Qualifying Exam for Graduate Students – Jan 2009
Physics and Astronomy Department, Brigham Young University

Worked Problem Section
Instructions:

This is the first of two parts of the qualifying exam. This section requires worked-out answers. It will be worth 2/3 of the total exam. There are 12 topics, of which you must choose eight to answer. The eight topics you choose will be weighted equally.
The 12 topics are:

1. Mathematical Physics

2. Mechanics

3. Thermodynamics

4. Electrodynamics 1

5. Electrodynamics 2

6. Quantum Mechanics 1

7. Quantum Mechanics 2

8. Optics

9. Acoustics 1

10. Acoustics 2

11. Astronomy 1

12. Astronomy 2

Work each problem on the paper that has been provided. Start each problem on a new piece of paper. When you finish the exam, make sure that all of your worked problems are placed in the appropriate divider sections.

You will have four hours for this section.

Some helpful equations: 
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Name: ____________________________________
Mathematical Physics 

The figure to the left shows the cross-section of a long metal bar.  The top and bottom surfaces are both held at 100° and the two sides are held at 0°.  The bar is long enough that there is no variation in the z direction (perpendicular to the page.)  The steady-state temperature as a function of x and y obeys Laplace’s equation, 
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.  Find the steady-state temperature for this situation, using the coordinate system with the origin at the center of the bar.

Mechanics
Consider an American football, which is usually thrown such that it spins about its long axis.
(a) Sketch the principal axes of the football for rotations about the center of mass on the figure below. Label these axes {e1, e2, e3}.
(b) Let i be the moment of inertia for rotations about the principal axis ei, for i = 1, 2, 3. Indicate

which moment(s) is/are the largest and smallest.
(c) Assume that the football is poorly thrown, such that it is given spin mostly along its long axis

but also some spin along another axis. The result is a “wobbly spiral,” and the long axis of the

football is observed to wobble about its trajectory. Calculate the frequency of this wobble, as

observed in the frame of the football. Ignore the effects of air resistance.
The Euler equations of classical mechanics are
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where 
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 are the components of the angular velocity  and the applied moment (torque) K in the frame of the football.

[image: image8.png]W)

_——




Thermodynamics 
Certain clothing fibers are just polymers made up of monomers linked together in long chains. In an idealized, one dimensional model of such a fiber, each monomer, of length l, can point to the left or to the right with equal likelihood. The (fixed) number of monomers is N = NL + NR where NL and NR are the (possibly varying) number of monomers pointing to the left and right, respectively. The thermodynamic identity in this one dimensional problem can be written
dU = TdS + fdL
where f is the tension force pulling inward and L is the total length of the fiber. Note that in comparing this to the usual three dimensional thermodynamic identity, f is a replacement for P (−P, really) and L for V and that the units of the last term make perfect sense.
(a) Find a formula for the total length, L, of the fiber in terms of N and NR.
(b) Find a formula for the total number of allowable states, i.e. the multiplicity, , of this system. Then use Stirling’s formula in the form ln N! ( N ln N − N to find the entropy of this system in terms of N and NR.
(c) From the thermodynamic identity, derive a formula for the tension force, f, in terms of a partial derivative of entropy. Evaluate the derivative to get an expression for f in terms of L, T, N, and l.
(d) Consider the limit of the tension force, f, in which the fiber is “bunched up,” i.e. L << Nl. What is the dependence of f on L and T? Interpret this result physically in terms of stretching the fiber.
Electrodynamics 1
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Two linear, isotropic, homogeneous dielectrics of equal thickness d/2 but different

electric susceptibilities , fill the space of a parallel plate capacitor carrying a

free charge f . (The ordering of the sandwich is +f, 2, 1, –f.) Demonstrate to

the reader that you understand how to deal with fields and charges in dielectrics by

finding the bound surface charges on each of the surfaces of the two dielectrics where

they meet each other. You may want to refer to the “helpful equations” on the page of instructions.
Electrodynamics 2 
(a) Write down the four Maxwell equations. (You may want to refer to the “helpful equations” on the page of instructions.)
(b) Suppose you have electric and magnetic fields in a vacuum (i.e., no , no J). Write down the modified equations.
(c) Show that these vacuum equations for E and B can be decoupled using this vector identity, 
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,* giving you a single equation for E and a single equation for B. For both E and B, you should end up with a three dimensional analog of the 1D wave equation, 
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.  (u = wave disturbance; v = wave speed.) What do you obtain for v when you do this? 

(d) Repeat the previous steps for Maxwell’s equations in a linear dielectric (with no free charge or current) to get a new wave equation for E. Hint: use D = r0E. What do you obtain for v in this case? How does your result relate to what first year physics undergrads are often taught, that the speed of light inside glass = c/n?  (n = index of refraction)
Quantum Mechanics 1 
A particle in the harmonic-oscillator potential (i.e., 
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HINT: 
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Quantum Mechanics 2 
Consider a quantum rotating dumbbell with moment of inertia I and Hamiltonian
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given in terms of the vector angular momentum operator
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a. Write down the energy spectrum corresponding to this Hamiltonian together with the conditions for the corresponding quantum number.

b. What is their degeneracy?

Next add a pair of opposite charges (q and –q) one at each end of the dumbbell thus forming a rotating dipole with dipole moment d.  
c. Write down the complete Hamiltonian for this system in the presence of a constant electric field E. Hint: the dipole tends to align with the field.
d. Considering the dipole-field interaction as a perturbation, show that the degeneracy is not broken to first order.
Magnetic dipole: if both ends are equally charged (each e/2), the rotating dipole acts as a magnetic dipole with moment (e/2m)L (in SI units). Its interaction with a constant magnetic field B is given by
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e. Find the energy level shift due to this interaction using perturbation theory to lowest order. Hint: choose the direction of B as the quantization axis.
f. Is the degeneracy lifted in this case?

Optics 
1. Light leaves a point a distance h above the water, radiating in all directions.  One ray reaches the point shown a distance d below the water and L to the right. Use Fermat’s principle (ray takes path of maximum or minimum time between two points) to prove that this ray obeys Snell’s law, using the symbols shown in the diagram.  n’s are indices of refraction. 

2. If 
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, use Maxwell’s equations to show that in a vacuum, E and B are both perpendicular to k, and to each other. (You may want to refer to the “helpful equations” on the page of instructions.)
Acoustics 1 
 SEQ CHAPTER \h \r 1

 SEQ CHAPTER \h \r 1Suppose a longitudinally vibrating rod is governed by the following expressions:
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a.   SEQ CHAPTER \h \r 1Explain what each of the three expressions represents and connect each with the name of a famous physicist or mathematician.  Explain why there is a minus sign in the second expressions rather than a plus sign.  Describe the physical meaning of each constant, the independent variable x, and the dependent variable ξ.  Sketch the system.

b.   SEQ CHAPTER \h \r 1Obtain mathematical expressions for the eigenvalues and eigenfunctions of the system.

c.   SEQ CHAPTER \h \r 1Sketch the locus of the eigenvalues then sketch the first three eigenfunctions.

Acoustics 2 
1. In 1883, the volcano on the island of Krakatoa erupted with a force 13,000 times the atomic bomb dropped on Hiroshima, Japan.  According to Wikipedia, it was measured to be 180 dB 100 miles away and was clearly audible 2000 miles away.  Somewhere along the line, it was designated as the “loudest sound ever.”  However, Dr. Gee has personally measured the peak pressure from a Gatling gun to be 200 dB 2.5 feet from the gun, yet he is not famous on Wikipedia.  Clearly discuss, using any mathematical argument necessary, all the factors one should consider in determining “the world’s loudest sound.”  Employ Krakatoa and the Gatling gun as examples and give your assessment as to which might be considered louder.

2. The complex specific acoustic impedance of a spherically radiated pressure wave is given as 
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where k is wavenumber, r is the radius from the source, 
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is the characteristic impedance of the medium, and j is the square root of -1.  Describe the near and far field limits of z and how this is related what is physically happening with the wave’s pressure and particle velocity.

Astronomy 1 
Suppose that Hipparchus’ magnitude scale had been such that Δm = +3, rather than Δm = -5, (note the change in sign) corresponded to a 100-fold increase in flux.  Furthermore assume that 100 pc rather than 10 pc had been the arbitrarily chosen distance for which m = M.

a. Under such circumstances find the expression analogous to our present 
m = M – 5 + 5 log r  which would describe the relationship m(M,r) in the absence of absorption.

b. Suppose that the zero point on this hypothetical magnitude scale were defined so that a star of absolute magnitude M0 = 5.00 on the presently used scale would also have an absolute magnitude of M = 5.00 on the hypothetical scale.  Find an expression giving the hypothetical  absolute magnitude M as a function of the current absolute magnitude M0, for any M0.

c. Also find an expression giving the hypothetical apparent magnitude, m, in terms of the current apparent magnitude, m0.

d. For what value of m0 would m = m0?
Astronomy 2 
Assuming that the universe formed in a “Big Bang” 13.7 Gyr ago, with negligible acceleration or deceleration of the cosmic expansion rate since that time, calculate to three significant figure accuracy the value of the Hubble constant, in km/s/Mpc.  (Recall that 1 pc = 3.086(1013 km.)  Given what we now believe we know about the universe, how would you expect the current value of the Hubble constant to compare with this calculated value? 
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* A in this vector identity stands for “any vector field”; it has no connection to the magnetic vector potential, also frequently labeled A. 
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