Rev. Lett. 17, 1216 (1966).
5A. P. Cracknell, J. Lorene, and J. A. Przystawa, J. Phys. C

9, i731 (i966).
F. E. Goldrich and J. L. Birman, Phys, Rev. 167, 528

(1968); M. V. Jaric, Ph. D. thesis (CUNY, New York,
1977 (unpublished).

7M. V. Jaric (unpublished).
SM. V. Jaric and J. L. Birrnan, Phys. Rev. B 16, 2564 (1977).
9M. V, Jaric (unpublished}.
' F. Gilletta, M. Chabin, and C. An, Phys. Status Solidi A

35, 545 (1976).„A. I. Otko, N. M. Nesterenko, and L. V.
Povstyanyi, ibid. 46, 577 (1978}.

~~G. J. Simonis, and C. E. Hathaway, Phys. Rev. B 10, 4419
(1974).

~2J. C. Raich and E. R. Bernstein, J. Chem. Phys. 73, 19SS
(1980).

'3D. M. Hatch and L. Merrill, Phys. Rev B 23, 368 (1981).
' D. M. Hatch and D. L. Decker, J. Chem. Phys. (in press).
'5A recent review is J. L. Birman, in Lecture Notes in Physics

No. 79 —Group Theory Methods in Physics, edited by P.
Kramer and A. Rieckers (Springer-Verlag, New York,
1978).

'6J. O. Dimmock, Phys. Rev. 130, 1337 (1963);T. A. Ka-

plan, Bull. Acad. Sci. USSR, Phys. Ser. 28, 328 (1964).
'"S. Goshen, D. Mukamel, and S. Shtrikman, Int, J. Magn.

6, 221 (1974).
'SV. Dvorak, Phys. Status Solidi B 66, K87 (1974).
'9P. Bak, S. Krinsky, and D. Mukamel, Phys. Rev. Lett. 36,

52 (1976).
20N. F. M. Henry and K, Lonsdale, International Tables for

X-Ray Crystallography (Kynock, Birmingham, 1952),
Vol, 1.

2'C. J, Bradley and A. P. Cracknell, The Mathematical Theory

of Symmetr'y in Solids {Clarendon, Oxford, 1972).
22L. D. Landau and E; M. Lifshitz, Statistica/ Physics

(Addison-%esley, New York, 19SS).
23J. D. Barnett, H. M. Nelson, and S. D. Tyayi (unpub-

lished).


